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Abstract

Quantum computers provide a super-exponential speedup for performing a Fourier transform over
the symmetric group, an ability for which practical use cases have remained elusive so far. In this
work, we leverage this ability to unlock spectral methods for machine learning over permutation-
structured data, which appear in applications such as multi-object tracking and recommendation
systems. It has been shown previously that a powerful way of building probabilistic models over
permutations is to use the framework of non-Abelian harmonic analysis, as the model’s group Fourier
spectrum captures the interaction complexity: “low frequencies” correspond to low order correla-
tions, and “high frequencies” to more complex ones. This can be used to construct a Markov chain
model driven by alternating steps of diffusion (a group-equivariant convolution) and conditioning
(a Bayesian update). However, this approach is computationally challenging and hence limited to
simple approximations. Here we construct a quantum algorithm that encodes the exact probabilistic
model—a classically intractable object—into the amplitudes of a quantum state by making use of
the Quantum Fourier Transform (QFT) over the symmetric group. We discuss the scaling, limita-
tions, and practical use of such an approach, which we view as a step towards useful applications of
non-Abelian QFTs.

Introduction

Probabilistic modeling over permutations is central to identity management in multi-object tracking
and preference learning in recommender systems. These problems are naturally formulated within non-
commutative harmonic analysis, where the statistical structure of the data is tied to the symmetric
group Sn [1], the group of all orderings of n objects. The framework’s power lies in the statistical
interpretation of the group Fourier spectrum: low-frequency components encode single-object statistics
(first-order marginals) and simple pairwise relationships, high-frequency ones encode multi-body de-
pendencies [1]. This group Fourier-theoretic angle enables building probabilistic models with favorable
learning properties, as pioneered by Kondor [2, 3, 4, 5] and Huang [6, 7]. Classically, however, work-
ing with permutations forces strong band-limiting to make the computation tractable—keeping only
low frequencies, hence capturing only low-order correlations. Even then, modeling up to k-th order
marginals costs classical memory and time O(n2k), and toggling between Fourier and direct space via
the classical Fast Fourier Transform (FFT) over Sn in general scales super-exponentially as O(n!n2) [8].

Both issues are elegantly resolved on a quantum computer. A quantum state can store and manip-
ulate the n!-dimensional model and its spectrum, and the QFT over Sn [9, 10, 11] moves between the
direct and Fourier space representations in O(n3 logn) [11]. Following a recurrent (Markovian) frame-
work, we formulate a quantum algorithm that—under assumptions we argue as realistic in learning—
prepares a state encoding a probabilistic model over Sn without band-limiting. We encode permutations
in O(n logn) qubits and implement diffusion and conditioning, the two operations driving the belief-
state evolution (Fig. 1), efficiently.

Results

The Group Fourier Transform (GFT) of h : G→ C has matrix-valued coefficients ĥρ =
∑

x∈G h(x) ρ(x),
where ρ is an irreducible representation (irrep) of dimension dρ. In Sn, irreps are indexed by par-

titions of n, denoted λ ⊢ n. If h is a distribution, ĥλ = Eσ∼h[ρλ(σ)] measures how much of the
structure encoded by ρλ is preserved [1]. We encode the n! permutations with the Lehmer code,
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Figure 1: The probabilistic modeling process. The belief state over permutations of n objects evolves as
h(t)(σ), initialized (t = 0) from a canonical assignment (shown for n = 3 as ABC → [1, 2, 3]). It alternates
diffusion, which spreads probability mass to model uncertainty, and conditioning, a Bayesian update from partial
observations (the training data), repeated per observation.

Figure 2: Our quantum implementation: The probability distribution is encoded in the amplitudes
of the quantum state |ψ(t)⟩ ∝

∑
σ h

(t)(σ) |σ⟩. We use Lehmer’s code to map permutations σ ∈ Sn to
n! integers, which are then encoded to binary and represented by computational basis states |σ⟩. We
implement diffusion in Fourier space by block-encoding an operator q̂ (seeDiffusion) and the condition-
ing step by block-encoding the operator cφ (see Conditioning) in direct space. The Quantum Fourier
Transform (QFT) over Sn efficiently toggles between Fourier and direct space. Each block-encoding
requires a new ancilla. At the end, Amplitude Amplification boosts the probability of successfully
preparing the full posterior probability distribution.

using ⌈log2(n!)⌉ ∈ O(n logn) qubits [9, 10, 11]. This factorial-number system enables us to repre-
sent permutations by computational basis states |σ⟩. The Sn-QFT is defined as the unitary F =∑

σ,λ,i,j

√
dλ/n! [ρλ(σ)]ij |λij⟩ ⟨σ|, which changes the basis from the computational one to the Fourier

basis |λij⟩. The classical FFT scales as O(n!n2) [8], whereas the best known quantum implementation
runs in O(n3 log n) [11].

Quantum Model. The model is a Markov chain of two alternating operations. Diffusion is a group-
equivariant convolution (a random walk on the Cayley graph of Sn generated by transpositions), used to
model uncertainty in object-position associations. Conditioning is a Bayesian update on new classical
data that breaks equivariance. Diffusion is diagonal in Fourier space, conditioning is instead diagonal
in direct space, and the QFT toggles between them efficiently. Classically, inference is bottlenecked
by memory and the Sn-FFT, forcing band-limited approximations. We define the quantum model
|ψ(t)⟩ = 1√

N(t)

∑
σ h

(t)(σ) |σ⟩ with N (t) = ∥h(t)∥22, and a natural initial state is the identity delta-peak

|ψ(0)⟩ = |e⟩ ≡ |0⟩.

