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Introduction Over the past few years, a significant amount of effort has been put towards understanding
if and how parametrized quantum circuits (PQCs) can be trained to accurately and efficiently find the global
minima of loss functions for variational quantum algorithms [2-8]. A central challenge in this task is the barren
plateau phenomenon, where loss function values and their gradients concentrate exponentially [9, 10]. When
a landscape exhibits a barren plateau, an exponential amount of measurements (in the number of qubits) are
required just to determine the direction of steepest descent, rendering the optimization practically impossible
for large system sizes.

Strategies to avoid barren plateaus generally fall into two broad categories. The first restricts the relevant
dynamics to some smaller effective subspaces, either by employing shallow local architectures [11-18], incorpo-
rating symmetries [19-29|, or ensuring the circuit spans small dynamical Lie algebras [30-41|. These methods
fundamentally restrict the expressivity of the model, taming the underlying curse of dimensionality. However,
this restriction also makes the model potentially more amenable to classical simulation [17, 27, 42-52], potentially
undermining the quantum advantage. The second route attempts to avoid the bad average-case scenario without
fundamentally restricting the ansatz, doing so by initializing the parameters in a smart way [53-64]. By steering
optimization toward special patches of the landscape where gradients remain large, the model preserves its full
expressivity. While promising, this introduces a new challenge: because the landscape is highly non-convex, the
choice of “where to star” becomes critical due to the existence of exponentially many local minima [65, 66|.

In this work, we focus on this second route and demonstrate that avoiding barren plateaus via initialization
is profoundly non-unique. We develop an analytical framework, based on the first-moment operator, to diagnose
when a parameter initialization may avoid the fully concentrated barren plateau regime, and we show that there
exist exponentially many such initializations that are nonequivalent. As illustrated in Figure la), once expo-
nentially small gradients are avoided, the relevant question becomes which initialization among many possible
choices leads to a sufficiently favorable region of the landscape.

General Framework We consider a generic loss function that we aim to minimize ming £(cx), where £ takes
the form

L
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for some traceless Hermitian observable O such that ||Olj2 € O(2"). Where o0y is a Pauli operator taken from a
set of generators G, a = {HI}ZL: 1 & set of trainable parameters, and V; a non-parametrized gate. In what follows,
we will assume that the PQC is universal. However, the techniques can be extended to further symmetries or
subgroups. We can define the moment operator of the circuit ?,(yt) = Hlel ?,Sf), where /Tlgf) is the --moment operator
for the parametrized unitary matrix in the vectorized picture. 7; denotes the distribution used to initialize the
parameters at that gate. This can be related to the t-moment of the loss function E[L(a)!] = <<p®t|7A'£,t)|O®t>>.
With these tools and definitions we are ready to start presenting the results.

First-Moment Framework for Parameterized Quantum Circuits Our analytical framework starts by
building upon the analysis of first moment operators. We realize that a way to probe for BPs is to determine
whether the average between two distributions is the same. Specifically, if an initialization distribution leads
the loss function to concentrate around a value that is substantially different from the fixed point of the fully
concentrated barren plateau landscape, then the initialization successfully avoids the barren plateau. Then,
a necessary condition to avoid BPs is that the distance between the two first-moment twirls applied to the
observable is at worst polynomially vanishing || 78p|O)) — 7y|O)) |1 € € (1/poly(n)). Thus, what follows is that
if we can show this distance is non-exponentially vanishing, we can probe distributions for the absence of BPs.
More generally, we introduce the following definition to compare initialization strategies.
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Figure 1: a) Schematic representation. Avoiding the barren plateau regime (gray) by selecting a non-
concentrated initialization forces a choice among many inequivalent “pockets” (colored regions) with different
local minima. b) Distribution of local minima after training for a Max-Cut problem. For each n €
{10,12,14,16}, we initialize the PQC with L layers, where each layer consists of three single-qubit parametrized
rotations on every qubit (R,, Ry, R.) together with fixed nearest-neighbor C'Z gates. We take L = n, initialize
the R, angles uniformly in [0,27), and the R, angles from a Gaussian distribution N'(6*,¢?) with ¢* = 1/n and
6* € {0,7} chosen uniformly at random for each R, gate. The optimization is run for 500 iterations, or until
the gradient norm falls below the BP.

Definition 1 (Expected Heisenberg-evolved operator gap). Let U(0) be a parametrized quantum circuit, let O
be an observable, and let To, and T be two first-moment operators associated with probability distributions P,(0)
and Py(6). We define the expected Heisenberg-evolved operator gap as o~ = ||Ta|O) — T+|O) 1.

For now, let us understand what each of these different strategies does at a fundamental level to the observ-
able. To do so, we present Theorem 1.

Theorem 1 (Informal). Let U = e="91/2 where 0 is sampled according to Py, (0). Then, 7, = (W; @ W),

where m; is a contraction matriz, and W, = e~ 1o1/2 = arccos 9 . Where we used
m ) l ) ¢l \/‘W

a; = /P%(oz) cos(a)da, by = /P%(oz) sin(a)da . (2)

In particular, the action of the matriz m; on Pauli operators is given by m|oy) = kiloy) if {o1,0:} = 0, and

mloi)) = |o3) if [o1, 03] = 0, where the damping factor is k; = \/a? + b}.

