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Introduction. Certain families of quantum circuits can sample from probability distributions that are believed
to be classically intractable under standard complexity-theoretic assumptions [1-3|. Such hardness results
have motivated quantum generative models, which represent and sample from probability distributions be-
yond the reach of classical generative methods [4]. However, trainability rather than expressivity has emerged
as a central bottleneck. Parameter-shift and finite-difference methods estimate gradients by executing sep-
arate circuits for each trainable parameter [5-9]. Finite-shot noise increases the required number of circuit
executions further [10], and barren plateaus can raise the measurement cost of gradient estimation exponen-
tially [11]. Unlike classical neural networks, general quantum circuit models do not admit a backpropagation
mechanism that computes all gradients in a single backward pass [12, 13], and scalable training has so far
been limited to specific generative architectures [14,15].

In this work, we propose a generalized contrastive divergence (CD) algorithm for training quantum
models. In analogy with classical backpropagation, each update requires O(1) forward passes independent
of the parameter count. The update rule is estimated from data and model samples alone, without explicit
access to the model distribution. We apply this procedure to quantum Boltzmann machines (QBMs), yielding
a training loop that requires only conditional sampling. The full version of the manuscript [16] contains the
proofs and further details.

Background. CD emerged in classical machine learning as a training scheme for energy-based models, updat-
ing all parameters from data and model samples at a constant cost per step, independent of the parameter
count [17-19|. The common learning rule [17,20] for an energy-based model defined through Hamiltonian H
can be written as 0y, L = (H;)data — (Hi)model, Where (-)data and (-)model denote expectation values under the
empirical data and the model. This learning rule is commonly applied to Boltzmann machines (BMs), which
consist of n binary visible units representing the data and m hidden units capturing correlations among
them [21]. At thermal equilibrium, a BM is described by the Gibbs state p = e ## /2, Z = Tr[e_ﬁH],
where H is a parametrized Hamiltonian, S is the inverse temperature, and Z is the partition function. The
model distribution over visible configurations follows from a projective measurement on the visible subsystem,
p(v) = Tr[(IT, ® 19™) p] with IT, = |v){(v| and v € {0,1}".

Estimating the expectations in the learning rule amounts to sampling from the Gibbs state, which is
classically intractable for general architectures [22,23]. Restricting the connectivity to a bipartite structure
between the visible and hidden layers yields the restricted Boltzmann machine (RBM) [24], whose conditional
distributions factorize as p(h | v) = [[L; p(h; | v) and p(v | h) = [[;; p(vi | h), where v; and h; are the
states of visible unit ¢ and hidden unit j. These conditionals can be sampled exactly and in parallel, which
makes Gibbs sampling [25] tractable. However, running Markov chains to equilibrium remains computation-
ally expensive and often yields high-variance gradient estimates [26]. CD [17] avoids equilibrium sampling
by comparing the data with reconstructions obtained after £ Gibbs updates started from data samples,
where small k is sufficient to approximate gradient directions [20,27]|. The resulting updates take the form
Al; < (H;)data — <H7j>pk, where p* denotes the model distribution after k sampling steps. These updates
are biased [28] and do not follow the gradient of any objective function [27]|. Despite these limitations, CD
remains the primary heuristic for training RBMs [29-31].

QBMs are natural candidates for such a training scheme. They define the model distribution through
the Gibbs state of a non-commuting Hamiltonian [32] and can exceed the expressivity of their classical
counterparts |33]. Likelihood-based training, however, estimates (H;)data — (Hi)model for each Hamiltonian
term, so the measurement cost grows with the number of parameters. These expectation values further require
explicit access to target data probabilities [32,34-36], which precludes training from samples. The common
workaround of a maximum mean discrepancy (MMD) loss performs poorly for complex distributions [37,38].
No method has so far trained a QBM from data samples alone. The semi-quantum restricted Boltzmann
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Fig. 1. Summary of generalized contrastive divergence. Short Gibbs chains start from data samples. For each hidden
Pauli basis, conditional samples of hidden and visible units give the positive and negative phase bitstrings that update all
parameters via Eq. (4). For fixed k and W\, the number of forward passes per update is independent of the parameter count.

machine (sqRBM) unifies the classical and quantum settings for learning from classical data. We restate its
definition from [39].

Definition 1 (Semi-quantum RBM [39]). A semi-quantum restricted Boltzmann machine with n visible
and m hidden units, denoted sqRBM,, ..., is described by a parametrized Hamiltonian of the form

[Wh| m

n n m
H=Y alol+ > (S olol,+ > Y whotol,), (1)
=1

Pew,  j=1 i=1 j=1

where a € R™, b € RMWal™ gnd aw € Rl gre the parameter vectors of the model. Wy, is a non-commuting
set of one-qubit Pauli operators that non-trivially act only on the hidden units. JZP 1s a length n +m Pauli
string acting non-trivially with Pauli operator P on the i-th qubit, O'ZP = 1801 @ p ® 18("+m=i),

The Hamiltonian in Eq. (1) can be written compactly as H =), 0; H;, where 8 = {a,b, w} and H; are
the associated Pauli strings. Choosing W}, = {Z} recovers the classical RBM, in which all Hamiltonian terms
commute. The full set Wy, = {X,Y,Z}, used throughout this work, introduces non-commuting interactions
and matches the learning performance of RBMs with three times fewer hidden units [39].

