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Abstract. Fermionic linear optics (FLO) with Gaussian resources is efficiently classically sim-
ulable, with many-body amplitudes reducing to determinants and Pfaffians. We show this is no
longer true when fermions carry internal d-level labels and undergo mid-circuit number mon-
itoring with classical feedforward. The measurement record routes the selected blocks into a
fixed Bell-fusion geometry that ties teleportation byproducts to specific measured blocks: the
antisymmetrized permutation sum no longer collapses to a single determinant or Pfaffian, and
each post-selected branch amplitude becomes a matrix element of an ordered non-commutative
trace polynomial in outcome-dressed FLO blocks. We prove an exponential sequential-memory
barrier for any fusion-order-respecting MPO contraction in the free trace-polynomial benchmark,
and numerically observe Porter-Thomas statistics together with rapid bond-dimension growth.
Under a standard average-case hardness conjecture, this establishes mid-circuit measurement-
induced non-commutativity as a route to sampling hardness for noninteracting fermions, without

coherent two-body interactions in the FLO evolution.
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1 Main Idea and Results

Quantum random sampling protocols aim to out-
perform classical computers using restricted dynam-
ics whose output distributions encode #P-hard ma-
trix functions [1, 2]. Amplitudes are permanents
in boson sampling [3], Hafnians in Gaussian bo-
son sampling [4], and Ising partition functions in
commuting (IQP) circuits [5]. By sharp contrast,
fermionic linear optics (FLO) with Gaussian inputs
is efficiently simulable: amplitudes reduce to deter-
minants and Pfaffians, and matchgate circuits admit
polynomial-time simulation [6, 7, 8, 9, 10]. Closing
the gap to a fermionic sampling advantage has so
far required non-Gaussian resources such as magic
input states or interaction gadgets [11, 12].

This work proposes a complementary route: mon-
itoring and classical feedforward on otherwise Gaus-
sian fermion evolution. Fermions carry internal
d-level labels and propagate through a number-
conserving FLO circuit. Mid-circuit coarse-grained
occupation monitoring records which spatial blocks
are singly occupied, without resolving the internal
orbital, and the collision-free record routes the se-
lected blocks into a fixed Bell-fusion pairing geom-
etry. Pinning teleportation byproducts to fixed fu-
sion steps enforces a contraction order that prevents

the antisymmetrized permutation sum from collaps-
ing to a determinant or Pfaffian: each branch ampli-
tude becomes the matrix element of an ordered non-
commutative trace polynomial in outcome-dressed
FLO blocks. This single-occupation projection lies
outside standard mode-resolved Gaussian/FLO sim-
ulation frameworks [7, 9].

The results are threefold. First, the FLO layer
induces a determinantal operator kernel detg/(S) on
the n selected blocks. Second, the fixed-order Bell
fusion converts this kernel into a branch operator
T3(S) admitting a unique path-—cycle decomposi-
tion: each permutation contributes one open bound-
ary path (an ordered product of dressed blocks) and
disjoint closed loops (scalar trace factors). Third,
any fusion-order-respecting MPO representation of
73(S) has bond dimension at least 29U") in the
free trace-polynomial benchmark. With numerical
Porter-Thomas statistics and rapid bond-dimension
growth, an average-case hardness conjecture yields
conditional sampling hardness via Stockmeyer’s ap-
proximate counting [13, 3, 2.

2 Non-Commutative Branch Operators

The architecture (Fig. 1) carries each spatial block
by d fermionic orbitals coupled to auxiliary regis-
ters. A number-conserving FLO circuit acts on the
dm encoded orbitals with single-particle propaga-
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Figure 1: Monitored adaptive FLO architecture.
Occupied input blocks are Bell-entangled with an
auxiliary chain. A number-conserving FLO circuit
(blue) with propagator V acts on the encoded or-
bitals. Mid-circuit monitoring (MCM) produces
a coarse-grained occupation record c¢; collision-free
records select n blocks and fix an n x n block sub-
matrix S, after which feedforward routes them into
a fixed nearest-neighbor Bell-fusion geometry with
outcomes (3.

tor V € U(dm), viewed as an m x m block matrix
V = (Vji) with V;;, € My(C). Post-selecting on
collision-free monitoring records selects n effective
blocks #1 < -+ < £, and fixes the post-selected block
sub-matrix S = (Stvk“)?,kzl with Sy == Vi, m—ntk-
In the dilute regime m = kn? the Haar-averaged
collision-free monitoring rate tends to peo(k,d) =
exp|—(1—1/d)/(2k)] and is therefore constant in n;
per-instance rates concentrate around this value.

Lemma 1 (FLO kernel) Conditioned on  a
collision-free record, the encoded FLO layer induces
on the selected n blocks the operator

dgc(S) = Z sgn(o) (g S’t,o(t))ﬂ,ﬂ, (1)

O'EGn

where P, permutes n tensor factors.

