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1 Introduction

Given rapid recent progress in both quantum computing and machine learning, the field of quantum machine learn-
ing (QML) has emerged as an extremely active area of research. Among the many proposals for quantum-enhanced
machine learning, variational quantum algorithms, which optimize parameterized quantum circuits (PQCs) to solve
learning tasks, have attracted particular attention, primarily as a result of their near-term implementability on noisy
intermediate-scale quantum (NISQ) devices [1-3]. However, despite significant research, the question of whether
and to which extent such variational quantum algorithms can gain meaningful advantages over classical approaches
remains a central open question.

A particularly active line of research aimed at addressing this question is that of dequantization, i.e. the construction of
classical algorithms which can match the performance of their quantum counterparts with only polynomial overhead
in computational resources [4-14]. For variational QML in particular, the surrogate-based approach to dequantization
exploits the observation that PQC models are linear models with respect to a feature map defined by the data-
encoding strategy of the circuit [15], and therefore lie within a reproducing kernel Hilbert space (RKHS) which can,
under certain conditions, be optimized over efficiently using classical kernel methods [7-10]. To date, however, this
approach has been studied only in the context of supervised learning [7-10] and generative modelling [11].

In parallel, there has been growing interest in the application of quantum algorithms to reinforcement learning
(RL) [16]. In particular, quantum Q-learning replaces the classical neural network in deep Q-learning [17] with a PQC
as a function approximator for the action-value function [18-25]. While empirical studies have reported promising
results, and provable advantages can be obtained in artificial environments [20, 26], the theoretical foundations
of quantum Q-learning remain largely unexplored. In particular, to the best of our knowledge, no prior work has
addressed whether quantum Q-learning can be dequantized. This motivates the central question of this work:

What are sufficient conditions for surrogate-based dequantization of quantum Q-learning?

2 Setup: Quantum Q-learning with PQC Models

We consider a discounted Markov Decision Process (S, A, P, R, y) with state space S C [0, 1]9s, finite action set A,
and discount factor y € (0, 1). The optimal action-value function Q* satisfies the Bellman optimality equation Q* =
TQ*, where (TQ)(s,a) = r(s,a) + y Ey_p(s o[lmaxy, Q(s’, a’)]. We measure the quality of an approximate action-
value function Q via its distance to the optimal action-value function, i.e. via the loss £(Q) = E(; o)~ u(sx.a)[|Q*(s, a)—

Q(s, a)ll.

In quantum Q-learning, the Q-function is parameterized by a PQC model of the form
Qe(s, @) = (0[UT(s,0)0,U(s, ))0), (2.1)
for some set of observables {O,}. Under mild assumptions, the above ansatz can be written in the form

Qo(s, a) = (0|UT(s, )V (a)O V(a) U(s, 0)|0), (2.2)



where U(s, 0) and V(a) use a Hamiltonian data-encoding strategy D. Under this assumption, such models can be
written as linear models Qy(z) = (c(6), ¢p(z)) with respect to the feature map

dp(z) = (1, cos({wy1, z)), sin({w1, 2)), ..., cos{w, z)), sin({wpr, z))), (2.3)

where z = (s, a) and the frequency vectors {o;}}, C R%*%4 are determined entirely by the data-encoding strategy
D [15]. Given any vector w = (wy, ..., wy) with all entries non-zero, one can define the normalized, shift-invariant
PQC-inspired kernel

M
1
Kopw(z.2) = —5 Z w? cos((a)i, z— z’}), (2.4)
Iwlz =
with associated reproducing kernel Hilbert space H(p,,). By construction, the PQC model class 7o p,o satisfies
Feo.p,0 C H(p,w) for any such w, meaning the RKHS contains all functions expressible by the PQC.

3 Dequantization of quantum Q-learning

We say that a classical algorithm provides a relative-to-best dequantization of quantum Q-learning if, using polyno-
mial time and samples, it outputs with high probability a policy r satisfying £(Q”) < L£(Qg+) + €, where Qy- is the
best Q-function achievable by the PQC model class. Motivated by the observation that the RKHS Hp ,,) contains all
functions expressible by the PQC model, the natural idea is to perform classical optimization over H(p ., for some
chosen w.

A simplifying assumption: uniform environment samples. In order to provide rigorous guarantees, we make
the simplifying assumption that uniformly random state-action samples from U(S x A) are available. This models
the regime of sampling from a large experience replay buffer after sufficient exploration, and is an assumption often
made in the theoretical analysis of reinforcement learning, where it is referred to as the assumption of access to
a generative model for the environment. In particular, this assumption has been used to provide the first rigorous
analysis of standard deep Q-learning [27].

