No universal purification in quantum mechanics

I. INTRODUCTION

The purification of noisy quantum systems, namely the re-
duction of quantum entropy in order to prepare a target pure
system, is a fundamental primitive in quantum information
science with both broad practical applications and deep the-
oretical significance. A standard and widely studied purifi-
cation paradigm is to consume many copies of a noisy state
or channel and concentrate their purity onto a single output
copy [1-3]. On the practical side, such purification processes
underlie a wide range of tasks, including quantum error cor-
rection and a number of variants of coherent quantum error
mitigation [4-7], quantum cooling [8—10], and various re-
source distillation and concentration protocols [1, 11-13]. At
the same time, purification also serves as a central conceptual
framework in several foundational areas, including quantum
Shannon theory [14], resource theories [15-17], and quantum
thermodynamics [18]. Here, the number of input copies rep-
resents the cost of producing a pure output system, thus nat-
urally characterizes the complexity of the task. A recurring
theme in the literature is about analyzing the fundamental lim-
itation of the number of input copies.

According to the relationship between the input and output
of the purification process, purification tasks can be broadly
divided into two categories. The first category consists of
tasks whose target output pure state or unitary is fixed and
independent of the input. Prominent examples include en-
tanglement distillation [1] and magic state distillation [12],
where the usual target outputs are respectively a Bell state and
a single-qubit 7" state. Limitations for such tasks originate
from restrictions on the allowed physical maps, commonly re-
ferred to as free operations [13, 17, 19-21], without which the
task is trivialized by replacement maps that always output the
desired target.

The second and more fundamental category consists of
input-dependent purification tasks, i.e., universal purification
tasks, where the target output pure state or unitary itself de-
pends on the input state or channel. Key examples include
quantum purity amplification [22, 23] and quantum princi-
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FIG. 1. The linearity and positivity of quantum mechanics funda-
mentally constrain the preparation of pure outputs that depend non-
trivially on noisy inputs.

pal component analysis [24]. Beyond these examples, input-
dependent purification also fundamentally underlies notions
of quantum learning and estimation. In particular, the prepa-
ration of a pure dilation state' of a mixed state p using many
copies of it, namely a global pure state whose reduced den-
sity matrix equals p, has important applications in learning
nonlinear quantum properties [25-28]. More generally, es-
timating physical properties of p from many copies can it-
self be viewed as an input-dependent purification task, where
the target pure output encodes the correct classical predic-
tion of the target property. Unlike the first category, the
limitations of input-dependent purification tasks persist even
without imposing any restrictions on the allowed operations.
In other words, the obstruction is no longer simply a con-
sequence of resource-theoretic constraints, and its physical
and information-theoretic origin remains far from fully under-
stood. Understanding the source of these limitations is there-
fore of fundamental importance, both for developing practical
quantum purification protocols and for clarifying the ultimate
limits of quantum learning.

In this work, we unveil a new physical principle: a gen-
eral no-go principle on quantum purification, which rules out
the possibility of purifying any finite copies of noisy states or
channels into input-dependent pure states or unitaries. This
conclusion is fully protocol-independent: it applies to any
physically admissible strategy, including sequential, coher-
ent, and adaptive protocols. With a short proof, we elucidate
that this impossibility originates from two fundamental math-
ematical features of quantum mechanics—Iinearity and posi-
tivity—thus uncovering a new intrinsic limitation of quantum
information processing, as demonstrated in Fig. 1. Beyond
its theoretical significance, this limitation directly constrains
the performance of practical quantum tasks. By relaxing the
requirement of producing an exactly pure state to allowing
nearly pure outputs, we derive a general sample complexity
lower bound of approximate purification. The lower bound
meets the performance of various tasks, including quantum
purity amplification and quantum principal component analy-
sis algorithms. Importantly, the performance of approximate
purification implies a standard quantum limit for estimating
arbitrary functions of unknown quantum systems, greatly en-
hancing the former result derived using quantum Fisher infor-
mation and showing the deep connection between quantum
purification and learning. Beyond these general conclusions,
we show that these fundamental limitations become signif-
icantly more stringent when specific operational constraints
are imposed in several important tasks. For the preparation
of a pure dilation state, we prove an exponential sample com-
plexity lower bound. For the purification of bosonic Gaussian

! In this work, we use “pure dilation state” to denote pure-state extension
often referred to as “purification” in the literature, whereas “purification”
represents a transformation process where the pure target state can be arbi-
trary.



states, we show the no-go result with passive Gaussian opera-
tions, even for approximate purification.

