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Snehal Raj1,2, Brian Coyle3,4, Léo Monbroussou3,5, André J. Ferreira-Martins6,1, Renato M. S. Farias6, Elham Kashefi1,3
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1 Introduction
Graph neural networks (GNNs) are a central tool in machine learning, driving progress in various fields such as
molecular property prediction and drug discovery [1], protein structure modelling (AlphaFold), and combinatorial
optimisation on graphs [2, 3]. Their success rests on message passing, the rule by which each node updates from its
neighbours [1, 4]. Quantum versions of GNNs have been proposed [5, 6] and, like classical ones, made permutation
equivariant [7, 8, 9]. Most, however, do not carry out message passing: they derive the circuit topology from
the graph, placing gates along its edges [5], while the aggregation step that defines a GNN is left to a classical
readout. They also inherit the trainability challenges of variational circuits, whose gradients can vanish as the
circuit grows [10, 11, 12]. It is therefore important to show that a quantum graph model can be trained and scaled
to large graphs.
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(b) Permutation equivariance
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(d) Quantum Graph Neural Network
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Figure 1: Graph-learning properties and the quantum graph neural network. (a) Message passing: each node
updates from its neighbours, aggregating its L-hop neighbourhood after L rounds. (b) Permutation equivariance: re-
labelling the inputs by π relabels the output by π. (c) WL expressivity: the node-register particle number j sets the
set-based j-WL level reached, exceeding the 1-WL ceiling for j ≥ 3. (d) Architecture: a loader V (x) encodes the graph;
adjacency A(G) and trainable evolution W (θ) alternate over L layers; a mixer M(θM ) couples the N -qubit node (j) and
D-qubit embedding (k) registers; readout γ returns node and edge features.

We summarise results from our companion paper [13] that adapt a GNN’s useful properties to a quantum
framework: our quantum GNN performs message passing, is permutation-equivariant, and sits at a chosen level of
the Weisfeiler–Leman hierarchy, which measures how finely a model distinguishes graphs. Like classical GNNs, it
can be pre-trained on small graphs and read out at a cost that stays low as the graph grows. A sample-complexity
analysis, together with an initial gradient variance that does not vanish with subspace size, indicates favourable
and scalable training, especially with such pre-training. We validate the framework in simulations of up to 56
qubits across three datasets: synthetic graphs message passing cannot separate, molecular property prediction,
and the travelling salesperson problem, paving the way for scalable near-term quantum algorithms with theoretical
guarantees.

2 Graph Neural Network framework
A graph neural network processes a graph G on N nodes: an encoder V (G) collects the DF -dimensional node
features into a matrix X ∈ RN×DF , and the connectivity is carried by an adjacency operation A(G) ∈ RN×N . A
useful GNN must respect several theoretical properties [1, 14, 15].



Definition 1 (Message passing). One layer maps H(ℓ) 7→ H(ℓ+1) = σ
(
A(G)H(ℓ)W (θ)

)
, with σ a suitable nonlin-

earity; after L layers, the embedding of node i encodes aggregated features from its L-hop neighbourhood.

Definition 2 (Exact permutation equivariance). Let f be the function computed by a GNN. It is permutation
equivariant if f(π ·G, π ·X) = π ·f(G,X) for every relabelling π ∈ SN of the nodes.

Because graph nodes carry no intrinsic order, equivariance is essential for consistent predictions under rela-
belling [15, 14]. What limits a model is how finely it separates structurally distinct graphs, measured by the
Weisfeiler–Leman (WL) hierarchy.

Definition 3 (Weisfeiler–Leman test). The j-Weisfeiler–Leman (j-WL) test assigns each j-subset S of the nodes
a colour ct(S), refined over steps t = 0, 1, 2, . . . from the initial colour c0(S) given by the isomorphism type of the
subgraph induced by S. Each step updates

ct+1(S) = HASH
(
ct(S), {{ ct(S′) : |S△S′| = 2 }}

)
, (1)

where HASH is injective, {{·}} a multiset, and S△S′ the symmetric difference; once the colours stabilise, two graphs
differ when their subset-colour multisets do [16].

Ordinary message passing reaches only the first level, 1-WL [4, 16], which cannot separate graphs differing in
higher-order structure, including molecules with distinct properties [17]. An architecture has j-WL expressivity
when it agrees with the j-WL test on every pair of graphs.