Theorem 1 demonstrates that the first moment operator admits a simple operational decomposition: it acts
as a positive contraction followed by a rotation in operator space. The initialization distribution plays two
distinct roles: the damping factor x; determines how strongly averaging damps operator components, while the
rotation W; determines the direction in operator space toward which those components are biased.

Crucially, the contraction factor controls the lower bound for avoiding barren plateaus. We define the
Heisenberg-evolved operator gap {pp~ as a measure of distance from the fully concentrated state. In the
manuscript we present Theorem 2 that proves {gp € (2 (Hlel K,l> € Q(k). Theorem 2 is quite general and can
be used to assess how a given parameter-initialization strategy affects the gap {gp via the damping factors x;.
When this lower bound is inverse-polynomial, the initialization passes our first-moment escape criterion.

Using this framework, we introduce a concrete example that shows that this approach successfully identifies
initializations maintaining a polynomial separation from the barren plateau ensemble. Furthermore, the same
operator-distance methods can be used to directly compare distinct initializations. To showcase this, we present
a simplified version of Example 9 in the manuscript.



Example 9 (Exponentially many initializations for MaxCut, Informal). Consider a parameterized quantum
circuit applied to a Maz-Cut problem on a graph G = (V, E). Then, we consider an L- layered PQC composed of
local R, rotations interleaved with diagonal entangling gates. Let . be a combinatorial family of initializations
governed by an L x n binary matriz ¢ € {0,1}XX". For a given c, the initialization v draws the parameter for
the R, gate on qubit j at layer | from a Gaussian distribution with mean ¢ ;m, and variance ¢2. Then there are
exponentially many initializations, in the sense that there are exponentially many pairs of ¢, in n such that
ey 18 mon-exponentially vanishing and avoids BPs (in the same sense).

This example highlights the existence of many different initializations that avoid Barren Plateaus. However,
we further formalize this by presenting two extra Theorems.

Exponentially Many Initializations Moving beyond the first moment analysis, we formalize the following
Theorems proving that there are exponentially many initializations that avoid BPs. In our Theorem 3 in the
manuscript we extend the previous example to more general PQC, and show that these initializations are barren
plateau-free. In the following theorem we reveal richer structures for specific problem Hamiltonians, such as
Max-Cut.

Theorem 4. Let U(0) be a PQC composed of R, and R, rotations interleaved with diagonal entangling gates
for L € O(poly(n)). Let O =3, ek ool be the Maz-Cut Hamiltonian on a constant-odd-degree graph
G = (E,V), with S CV a subset of vertices. For each j € S, let one Hiyj j angle be initialized in a constant-

size region (non-shrinking volume). While the rest of the parameters are initialized following N'(0*,<%) with
0* € {0,7} and s € ©(1/poly(n)), the gradients are guaranteed to be in (1/poly(n)) with high probability.

Theorem 4 demonstrates that for specific problem structures, one can pick a subset of ©(n) angles and freely
initialize them in a region whose volume does not shrink with growing system size. Having made this choice,
there are then exponentially many choices for how to initialize the remaining parameters.

Numerical Results and Implications While our theoretical results rigorously confirm the existence of
exponentially many barren plateau-free initializations, they do not prescribe how these initializations impact
the actual training. To investigate this, we conducted numerical simulations for a Max-Cut problem. Concretely,
we draw a random Erdoés—Rényi graph with edge probability p = 0.5. Then we follow the standard variational
quantum eigensolver pipeline to minimize the expectation value of the corresponding Max-Cut Hamiltonian. We
perform training using vanilla gradient descent such that the optimization itself is deterministic and all variation
between solutions on different runs comes from the initialization.

As depicted in Figure 1b), for each system size the final objective values are broadly distributed and multi-
modal. Hence, even within this single family of barren-plateau-free initializations, training does not repeatedly
converge to one effectively unique minimum. Rather, the optimizer terminates in a collection of distinct local
minima of different quality. This provides direct numerical evidence that not all the exponentially many ini-
tialization choices sampled here are practically interchangeable: they bias the optimizer toward different basins
of attraction. As such, these results indicate that avoiding the fully concentrated barren-plateau regime does
not collapse the optimization landscape into a single well-behaved region. Instead, it can reveal a landscape
containing many trainable pockets, not all of which are equally favorable for the task at hand.

Conclusions By analyzing the first-moment operator of parameterized quantum circuits and the different
Theorems, we have demonstrated that a careful initialization scheme does not result in a single valid starting
point, but rather exponentially many non-equivalent initializations that successfully maintain large gradients.
Furthermore, these initializations are fundamentally inequivalent. They prepare the circuit in completely distinct
sub-regions (or “pockets”) of the Hilbert space. Consequently, avoiding barren plateaus via smart initializations
does not guarantee a successful optimization outcome. Instead, it merely trades the exponential concentration
problem (where training cannot even begin) for an equally daunting problem: selecting the correct trainable
pocket among exponentially many options to actually find the global minimum. This underscores the immense
subtlety and complexity of variational quantum optimization in realistic landscapes.
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