Diffusion. A random walk with diffusion kernel q evolves h by convolution, h(t+1) = q ⋆ h(t), an

irrep-wise matrix product ĥ
(t+1)
λ = q̂λ · ĥ(t)λ in Fourier space. We take q(τ) = p for τ = e, (1 − p)/

(
n
2

)
for transpositions τ ∈ (2, 1n−2), and 0 otherwise, with p the identity probability. This kernel is a class
function, so by Schur’s lemma q̂λ = cλIλ with cλ = p+(1−p)χλ((2, 1

n−2))/dλ, where χλ is the character
on transpositions. Diffusion thus does not mix irreps and acts as an isotropic equivariant convolution;

d steps give ĥ
(t+d)
λ = cdλĥ

(t)
λ . We efficiently block-encode q̂d =

⊕
λ c

d
λIλ into a unitary D, either using

Quantum Read-Only Memory (QROM) or coherent arithmetic depending on the problem size n.
The following claims summarize our results on asymptotic scaling guarantees for the model.
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Claim 1 (Diffusion success probability). At t = 0, p
(0)
s = ∥q̂ |ψ̂(0)⟩∥2 = p2+ 2(1−p)2

n(n−1) exactly, so standard

amplitude amplification reaches success ≈ 1 in O(1/
√
ps) iterations. For d steps at arbitrary t: for

p > 1/2, p
(t)
s ≥ (2p − 1)2d (constant in n), while for rational p = a/b ∈ (0, 1), p

(t)
s ≥ (4/(b2n4))d

(inverse-polynomial in n).

Conditioning. Conditioning applies Bayes’ rule in direct space, a point-wise product h(t+1)(σ) ∝
h(t)(σ)h(φ|σ). Here φ : Sn → {0, 1} flags permutations consistent with an observation, and the
likelihood h(φ|σ) equals s if φ(σ) = 1 and 1 − s otherwise, with s ∈ (0.5, 1]. This allows tuning trust
in the data: s = 1, i.e. hard likelihood, encodes complete trust in data, and vice-versa for s → 0.5.
We block-encode the diagonal operator cφ =

∑
σ h(φ|σ) |σ⟩ ⟨σ| into a unitary C(φ) by computing φ(σ)

coherently, applying a controlled Ry, then uncomputing; C(φ) depends only on φ, not on the current
model. For common observations—partial assignments (fixing positions of k ≪ n objects) and partial
rankings (fixing relative order of k+1 objects)—a reorder-update approach applies a unitary Uπ mapping

the relevant Lehmer indices to the string boundary so φ acts locally, then C(φ), and finally U †
π restores

the canonical ordering. Under a hard likelihood C(φ) becomes a projector realized by measurement,
needing no extra ancillas.

Claim 2 (Reorder-update cost & conditioning success). For an order-k constraint, Uπ has depth
O(kn2 logn) and computing φ at most O(k2 log2 n). The success probability is ps = ∥cφ |ψ(t)⟩∥2 =
h(φ)2N (t+1)/N (t), with h(φ) the total probability of consistent permutations. Well-informed models
(large h(φ)) condition with high success, while vanishing success mainly afflicts less useful models.

After applying T pairs of diffusion and conditioning, using the above results on the respective
success probabilities, we use Fixed-Point Amplitude Amplification (FPAA) (Fig. 2) to ensure a coherent
(deterministic) computation by boosting the total success probability close to one [12]. Furthermore, we
show, without extra assumptions on the data generating process, that asymptotic scalability requires
T ∈ O(log n) in the worst case. Note that T is not the total circuit depth, it is the number of diffusion-
conditioning pairs. Circuit depth is dominated by the polynomially deep Sn-QFTs.

Inference and Sampling. We highlight the difference to the classical case: classically the band-
limited model serves only low-order-marginal inference and sampling is hard, whereas the quantum
state gives sampling access in direct and Fourier space, attractive for generative modeling applications.

As we use amplitude encoding, namely ψ
(T )
σ = h(T )(σ)/

√
N (T ), measurements on the model sample the

sharpened p(σ) ∝ |h(T )(σ)|2. Similarly, this approach allows Fourier sampling of an irrep label λ with

probability ∝ ∥ψ̂(t)
λ ∥2F . While this sharpening introduces distortions, we argue that they can be benefi-

cial for certain task. For instance, we propose maximum-a-posteriori estimation (top-k configurations,
a hard optimization task classically) by recasting it as sampling task from a sharpened distribution:
block-encoding the diagonal amplitude matrix and applying a degree-m polynomial via Quantum Sin-
gular Value Transformation [13, 14] maps the state amplitude ψσ 7→ ψm

σ , sharpening sampling even
more, to ∝ h(σ)2m, thus isolating the modes of the model. One can also estimate marginal MAP for
free by measuring part of the register.

Conclusions

We introduced a quantum implementation of an exact probabilistic model over permutations, based
on spectral methods on Sn—a first step towards a classically hard, quantumly feasible, and practically
useful QML algorithm.

More broadly, machine learning is a promising, largely unexplored application area for non-Abelian
QFTs. We argue that building on Diaconis’ insights [1], quantum states elegantly manipulate a prob-
abilistic model in both direct and Fourier space, with care needed because we manipulate amplitudes,
not the Born-rule sampling distribution. This is an instance of a wider theme of spectral methods that
can be viewed simultaneously as crucial for designing ML models and natural for quantum computers,
since the QFT exposes the model’s Fourier spectrum to the full toolbox of quantum algorithms [15].
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