We present how to achieve these theoretical guarantees by using subspace preserving circuits [18, 19, 20, 21,
22, 23], and in particular a specific structure for the data (see Figure 1). The N -qubit node register indexes the

graph’s nodes at Hamming weight j, spanning the subspace Hj
N of dimension

(
N
j

)
: its basis states are individual

nodes at j=1 and j-subsets of nodes at larger j. The D-qubit embedding register holds the corresponding features
at Hamming weight k, in Hk

D with DF =
(
D
k

)
. A hierarchical data loader V (x) prepares
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∑
T

DF∑
f=1

x
(T )
f |enodeT ⟩ ⊗ |eembedding

f ⟩ . (2)

The equivariant adjacency A(G) applies Givens rotations between node-qubit pairs connected by an edge, with
angles set by the edge weights in a canonical ordering. The trainable evolution W (θ) acts on the embedding
register only, and re-uploading V each layer makes the map nonlinear [24]. A final joint-register mixing M(θM )
couples the subspaces, its angles indexed by a canonical SN -invariant ordering induced by G.

3 Theoretical guarantees
Relabelling the nodes permutes the output features by the same permutation, exactly and at every parameter value:
the trainable evolution acts only on the embedding register, and the graph-dependent operations are applied in a
canonical ordering fixed by the edge weights. Hence, a relabelling reorders the same gates without changing their
action. Earlier equivariant models instead tie parameters across SN [15, 14, 7], which constrains the function class.

Theorem 1 (Exact SN -equivariance). Let π ∈ SN act on the node register through the permutation operator Pπ.
For every input x = (X, A) consisting of node features X ∈ RN×d and an adjacency matrix A ∈ RN×N , every
parameter assignment θ, and every π ∈ SN ,

fθ
(
π ·X, π ·A

)
= π · fθ(X, A). (3)

The model performs message passing inside the circuit (Definition 1) with the following operations: the adja-
cency routes amplitude along the edges, the trainable evolution updates the features, and re-uploading the loader
implements the nonlinearity. Each iteration then realises one round of set-based j-WL refinement [16], coupling the
j-subsets that differ by a single swap. A message-passing network distinguishes two graphs only when the 1-WL
test does, a ceiling that bounds every standard architecture. The node-register particle number j sets how much
graph structure the model resolves, and from j=3 it separates graphs that 1-WL, and hence every message-passing
network, cannot; to our knowledge, it is the first quantum graph model proven to do so.

Theorem 2 (j-WL expressivity, informal). For 2 ≤ j ≤ 4, the L-iteration QGNN has set-based j-WL expressivity
at generic parameters. Its basis states are the j-subsets of nodes that j-WL colours (Eq. (2)), one circuit iteration
performs one refinement round, and with each subset started from a colour that fixes its induced subgraph up to
isomorphism, after L iterations the output separates exactly the graphs that L rounds of j-WL separate,

fθ(G) = fθ(G
′) ⇐⇒ G ∼j-WL G

′.

For j ≥ 3, this passes the 1-WL ceiling that bounds every standard message-passing network.
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Figure 2: Numerical validation and trainability. Top, (a)–(c): CFI discrimination (accuracy jumps to 100% at the
predicted j; a 1-WL GIN stays at chance, a 3-WL PPGN separates both), QM9 HOMO–LUMO error falling with j, and
Euclidean TSP tour ratio versus N [7]. Bottom: per-parameter gradient variance at (D, k) ∈ {(6, 3), (8, 4), (10, 5)} versus

qubit count up to 56, above the
(
N+D
j+k

)−1
floor (dotted), a log–log fit confirming polynomial, not barren-plateau, decay [13].

4 Scalability
Barren plateaus, where gradients vanish as the circuit grows [11, 10], are the main obstacle to scaling variational
quantum algorithms; they are mitigated when the dynamics stay in a smaller, structured subspace [12, 25, 21, 26],
as the two-register QGNN does.

Proposition 1 (GNN pre-training). A GNN can be pre-trained on small graph instances: the trainable evolution
W (θ) acts only on the embedding register, whose size does not typically grow with the graph. At the same time,
the adjacency layer requires no training.

As with classical GNNs trained on small graphs and run on larger ones [2, 3], we use a transferable initialisation:
parameters fitted at one graph size initialise the next [27, 28, 29]. Heuristic but effective, it keeps the gradient
signal one to two orders of magnitude above a random start across instances up to 56 qubits (Fig. 2, bottom).

Proposition 2 (Polynomial-cost readout). The node and edge features are the entries of the embedding-register

one-particle density matrix γpq = ⟨ψ| a†paq |ψ⟩ (p, q ∈ [D]), estimable to accuracy ε in O(D3/ε2) shots by a deter-
ministic Hartree–Fock readout [30] or a matchgate shadow [31], at a cost set by the D-qubit feature register, not
the number of nodes.

5 Numerical validation
Figure 2 confirms the guarantees up to 56 qubits. On Cai–Fürer–Immerman graphs, which 1-WL cannot sepa-
rate [32], accuracy jumps from chance to 100% at the j predicted by Theorem 2, matching a 3-WL network [33].
The ascent also holds on QM9 [34] (HOMO–LUMO error 0.398 → 0.235 eV), and it solves Euclidean TSP end-to-
end at j=1 up to N=50, improving upon Skolik et al. [7].
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