Generative Quantum Data Embeddings for Supervised Learning
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Abstract

The classification performance of quantum supervised learning on classical data is fundamentally controlled
by the feature map that embeds input into quantum states. To promote quantum state distinguishability, we
propose an energy-based generative learning framework that synthesizes gate sequences to optimize embedding
structures and refine data-tailored parameters using a fidelity-based surrogate objective. Moreover, we explain
the saturation of classification performance by extending quantum risk bounds into the classical input space,
demonstrating that the achievable empirical risk across an embedding family is bounded by the 1-Wasserstein
distance. Our research establishes a data-driven quantum embedding framework while showing that classical
data geometry provides an a priori diagnostic for optimization gains.

1. Introduction

Supervised quantum machine learning (QML) on classical data begins with data embedding, which specifies how
classical inputs are encoded into quantum states [1, 2]. Despite its central role, most QML studies adopt a fixed
mapping scheme chosen a priori [3]. Recent methods like neural quantum embedding (NQE) [4] introduce data
dependence by transforming inputs via classical neural networks before passing them to a fixed quantum circuit.
Although NQE demonstrates the efficiency of data-driven preprocessing, the embedding remains confined to the
transformations expressible by the pre-selected structure. This fixed structure imposes an inductive bias that may
misalign with the geometry of a given dataset, fundamentally limiting achievable class separation [5, 6]. In this
sense, maximizing separability requires a fully data-driven approach where the embedding circuit structure itself
is treated as the optimization variable.

2. Separability Objective and Geometric Limit

Binary classification in QML corresponds to a quantum state discrimination problem [7, 8]. The embedding-
induced geometry sets a fundamental limit on achievable class separation. For an embedding structure @, the
quantum state representation of an input x is pp(x) = [Yo(x)) (Yo(x)|. Given a labeled dataset {(x;, yi)}il\i {
with y; € {—1,+1}, the empirical class priors and class-conditional mixture states are p* = N./N and
p*(®) = Xj.y,=e1 Po(x;)/N=x. The distinguishability between prior-weighted class states is determined by the
trace distance, Dy (p*p*(®), p~p~ (®)). Regardless of the downstream classifier, the empirical risk R(®) is
lower-bounded by this distinguishability as Eq. (1) [9],

R(®) 2 5 = Dulpp™ (®), pp7 (@), n

Since computing the trace distance is expensive on near-term quantum devices [ 10], a pairwise fidelity loss £;; (®) =
|0y,y; — Fo(xi,x;)| serves as a tractable surrogate objective, where Fo(x;,x;) = |(¢q>(xi)|;bq,(xj)>|2 [1, 11].
Minimizing this loss achieves two objectives: it maximizes same-class fidelities to increase the purity and
concentration of the class-conditional states, and it minimizes cross-class fidelities to increase the upper bound on
the attainable trace distance via the convexity of the trace norm [12, 13].

To determine the ultimate limits of structural optimization, we extend the risk bounds of quantum state
discrimination back into the classical input space. Denoting k¢ as the Lipschitz constant of embedding family
¥ governed by the maximum sequence length and available gate pool, the relaxed uniform trace distance



continuity bound per sample is Dy (pao(x;), pa(x;)) < kgllx; — x;|[1. This per-sample relation extends to
the ensemble level by considering a coupling 7 whose marginals are the empirical class-conditional input
distributions P, (x) and P_(x). Applying the convexity of trace norm and Jensen’s inequality [14] yields
Dtr(p+(q))a p~(®)) < E(xi,xj)~7r [Dtr(pq)(xi)a p<1>(Xj))] < KTE(x;,xj)~7r [”xi _xj”l]- Minimizing the right-
hand side over all valid joint distributions corresponds to the 1-Wasserstein distance Wy (P, (x), P_(x)) [15].
Assuming balanced class priors, p* = p~ = 1/2, combining this ensemble trace distance bound with Eq. (1)
yields the final risk lower bound for any embedding @ € 7,

N 1 1 A R
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where R*(X, y; ) denotes the minimum empirical risk achievable over the embedding family when the Helstrom
measurement is used. Equation (2) demonstrates that when empirical class distributions are close in Wasserstein
distance, the achievable class separation is fundamentally limited, rendering substantial architecture-dependent
gains unlikely.

