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Introduction. Variational Quantum Eigensolver (VQE) is a hybrid quantum-classical algorithm that works
by refining the tunable parameters (through classical optimizer) in a variational quantum circuit, in order to
minimize the measured energy of the prepared state [1, 2]. This work [3] aims at characterizing and minimizing
the algorithmic resources – quantum and classical – that control the achievable accuracy of VQE algorithm.

We consider the number of gates as an algorithmic quantum resource. In the absence of noise, increasing
the number of gates – through adding ansatz layers – enhances the expressibility, and thereby improves the
achievable accuracy of the algorithm. On the classical side, we consider the number of iterations of the classical
optimizer as an algorithmic resource. For a fixed circuit size, the accuracy eventually saturates with iterations
as the optimization converges.

Noise – a characteristic of current quantum computers – upends the above simple relationship of algorithmic
resources with accuracy. First, noise limits the circuit depth that can produce meaningful results, as errors
accumulate with increasing depth [4, 5, 6], inducing bias in the estimated energy. Moreover, the scenario is
further nuanced when the number of iterations is also taken into account. A key question then arises: does
increasing the computational effort through additional iterations continue to improve accuracy, or does the
accumulation of noise ultimately offset the marginal benefits gained from further optimization? This question
also feeds into the over-arching resource optimization objective: What is required to minimize resources for a
given (desired) accuracy of the algorithm?

Methodology and Results. In this work [3], we develop phenomenological scaling relations that captures
the trade-offs between accuracy, circuit size, and iteration count in VQE algorithm; that enables us to either
minimize the resource for a target accuracy or maximize the accuracy for a given resource cost. The scaling
relations approach parallels recent developments in classical machine learning, where scaling laws relate model
performance to compute, data, and parameters, albeit the element of noise is generally absent in this case and
forms a distinguishing feature of quantum algorithms.

As a toy model to illustrate the scaling relations, we adopt the open one-dimensional Heisenberg chain, with
the Hamiltonian given as: H = J
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. We set J = 1 (unitless) and n = 5 spins,

thus, the exact ground state energy – found using exact diagonalization – is Egs = −7.712. The parametrized
quantum state is prepared from |0⟩⊗n using the Hamiltonian Variational Ansatz, which decomposes H into non-
commuting terms hq applied as e−iθqhq in alternating even/odd sublayers (six parameters per layer), yielding a
gate count Ng tunable through the number of layers (Nlayers).

The circuit is transpiled to a hardware-agnostic gate set that includes explicit identity operations representing
idle periods under an equal duration scheduling, since idling also accumulates error; single-qubit gates (including
identities) are counted once and two-qubit gates twice to reflect their higher error rates and resource cost, giving
Ng = 150Nlayers for the toy model. Measurement-basis rotations are excluded fromNg as a small, implementation
specific overhead, and since the shot count is assumed large enough that sampling error is negligible relative to
circuit noise, both the number of shots and measurements are held fixed rather than treated as optimizable
algorithmic resources. We also assume that the algorithm is warm-started in a fertile valley with non-vanishing
gradients and therefore avoids barren plateaus.

With these specifications of the toy model, and the hardware-agnostic compilation of the ansatz, in following
section we proceed to establish the phenomenological scaling relations based on simulations with 50 random
initial parameter sets, fitting the mean energy over seeds at each iteration and at convergence.

Scaling relations for the noiseless VQE. From the simulation, we find that in the noiseless case the
energy decays toward its converged value as

E(Nit, Ng) = α e−µ(Ng)Nit + Enoiseless
∞ (Ng), (1)

whereNit is the iteration count, Ng the total transpiled gate count, and α, µ are fit parameters. We take µ (related
to trainability) and Enoiseless

∞ (related to expressibility) to depend on Ng and neglect the weak Ng-dependence
of α. The converged energy Enoiseless

∞ approaches the exact ground state as the ansatz gains expressibility with
added layers,

Enoiseless
∞ (Ng) = β e−κNg + Egs, (2)

while the convergence rate µ decreases with circuit size according to a power law with an empirical offset N th
g ,

