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Introduction: Entropy, a concept rooted in thermodynamics and statistical mechanics, plays a funda-

mental role in quantifying the amount of uncertainty or disorder in physical systems. Von Neumann

and Shannon introduced these concepts to quantum mechanics and classical information theory, now

referred to as the von Neumann entropy [2] and Shannon entropy [3], respectively. Rényi generalized

this concept axiomatically, showing that any uncertainty measure satisfying a set of natural axioms can

be characterized in terms of a single parameter family of entropy measures now known as Rényi en-

tropies [4]. Since their seminal works, related measures of information and discrepancy, such as mutual

information, relative entropy [5, 6], and their Rényi counterparts [7–10], have found operational inter-

pretations in classical and quantum hypothesis testing [7,11–15], channel coding, data compression, and

other related tasks.

Given the significance of entropic measures in characterizing the fundamental limits of quantum

information systems, computing them is an important problem. However, often the underlying state is

unknown, which necessitates estimating these quantities based on measurements of the quantum system.

To this end, several estimators have been proposed in both the classical and quantum settings [16–

29]. Recently, quantum neural estimation (QNE), employing a hybrid classical-quantum architecture

composed of neural nets and quantum circuits, has been proposed for estimating quantum entropies

and measured relative entropies [30] (see also [31,32]). QNE utilizes the variational form of the entropic

measure given as the supremum over Hermitian operators of a trace functional with respect to the

underlying states [33–35]. For instance, the measured relative entropy DM(ρ∥σ) between quantum

states ρ and σ on a Hilbert space of dimension d admits the variational form

DM(ρ∥σ) = sup
H

Tr[Hρ] − Tr[eHσ] + 1, (1)

where the supremum is over the class of Hermitian operators H. When ρ, σ > 0, the supremum in (1) is

achieved for some H⋆(ρ, σ) =
∑d

i=1 λ
⋆
iP

⋆
i , where λ⋆

i := log Tr[P ⋆
i ρ]− log Tr[P ⋆

i σ] and {P ⋆
i }di=1 denotes a

set of orthogonal rank-one projectors from the spectral decomposition of H⋆(ρ, σ). By parametrizing the

eigenvalues and eigenvectors of H by the neural net class F and parametrized quantum circuit (PQC)

U(Θ), indexed by a set Θ, respectively, the QNE leverages their expressivity to construct scalable

estimators for DM(ρ∥σ) based on n copies of ρ and σ each as follows [30]:

D̂n
M,Θ,F := sup

θ∈Θ
D̂n
M,θ,F , with D̂n

M,θ,F := sup
f∈F

1

n

n∑
ℓ=1

f(iℓ(θ)) − 1

n

n∑
ℓ=1

ef(jℓ(θ)) + 1. (2)

Here, {iℓ(θ)}nℓ=1 and {jℓ(θ)}nℓ=1 denote independent and identically distributed samples according to

pmfs pρθ and qσθ , respectively, with pρθ(i) := Tr
[
U(θ)|i⟩⟨i|U †(θ)ρ

]
and qσθ (i) := Tr

[
U(θ)|i⟩⟨i|U †(θ)σ

]
.

QNEs for measured Rényi relative entropy of order α ̸= 0, 1,∞ can be obtained similarly using the

relevant variational forms. In [30], it was shown via numerical simulations that such QNEs are consistent.

Main Contributions: We provide the first theoretical guarantees for QNEs of measured relative

entropy and measured Rényi relative entropy in the form of sharp bounds on the expected absolute error.

The bounds depend on the number of quantum state copies the algorithm uses, parameters defining

the class of underlying density operators, and the classical-quantum circuit parameters. Furthermore,

we also derive concentration inequalities for the absolute error about the ground truth, which leads to

an upper bound on the copy complexity of QNE, i.e., the minimum number of copies of the quantum

states required for estimating measured relative entropies.