II. NO UNIVERSAL EXACT PURIFICATION

A universal quantum purification task involves finding a
quantum process, represented by M, that can map many
copies of an arbitrary noisy input system into a pure state or
unitary depending on the input. At the same time, the quantum
process, M, is universal and independent of the input system.
The starting point of our framework can be summarized in
the following observation, which very crisply showcases the
fundamental obstructions to purification.

Observation 1 (No universal exact purification). Let t be any
finite integer, and let M be a nonzero positive map which
maps positive semi-definite matrices to positive semi-definite
matrices. Suppose that for any state p supported on a sub-
space of the space of all density matrices Dg € D(Hg) with
dim(Ds) > 2, the output M(p®') is proportional to a pure
state. Then, for any p € Dg, the output of M must always be
proportional to a fixed pure state,

M(p®') o< 0. (1)

Thus, any universal exact purification protocol must be triv-
ial: whenever the output is required to be pure for all inputs,
it cannot depend non-trivially on the input state. Although the
assumption of producing an exactly pure output state is ideal-
ized and not directly achievable in realistic settings, this ob-
servation identifies the fundamental physical origin of the no-
purification phenomenon. Specifically, the proof relies solely
on the linearity and positivity of M, two fundamental struc-
tural principles of quantum mechanics, which also underlie
all later no-go results on approximate purification derived in
this work. Moreover, since we do not require M to be trace-
preserving, the result applies to all quantum operations, in-
cluding post-selection and adaptive strategies.

Extending beyond quantum states, our no-purification re-
sult can be naturally generalized to quantum channels and
higher-order maps [29]. In particular, there is no universal
procedure that transforms ¢ copies of an unknown input ob-
ject into an output object with a pure Choi representation that
depends non-trivially on the input. This excludes, for exam-
ple, universal transformations from quantum channels to uni-
tary channels, from quantum states to unitary channels, and
from quantum channels to pure states. Moreover, the conclu-
sion is independent of the specific protocol structure: it ap-
plies to arbitrary physically allowed strategies, including se-
quential, coherent, and adaptive protocols. The key reason
is that any physically admissible supermap acting on chan-
nels can be represented, at the level of Choi operators, as a
completely positive trace-preserving map acting on the corre-
sponding Choi states [30-32]. Since the Choi state of a unitary
channel is pure, any such hypothetical transformation would
induce a quantum channel mapping input Choi states to input-
dependent pure states, directly contradicting Observation 1.

III. APPROXIMATE PURIFICATION

In the above, we have addressed the fundamental restriction
on perfect quantum purification, whose targets are pure states
or unitaries. Nonetheless, approximate pure systems are of-
ten already useful in many tasks, thus the characterization of
an approximate version of the principle is crucial for practi-
cal purposes. We analyzed the robustness of Observation 1,
showing a clear trade-off relationship. Specifically, for any
positive trace-preserving map M with a fixed ¢, if its output
state M (p®") is close to a pure state, then the difference be-
tween its output states will be small. When the purification
task demands the output state to vary significantly according
to the input state, then one requires a large number of input
states to obtain high purity.

Theorem 1 (Approximate purification). Let M be a positive
trace-preserving map. Suppose that there exists a parameter
0 < € < 1 such that for all p supported on a subspace Dg <
D(Hgq) with dim(Dg) > 2

Te[M(p®)*] 2 1-e. (2)
Then there exists a state o such that, for all p € Dg,
D(a9, M(p®")) < (87V2t +12)\/e. 3)

Here D(-,-) denotes the trace distance D(w,T) = 3w - 7.

By the same Choi-state reduction, the approximate purifica-
tion bound in Theorem 1 also extends to all channel-involving
settings and applies to arbitrary physically allowed strategies.
Specifically, if one aims to find a universal quantum protocol
that approximately transforms ¢ copies of quantum channel
into a unitary or pure quantum state, or transforms ¢ copies of
quantum states into a unitary, similar trade-off exists.

The fundamental limitation of approximate univer-
sal purification has several important consequences. In
particular, whenever the outputs corresponding to two
different input states remain distinguishable, namely
D (M(p2"), M(p5")) = Q(1), Theorem | immediately
implies the sample complexity lower bound

t=Q(e). 4)

Interestingly, the e! scaling appears universally across a
broad range of quantum information processing tasks. Ex-
amples include quantum purity amplification [22, 23], which
aims to prepare the eigenstate of p corresponding to its largest
eigenvalue, and quantum principal component analysis [24],
which aims to transform many copies of p into the unitary
evolution e~*”. Notably, the same e~! behavior also appears
in covariant codes [33, 34] and quantum channel purifica-
tion [35], which aim to prepare the ideal unitary channel using
several noisy ones. Together, these important examples sug-
gest that approximate universal purification provides a com-
mon information-theoretic framework underlying several pre-
viously unrelated complexity phenomena in quantum infor-
mation processing.