µ(Ng) = µ0 (Ng −N th
g )−λ, (3)
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Figure 1: (a) Convergence of the VQE energy with the num-
ber of iterations Nit for varying numbers of layers (i.e. different
Ng), fit to Eq. (1) (black dashed lines) to extract the conver-
gence factor µ; the inset shows the same fit on a log-linear scale.
(b) Convergence of the converged noiseless energy (Nit → ∞) to
the exact value Egs as a function of the gate count Ng, following
the relation in Eq. (2); the inset shows the same on a log-linear
scale. (c) Dependence of the convergence rate µ on the rescaled
gate count Ng − 110 (log scale), exhibiting the modified power
law of Eq. (3) (noiseless: black dot-dashed; noisy: cyan dashed).
Datapoints in (c) are obtained by fitting Eq. (1) for each layer
count using ∼ 25Nlayers iterations. Error bars throughout repre-
sent the standard deviation over 50 random seeds. The fits yield
µ0 = 1.09 ± 0.20, λ = 0.63 ± 0.03, Nth

g = 110, β = 3.94, and
κ = 0.01, with α = 2 taken as a fiducial value owing to its weak
Ng-dependence.

reflecting the slower optimization as more variational
parameters are introduced. The phenomenological
scaling parameters – µ, κ N th

g , β – are obtained by
maximizing the fits in Eqs. (1) (2) (3). While their
specific values (provided in Fig. 1 caption) are system-
dependent, we expect similar scaling forms across a
broad class of variational algorithms.

Together, Eqs. (1)–(3) express the noiseless en-
ergy in terms of the algorithmic resources Ng and Nit.
These are shown for our toy model in Fig. 1.

Scaling relations for the noisy VQE . Gate
noise causes errors that accumulate with circuit size.
We model incoherent noise with a global depolarizing
channel, D(ρ) = (1 − ϵ)ρ + ϵ I/2, which approximates
local gate noise in sufficiently random circuits. After
N depolarizing events the circuit state is ρ̃ = (1 −
ϵ)N U(θ)ρU(θ)† +

[
1− (1− ϵ)N

] I
2n , with fidelity F =

(1 − ϵ)N . The corresponding energy obtained from
VQE is Enoisy(θ) = (1− ϵ)N Tr[H U(θ)ρU(θ)†] +

[
1−

(1− ϵ)N
] Tr(H)

2n , whose second term vanishes for trace-
less Hamiltonians such as the Heisenberg model, so
noise simply rescales the noiseless energy by (1− ϵ)N .
Setting N = Ng couples noise directly to the number
of gates as algorithmic resource, giving a converged
energy

Enoisy
∞ (Ng) = (1− ϵ)Ng Enoiseless

∞ (Ng), (4)

which exposes a trade-off: added gates (through
ansatz layers) first improve accuracy by increasing the
expressibility but noise eventually dominates, defin-
ing an optimal circuit size Noptimal

g (ϵ). This is shown
in Fig. 2(a). As global depolarizing noise uniformly
rescales the cost landscape rather than deforming it,
µ is unchanged from the noiseless case and indepen-
dent of ϵ (see Fig. 1 (c)). Combining the above with
Eqs. (1)–(3) yields the energy as a function of the two
algorithmic resources – Nit and Ng – and the noise
parameter ϵ:

E(Nit, Ng) = (1− ϵ)Ng
[
α e−µ0Nit(Ng−Nth

g )−λ

+ β e−κNg + Egs

]
, (5)

where the first term captures optimizer convergence,
the latter two the growth and saturation of the
ansatz’s expressivity, and the prefactor (1 − ϵ)Ng the
cumulative noise factor that reflects error accumula-
tion due to each gate added. This unified form is the
basis for the efficiency and resource-optimization anal-
ysis that follows.