3. Energy-based Generative Architecture Search and Refinement

To navigate the combinatorial search space of discrete circuits, we propose the energy-based generative architecture
search (EGAS) framework. In EGAS, an embedding circuit is a sequence s = (ci,...,cp) of depth-one
subcircuits drawn from a tokenized pool C. A generative pre-trained transformer (GPT) [16] parameterized by 6
autoregressively samples candidate sequences under a learned distribution p¢(s). Each generated circuit @y is
evaluated via a quantum simulator to compute its energy E (i), defined as the batch-averaged pairwise fidelity loss
over labeled pairs (Fig. 1).
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Figure 1: Overview of the Energy-based Generative Architecture Search (EGAS) training. In each iteration, a generative
pre-trained transformer (GPT) parameterized by 8 autoregressively samples M candidate sequences, which are translated
into embedding circuits and evaluated using a quantum simulator to assign an energy value E (s;,) based on the pairwise
fidelity surrogate loss. The sequence-energy pairs are stored in a replay buffer 8 and used to update the generator parameter
via a gradient step on the logit-matching loss Ly with learning rate a.

At each training iteration, the GPT samples M candidate sequences. To align the cumulative logit score wgym (553 8)
of the m-th sequence with the true landscape, the GPT is optimized via a gradient step on the logit-matching loss

M
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where y > 0 is an inverse-temperature hyperparameter. By matching the logit score to the evaluated energy, the
generator approximates a Boltzmann distribution where y controls the sampling preference toward lower-energy
circuits [17].

To exploit continuous degrees of freedom within optimized structures, we apply a post-search continuous
parameter refinement step. For each parameterized gate, the data-dependent angle ¢(x) = rx; is replaced
with ¢(x) = rx; + b, (x), where b, (x) is a parameterized bias function providing a learnable additive offset.
Initializing b,,(x) = O ensures the optimization does not prematurely leave the local optimum discovered during



discrete search. During refinement, the circuit structure is held fixed, and only the bias parameters w are optimized
via binary cross-entropy loss, ensuring local continuous adjustments without dismantling the optimized gate

structure.

4. Results

We evaluate the searched embeddings on binary classification using a quantum kernel support vector machine
(QKSVM) [1, 18], which utilizes the precomputed fidelity matrix K;; = Fg(x;,x;) for the decision boundary.
Across ten independent train-test splits, the selected embeddings from the low-energy group with continuous
refinement, denoted as G*(Bias), consistently outpaced the classical linear SVM, the data-agnostic ZZ feature
map [1], and the NQE baseline across various datasets (Fig. 2) [19-26].
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Figure 2: Split-wise comparison against the classical baseline across datasets. For each dataset, stacked bars reports the
numbers of wins (blue), ties (yellow), and losses (red) over ten test split relative to the linear SVM. The symbol * denotes the
strongest representative selected from each EGAS-derived group [G, G (Bias), B, and B(Bias)], alongside the fixed-structure

77 feature map and NQE baselines.

The classification performance trends validate our 1-Wasserstein diagnostic. To quantify sensitivity to the
embedding choice, the interquartile range (IQR) of mean test accuracies across all evaluated models is analyzed.
As Table 1 shows, datasets with small input-space class separation (WQ, MGT, EGSSD) display small IQRs and
tightly clustered accuracies. This confirms performance is insensitive to embedding choice in weakly separated

regimes (Fig. 3).

Table 1: Empirical 1-Wasserstein distances between the class-conditional input distributions.

Dataset PW  WDGV1 Pol DB wWC WQ MGT EGSSD
Wi dist.  5.24 5.16 435 1391 1086 3.01 3.30 3.56
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Figure 3: Dataset-level dispersion of QKSVM test accuracy across the evaluated quantum embeddings. For each dataset,
the bar height represents the interquartile range (IQR) of mean test accuracies over the fixed quantum baselines (ZZ and
NQE) and the EGAS-derived candidate embeddings from the G, G (Bias), B, and B(Bias) groups.
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