To summarize our contributions, let Sd(b) be the set of density operator pairs (ρ, σ) for a Hilbert

space of dimension d, such that their Thompson metric [36] is bounded from above by log b. Assum-
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Rényi order and state class Minimax risk upper bound Minimax risk lower bound
(achieved by QNE) (valid for any estimator)

α = 1 and S ⊆ Sd(b) Ob

(
δ +

√
dΘ(δ,S)

n

)
Ωb

(
1√
n

+ d
n log d

)
0 < α ̸= 1 and S ⊆ Sd(b) Oα,b

(
δ +

√
dΘ(δ,S)

n

)
Ωα,b

(
1√
n

+ d
n log d

)
Table 1: Minimax risk bounds for estimation of measured relative entropies over the class S ⊆ Sd(b).
Here, b is a uniform upper bound on the Thompson metric between density operator pairs in Sd(b), δ
is an approximation error parameter for PQC parametrized by Θ(δ,S), and n is the number of copies
of quantum states on a Hilbert space of dimension d used by the QNE. The upper bound holds for
any S ⊆ Sd(b) while the lower bound holds for any S ⊆ Sd(b) containing all state pairs in any fixed
eigen-basis, when db ≲ n log d and b ≥ (log d)2 ∨ 2.

ing that the neural net and quantum circuit are sufficiently expressive and have bounded statistical

complexity, we show the following:

(i) We derive an upper bound on the expected absolute error achieved by QNE for estimating the mea-

sured relative entropy and the measured Rényi relative entropy over the class Sd(b). Further, we

establish an exponential deviation inequality that shows that the absolute error has sub-Gaussian

tails. To obtain concrete bounds, we specialize the aforementioned results to shallow neural nets

with sufficiently large width and deep neural nets with a sufficient number of layers. An upper

bound on the absolute error achieved by a QNE with a shallow net over the class Sd(b) is illustrated

in Table 1, along with a lower bound on the minimax risk (valid for any estimator).

(ii) Let d = mN , with N denoting the number of qudits, and let ρ, σ be density operators defined on

N qudits. While the QNE has a worst-case copy complexity that scales exponentially in N , we

show that for a subclass (which depends on the quantum circuit) of permutation invariant states

across N qudits within Sd(b), the algorithm has a much better polynomial dependence. This is

possible due to Schur–Weyl duality from representation theory, which implies that the number of

degrees of freedom for such states scales polynomially in N .

Background and Related Work: Measured relative entropy was introduced in [37,38] and since then

has found operational significance in terms of characterizing the Stein’s and strong converse exponents

in centralized, adversarial, and distributed hypothesis testing (see e.g., [39–44]). A pertinent approach

for estimating such measures is to use quantum tomography to learn the entire density matrix, from

which the desired entropic quantity of interest can be computed. The copy complexity of this approach

is linear in the dimension of the state (or, equivalently, exponential in the number of qudits) [45–48]. A

possibly more efficient approach is to estimate the entropies directly, without estimating the underlying

states. In this regard, several estimators have been proposed and their computational complexities

investigated under different input models [16–28]. In particular, [18] provided algorithms for estimating

the von Neumann entropy and Rényi entropies, given access to independent copies of the input quantum

state, which achieves the copy complexity (sub-linear in dimension) for integer orders greater than one.

Entropy estimation under the quantum query model, i.e., where one has access to an oracle that prepares

the input quantum state, was explored in [19,21]. These works also established sub-linear (in dimension)

query complexity bounds for estimating the von Neumann and Rényi entropies.

In contrast to the estimators mentioned above, QNE proposed in [30] is based on variational methods,

which have become a prominent research area in quantum computing and machine learning [49–52].

Specifically, QNEs utilize a hybrid quantum-classical algorithm that extends the approach from [53–

59] to the quantum framework. The appeal of such estimators stems from their scalability to high-

dimensional problems and large datasets, as well as their compatibility with modern gradient-based

optimization techniques. This makes them particularly relevant in the quantum context, where the
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dimension of the underlying Hilbert space scales exponentially in the number of qudits. Although

QNE was shown to perform empirically well in [30], theoretical performance guarantees are still lacking,

which this work aims to advance upon. We note that variational methods have also been used in [60] for

estimating fidelity, entropies and Fisher information, in [31] for estimating quantum mutual information

and in [32] for estimating entanglement entropy, which indicates their versatility.