Resource optimization. We employ the phe-
nomenological scaling relations from the previous sec-
tion to minimize resource consumption under noise.
Treating the iteration count Nit and gate count Ng as
the primary algorithmic resources, the cumulative cost
is the total number of gate operations, ∆ = NitNg,

which defines the optimization landscape. Optimizing ∆ is practically useful: for a target accuracy it identifies
the most efficient balance between circuit size and iteration count, reducing runtime and energy cost (provided
a hardware specific energy model is available) and noise exposure while preserving performance. Using Eq. (5),
we map the error, δE = E(Nit, Ng) − Egs onto the ∆ = NitNg heatmap in Fig. 2 (a), with the fit parameters
from phenomenological scaling relations (see Fig. 1 caption) and noise fixed at ϵ = 10−6.

2



Figure 2: (a) Converged energy Enoisy
∞ from Eq. (4) versus gate

count Ng, showing a tradeoff between expressivity and error ac-
cumulation. (b) Heatmap of the total resource ∆ = NitNg at
ϵ = 10−6, obtained from Eq. (5), with iso-error contours of δE (ma-
genta dotted) and iso-∆ lines (black dashed). Red stars mark the
minimum ∆ on each iso-error contour. This plot enables resource
minimization for a target accuracy or resource-constrained accu-
racy analysis (c) Best achievable metric maxNg (M∆) (left axis)
and minimum error (right axis) versus ∆, from Eq. (6). Inset: ef-
ficiency η = M/∆, which peaks at intermediate ∆. All the plots
are based on phenomenological scaling fit parameters mentioned
in Fig. 1 caption.

In Fig. 2 (a), each iso-error contour (magenta dot-
ted) has a point of minimum ∆ (red stars). Our plots
show that for a fixed metric the total resources can be
cut by a factor of two or more (e.g. at δE = 0.01),
yielding significant speed and resource savings. Thus
Eq. (5) provides a minimal yet complete link between
the resources (Ng, Nit), the noise ϵ, and the accuracy,
underpinning the resource-constrained analysis below
and enabling analytic extraction of the optimal gate
count.

It is meaningful to analyze VQE algorithm under a
fixed total resource budget ∆, representing experimen-
tal limits from coherence time, measurement budget,
or available compute. Fixing ∆ eliminates Nit from
Eq. (5),

E∆(Ng) = (1− ϵ)Ng

[
α e−µ0∆/[Ng(Ng−110)λ]

+β e−κNg + Egs

]
, (6)

which is equivalent to moving along the iso-resource
lines (black dashed) of Fig. 2 (a) and reading off the
minimum error. To quantify performance per unit
cost we introduce the efficiency η = M

∆ = 1−δE
∆ =

1−[E(Nit,Ng)−Egs]
NitNg

, chosen to be monotonic, so a higher

η follows from a larger metric (lower error).
Maximizing the metricM overNg at fixed ∆ yields

max(M∆), plotted against ∆ in Fig. 2 (b). The best
achievable metric depends strongly on ϵ and saturates
with ∆, showing that resource investment becomes
useless beyond a point, and that a high cost is incurred
to reach a practical target such as δE = 0.01. The
corresponding efficiency (inset in Fig. 2 (b)) first rises
with ∆, denoting a sharp metric gain, then decreases
with added resources, denoting no further metric im-
provement. Both the peak efficiency and its location
depend on ϵ, defining an efficiency frontier that re-
quires low ϵ for reasonable and efficient computation.
Furthermore, we can also extract a numerical solution
based on stationarity condition (leading to a transcen-
dental equation) from Eq.(6); although we do not show
it here for brevity.

Conclusions and outlook. We have shown that
the accuracy of a noisy VQE algorithm follows scal-
ing relations in its two main resources – the circuit
size and the number of iterations – from which the re-
source allocation for a target accuracy follows directly,
cutting the total cost by a factor of two or more. We
also tested these relations on a fake IBM Nighthawk
backend, where noise is not global depolarizing and
error mitigation is routinely applied (results omit-
ted here for brevity). Without mitigation, the runs
are in the noise dominated regime and resource opti-
mization is not feasible; with zero-noise extrapolation
the mitigated data are well described by our global-
depolarizing form at an effective rate ϵeff ≈ 3 × 10−4,
and the scaling relations hold. Therefore, this work
[3] establishes a holistic way to minimize the quantum
and classical resources in VQE and it survives on real
quantum processors. It extends the machine-learning notion of scaling laws to the noisy quantum setting.
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