Another fundamental consequence of approximate purifica-
tion arises in quantum learning and estimation. Indeed, esti-
mating a property of an unknown quantum state p, represented
by a function f(p), from many copies of p can itself be viewed
as a universal purification task.

Corollary 1 (Standard quantum limit for arbitrary function).
Given t copies of unknown quantum state p, which is sup-
ported on a subspace Dg € D(Hy) with dim(Dg) > 2, any
target function f(p), and an estimator f constructed by any
measurement performed on t copies of p with

1 . 1
Sl;plf(p)—lE[f] <70 Sl;pf(p)—lrl}ff(p) =102 ©

then the variance of f is lower bounded by

sup Var (f) = Q(A?til). (6)
P

This result also directly generalizes to the estimation
of channel properties and substantially generalizes previous
derivations in quantum metrology based on the additivity of
quantum Fisher information [36, 37], as it does not require
the target function to satisfy any smoothness or differentia-
bility assumptions and applies to global estimation. It shows
that the standard quantum limit is an extremely fundamental
principle for quantum learning, while also demonstrating the
tightness of the lower bound established in Theorem 1.

IV. CASE STUDIES
A. Approximate pure dilation state preparation

We define ¥ 4 p as the pure dilation state of a mixed state
p so that Trp(U 4, 5) = p. Besides being a fundamental con-
cept, the pure dilation state also carries broad practical sig-
nificance in areas such as quantum algorithms, learning, and
simulation. By definition, this task aims to find a quantum
operation, M, that acts on p® and the output state is some
pure dilation state satisfying two requirements: (1) the output
is a pure state; (2) the marginal of the output state is p. The-
orem | shows that it is impossible to simultaneously achieve
these two requirements, but in practice, it is also valuable to
understand if we can do so up to some approximation.

Theorem 2. Let M : D(HE') - D(Ha,p) be a positive
trace-preserving map with d > C for a sufficiently large abso-
lute constant C. Suppose there exist parameters €,71 > 0 such
that € =2(\/e+e+n) < % and, for arbitrary p,

(1) (Near purity) Tr [M(,O®t)2] >1-¢
(2) (Marginal accuracy) D (TrB[./\/l(p@t)], p) <.

Then

t> ed . 7

198 [¢+13exp (—ﬁ)]2

For qubit systems, the linear scaling with d in Eq. (7) im-
plies that the sample complexity ¢ scales exponentially with
the system size n (where d = 2™).

B. Gaussian purification

We investigate purification using passive Gaussian quantum
channels [38-40]. Because these operations arise naturally in
linear optical implementations [38], they provide a standard
framework for studying bosonic quantum systems and quan-
tum optical platforms. We will show that, when restricting to
only these operations, even approximate universal purification
encounters fundamental limitations.

Theorem 3 (No Gaussian universal approximate purification).
Let M : D(H®") — D(H) be a passive Gaussian channel.
Suppose that there exists a parameter O < € < 1 such that for
all Gaussian states p contained in a subspace G of Gaussian
states with covariance matrices that are larger than I in ma-
trix ordering, we have that

Te[M(p®)?] > 1-e. (8)

Then there exists a Gaussian state V such that, for all Gaus-
sian states p € G,

D(M(p®),®) < 4(1 +V3)e(1 + 4e). 9)

Comparing this result with Theorem | or Theorem 2, we
can notice the main difference: the r.h.s. of Eq. (9) is indepen-
dent of ¢, indicating that coherent state manipulation does not
bring an advantage. This is to an extent reminiscent of earlier
findings in a different context that show that coherent state
manipulation of Gaussian states finds obstructions [41-44].
This leads to an important consequence: passive Gaussian op-
eration cannot perform an arbitrary input-dependent purifica-
tion task, even approximately.

V. DISCUSSION AND OUTLOOK

Identifying the fundamental no-go principles of quantum
information processing has been one of the central and defin-
ing goals of quantum information science. A common
paradigm for establishing such results is to first prove an ex-
act impossibility theorem in an idealized setting, then study
the achievable performance and resource requirements in the
approximate regime, and finally explore the implications in
specific scenarios of practical relevance. In this work, we have
completed this program for the fundamental problem of uni-
versal purification. Observation 1 establishes the no-go the-
orem in the exact setting, while Theorem 1 characterizes its
asymptotic behavior in the approximate regime. Furthermore,
Corollary | and Theorem 2 reveal deep connections between
approximate universal purification and quantum learning. Fi-
nally, Observation ?? and Theorem 3 show that, under physi-
cally motivated restrictions on the allowed operations, namely
passive Gaussian operations, universal purification can remain
fundamentally impossible even in the approximate regime.
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