Key Technical Contributions: Our objective is to quantify the performance of QNE in terms of d, n,

and the parameters defining F , U , and S. To that end, we split the error of QNE into two components:

approximation and statistical. In practice, there is also an optimization error component, which arises

when the suprema in (2) are only approximately computed, e.g., by gradient-based methods, whose

quantification we leave as part of future work. The approximation error depends on the ability of

the classical neural net and PQC to approximate, respectively, the eigenvalues and eigenvectors of the

optimizer H⋆(ρ, σ). The statistical error, on the other hand, is the random component of the overall

error that depends on the complexity of the classical-quantum model used by the QNE.

To state the performance guarantees for QNE, we first introduce the required assumptions on the

neural net class and PQC. For a positive integer m ≤ d, let em : {1, . . . , d} 7→ Rm denote an embedding,

and let X := {em(i)}di=1 be the set of embedded points. Let Fb,X denote the class of continuous functions

f : Rm 7→ R such that ∥f∥∞,X ≤ log b, which we will simply denote by Fb. We assume that the neural

class F is a closed subset of Fb and satisfies

logN(2ϵ log b,F , ∥·∥∞,X ) ≤ κ̄(F , ϵ), ∀ϵ ∈ (0, 1],

where N(ϵ,F , ∥·∥∞,X ) denotes the ϵ-covering number of F in L∞(X ) norm [61] and κ̄(F , ϵ) ≥ 0 is such

that κ(F) :=
∫ 1
0

√
κ̄(F , ϵ) dϵ < ∞. Define the following approximation error component:

ε(F ,S) := min
f∈F

sup
(ρ,σ)∈S

max
{λ⋆

i }di=1

max
i∈[1:d]

|f(em(i)) − λ⋆
i | .

Further, we denote by U(δ,S) a PQC composed of a finite set of unitary operators, parametrized by

θ ∈ Θ(δ,S) which can approximate a unitary U⋆(ρ, σ) formed from eigenvectors of H⋆(ρ, σ) for any

(ρ, σ) ∈ S up to δ precision, i.e., there exists θ ∈ Θ(δ,S) such that ∥U⋆(ρ, σ) − U(θ)∥ ≤ δ, where ∥·∥
denotes the operator norm. Then, we have the following result.

Theorem 1 Consider a QNE for estimating DM(ρ∥σ) over S ⊆ Sd(b) with a classical neural net F
and a PQC U(δ,S) parametrized by Θ(δ,S). Setting ξF ,S,δ,b := ε(F ,S)(b+1)+2δ(b+log b), we have

sup
(ρ,σ)∈S

E
[∣∣∣DM(ρ∥σ) − D̂n

M,Θ(δ,S),F

∣∣∣] ≤ ξF ,S,δ,b + 48(b + 1)(log b)κ(F)n− 1
2 ,

sup
(ρ,σ)∈S

P
(∣∣∣DM(ρ∥σ) − D̂n

M,Θ(δ,S),F

∣∣∣≥ ξF ,S,δ,b + 128(b + 1)(log b)
(
n− 1

2κ(F) + z
))

≤ 2e−nz2 , z ≥ 0.

By specializing the above result to appropriate shallow nets, we obtain as a corollary that with prob-

ability at least p ∈ (0, 1), the QNE estimates DM(ρ∥σ) between (ρ, σ) ∈ S within an error of ϵ given

Ob,p

(
d|Θ(U)|ϵ−2

)
copies each of ρ and σ, provided U⋆(ρ, σ) can be approximated by the PQC U within

an accuracy of δ. This copy complexity can be improved when ρ and σ have additional symmetries such

as permutation invariance by pre-processing the states via an appropriate quantum channel.

Future Outlook: Several open questions remain in the context of quantum neural estimation of en-

tropies. One such issue pertains to the quantification of the optimization error and an analysis of

optimization dynamics such as the investigation of barren plateaus and local optima, which was ne-

glected here. This would call for an in-depth study of the hybrid optimization landscape induced by the

neural net and quantum circuit, and an analysis of specific parameterizations or architectures that lead

to relatively fast convergence of the algorithm. Also relevant is the question of estimating the quantum

relative entropy (see [29]) and its Rényi generalizations using QNE.
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