Theoretical results. For sqRBMs, we establish that the conditional probabilities central to CD training take
a simple and exact form, which translates directly into a circuit-level implementation.

Theorem 1 (Conditional probabilities of sRBMs, informal). Let H be the Hamiltonian of an sqRBM
acting on Hyis @ Hpiq with n visible and m hidden qubits, and let 8 > 0. For v € {0,1}", let [1Z := |v)(v|
be the projector onto the visible computational basis state. For the hidden subsystem, fix a Pauli basis P and
let H,I; be the projector onto the basis state |h) p of Hnia. For any non-zero positive semidefinite operator X
on Hyis ® Hnid, define the completely positive map Gg(X) = e~ B/DH X o=(B/DH 4 d its trace normalization
I's(X) :=Gg(X)/ Tr[Gs(X)]. Then the conditional distributions of the sqRBM Gibbs state are given by

pWP 0) = Te[(157 @ 117) T (117 2~ m15m)], 2)
p(v | A7) = Tr[(II7 @ 19™) I5(27"1%" @ 1)) ]. (3)

To sample p(h* | v) on a quantum device, one prepares the visible register in |[v) and the hidden register
in the maximally mixed state, applies the imaginary-time evolution operator exp(—(3/2)H), and measures
the hidden register in basis P. Sampling p(v | h') proceeds analogously, with the roles of the registers
exchanged and the visible register measured in the Z basis. The proof and the circuits are given in Ref. [16].

Generalized contrastive divergence algorithm. Theorem 1 gives the conditional probabilities of sqRBMs in
closed form, which allows us to formulate a generalized CD-k procedure, summarized in Fig. 1. The hidden
operator pool Wy, = {X,Y,Z} partitions into commuting subsets. We perform a CD update in each basis
P € W), and accumulate the full gradient. Starting from a visible configuration v drawn from the dataset,
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Fig. 2. Sampling cost of generalized contrastive divergence (CD) and negative log-likelihood (NLL) training. KL
divergence to the target distribution (top row) and ratio of valid images among generated samples (bottom row) as a function of
the total number of samples drawn during training, for a discretized Gaussian (n = 9), bars and stripes (BAS, n = 3 x 3), and
Tetris (n = 4 x 4). Green curves show generalized CD, pink curves NLL training with 10° to 10* shots per expectation-value
estimate, darker shades corresponding to larger shot budgets. Within each panel, all curves correspond to the same model.

we sample the positive phase h(OF ~ p(h” | ¥9%2) and run a Gibbs chain v(®) ~ p(v | KE=DF) P ~
p(h" | v(s)) for s =1,..., k. The resulting bitstrings yield the parameter updates

A'wZ’P — vdata . (h(O),P)T o ,U(k) . (h(k),P)T’ NAa = vda,ta o U(k) AbP — h(O),P - h(k)’P. (4)

Y

Since the visible subspace of an sqRBM is commuting, the hidden conditionals p(hP | v) can be sampled
classically and in parallel, as in standard RBMs. Only p(v | h?) requires quantum resources. One CD-k
update therefore costs |[Wy| - k circuit executions, each sampled once. We refer to a single evaluation of
p(v | k) as a forward pass, since it is the cost of sampling the visible distribution p(v). For fixed k and
[Wh| = 3, gradient computation costs O(1) forward passes per update.

Numerical results. We compare generalized CD to standard NLL training on three targets, a discretized
Gaussian on n = 9 units, 3 x 3 bars and stripes (BAS), and a Tetris dataset of all tetromino images under
rotation and translation on a 4 x 4 grid. The NLL gradient requires expectation values, estimated with 10°
to 10* measurement shots each. Generalized CD uses k = 10 Gibbs steps with ten persistent chains [40]. As
shown in Fig. 2, CD reaches its final accuracy with orders of magnitude fewer samples than NLL, at a nearly
constant sample budget while the cost of NLL grows with n. With a sufficient shot budget, NLL attains a
lower KL divergence, as the two differ only by a constant. Although CD-trained models retain a higher KL
divergence than the best NLL runs, they generate valid BAS and Tetris images at a comparable rate.

Conclusion. We introduced a generalized CD algorithm that trains sqRBMs from data samples alone, without
explicit access to target data probabilities, at a cost of O(1) forward passes per update. Our numerical
results show that it reduces the sampling cost of training by orders of magnitude at a moderate loss in final
accuracy. Generalized CD remains a heuristic without convergence guarantees. A hardware demonstration
requires implementing the imaginary-time evolution e~(#/2#  Quantum Gibbs samplers with a system-size-
independent spectral gap exist for k-local Hamiltonians, including those of sqRBMs, at sufficiently high
temperatures [41], and adapting them to our conditional sampling is left for future work.
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