Under this assumption, our proposed classical dequantization algorithm is Fitted Q-Iteration (FQI) with Kernel Ridge
Regression (KRR) via the PQC-inspired kernel K(p ,,), where w is a reweighting vector chosen by the classical learner.
The algorithm mirrors quantum Q-learning’s structure but replaces optimization over the PQC model class with KRR
in the associated RKHS Hp ,,).

Algorithm 1 Fitted Q-Iteration with PQC-inspired kernel K(p )

Input: Data encoding strategy D, discount factor y, iterations K, samples per iteration m, regularization A > 0
Choose Reweighting vector w defining the kernel Kp ,,)
Initialize Qo =0
fork=0,...., K —1do
Sample {(s;, @)}, ~ U(S x A); observe rewards r; and next states s/
Compute Bellman targets: y; < r; + y maXge 4 Qk(s{ ,a)

7: Solve KRR: Fiyy < argminyepy, {Z;’il(yi — F(z))2 + A% f)2 }

H,w)
8: Chp Qk+1 «— H[*Vmax,vmax]Fk‘*'l R
9: Output: Greedy policy 7x(s) € arg max,e 4 Ok (s, a)

AN AN -

4 Main Result

The main result of this work provides a set of sufficient conditions under which Algorithm 1 is both time and sample
efficient, under the assumption of access to a uniform generative model for the environment. As such, given the
relation between the RKHS Hp ,,) and the class of PQC models Fg p 0, these conditions are also sufficient for relative-
to-best dequantization of quantum Q-learning in the uniform sampling setting.



Theorem 4.1: (Sufficient conditions for efficient dequantization — informal) Assume access to a uniform generative
model for the environment. Under mild technical assumptions on the data-encoding strategy D and MDP structure,
suppose the following conditions hold:

1. The reweighting vector w has polynomially decaying components.

2. The Bellman targets encountered during learning are well-aligned with w:

lrgr}gHTQk_lﬂHmw) = O(poly(ds, |A])). (4.1)

3. The weight vector w is induced from a symmetric matrix product state with polynomial bond-dimension.
Then, with
1 ~
K= O(log (1_)/)26> , m = O(poly(ds, |Al,1/¢€,1/6)), (4.2)

Algorithm 1 yields, with probability at least 1 — 6, a policy wx satisfying

L(Q™) < L(Qp:) + €. (4.3)

Moreover, the algorithm runs in time polynomial in m, K, and | A|.

5 Interpretation and Implications

Theorem 4.1 identifies the regime in which quantum Q-learning can be efficiently dequantized, via sufficient condi-
tions on the reweighting vector w that the classical learner (Alice) chooses when given the data-encoding strategy
D of the quantum learner’s (Bob’s) PQC. We now discuss the role of each condition.

Polynomial eigenvalue decay. The first condition controls the intrinsic complexity of the kernel K(p, ,,) and guar-
antees that the maximum information gain grows sublinearly in the number of samples, ensuring polynomial sample
complexity. Alice can always choose w to satisfy this condition.

Efficient kernel evaluation via tensor networks. The PQC-inspired kernel K(p ,,) is defined via an inner product
in an exponentially large feature space, making naive evaluation intractable. However, when w is induced from a
symmetric matrix product state with polynomial bond-dimension [9], the kernel admits exact and efficient evaluation
via tensor network contractions. Alice can always choose w with this structure.

Alignment. The most problem-dependent condition requires that the Bellman targets encountered during learning
are well-aligned with the kernel reweighting. This captures the intuition that dequantization is possible when the
problem structure is well matched to the inductive bias of the classical surrogate. Unlike the previous two conditions,
this cannot be verified a priori without solving the problem.

Summary. The first two conditions are structural requirements that Alice can satisfy by design. The third is problem-
dependent. When all three are met, no exponential quantum advantage via quantum Q-learning is possible in the
uniform sampling setting. Conversely, our result identifies, by contrapositive, that a genuine quantum advantage
would require either (i) a problem whose relevant frequency content is systematically misaligned with any efficiently
computable kernel reweighting, or (ii) a PQC kernel that cannot be evaluated efficiently by any classical means.

We note that, despite the significantly different analysis required in the reinforcement learning setting, these con-
ditions are very similar in spirit to the sufficient conditions identified for kernel-based dequantization of supervised
learning [8-10]. We stress that while our results are proven only in the simplified setting of uniform state-action sam-
ples, they lay the theoretical groundwork for extending surrogate-based dequantization to reinforcement learning
more broadly, and motivate future exploration of kernelized FQI as a practical heuristic in standard settings.
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