The proof tracks fermionic anticommutation in
the second-quantized expansion of U(V)|Wi,); the
signed sum is the residue of single-occupation post-
selection.

Each Bell-fusion outcome S; = (at,b) € Zg im-
plements an unnormalized teleportation update £ —
d_lgTDBt on the boundary leg, with Dg = Xzt
the Weyl operator. Absorbing the byproducts into
dressed blocks §t,k = StTkD,gt, the post-selected fu-
sion layer defines a linear contraction map Cg that

absorbs the fixed d~! factors, and the branch oper-
ator
T3(S) :=Cg (d@gt(S)) € My(C), (2)

with branch amplitude Ag4(c,3) = (r|75(S)|¢) for
fixed boundary states.

Proposition 2 (Branch structure) 73(S) is an
ordered non-commutative trace polynomial in the
dressed blocks {gt,k}?kzlf with scalar trace factors
generated by closed zln'm'ng loops in the path—cycle
decomposition.

The mechanism is a path—cycle decomposition.
Under the fixed pairing (A;—1,@Q:), each permu-
tation tensor Pj,-1 induces a directed graph on
{Ao, ..., An} with edges A;—1 — A,y carrying la-
bel gt,a(t)‘ Since ¢ is a permutation, the graph de-
composes uniquely into one open path from Ag to
A, and disjoint directed cycles. The path yields
an ordered product of dressed blocks (later steps
multiplying on the left), each cycle yields a scalar
trace-loop factor, and already the swap at n = 2
produces an irreducible loop Tr(S21). The dressed
blocks are generically non-commuting matrices in
Mg4(C), so Tg(S) does not collapse to a determinant
or Pfaffian.

3 Sequential Memory Barrier

The fusion geometry enforces a one-dimensional
contraction order. If 73(S) admitted an effi-
cient classical contraction in this order, its mini-
mal fusion-order-respecting MPO would have small
bond dimension. The opposite is true:

Theorem 3 (Memory barrier) In the free trace-
polynomial benchmark, where dressed blocks are
treated as algebraically independent non-commuting
generators and trace-loop factors as formal central
indeterminates, the minimal fusion-order-respecting
bond dimension obeys x; = Qd(@)); i particular

The proof uses Nisan’s rank method [14] adapted
to the trace-polynomial extension. Across cut ¢, any
sequential contraction must distinguish (?) “used-
leg” sectors corresponding to which subset of n input
legs has been routed through the first ¢ fusion steps;
an explicit prefix/suffix matrix witness gives the di-
agonal rank lower bound, while the bond-product
factorization gives rank < d?ys.

Numerics in the physical monitored-FLO ensem-
ble mirror this symbolic barrier (Fig. 2(a, b)): the
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Figure 2: (a, b) e-truncated minimal fusion-order

MPO bond dimension Xﬁﬁzlx grows rapidly with n
in the monitored-FLO ensemble (red), while a com-
muting control with Sy o< 15 and Z-only byprod-
ucts (blue) is strongly suppressed. (¢, d) Normal-
ized commutator diagnostic vy, of the dressed blocks
tracks its i.i.d. Ginibre [15] reference mean (dotted).
200 instances per n; (a, ¢) d =2, (b, d) d = 3.

truncated minimal bond dimension grows rapidly in
n, while the commuting control with Z-only byprod-
ucts stays bounded by a small constant. A normal-
ized commutator diagnostic of the dressed blocks
(Fig. 2(c, d)) tracks the i.i.d. Ginibre [15] reference
mean, confirming that Haar correlations in the di-
lute regime do not effectively commute.

A complementary signature comes from the con-
ditional output distribution. The second moment
I'(e) = > 5p(B| c)? tracks the Haar-random refer-
ence 2/(d*" + 1) [16, 17], and the rescaled branch
weights z := d?"p(3|c) follow the Porter-Thomas
law P(z) = e * [18] (Fig. 3), consistent with anti-
concentration: a constant fraction of outcomes sat-
isfy p(B|c) = Q(d~?") [19]. The commuting con-
trol, by contrast, departs from both signatures, con-
firming that the observed anti-concentration tracks
the same non-commutative resource that drives the
bond-dimension growth.

4 Hardness Conjecture and Outlook

Motivated by the non-commutative branch struc-
ture (Prop. 2), the exponential memory barrier
(Thm. 3), and the numerical anti-concentration, we
formulate an average-case hardness conjecture in the
standard Stockmeyer framework.

Conjecture 1 (Average-case hardness) For
Haar-random number-conserving FLO instances at

’I’TL:I{TL2

conditioned on a collision-free record c,
estimating p(B|c) within relative error 1/poly(n)
1s #P-hard on average and for a constant fraction

of outcomes 3 € Z?i”.
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Figure 3: Anti-concentration diagnostics. (a, b)
Haar-normalized second moment (d?" + 1)I'/2 ver-
sus n; the monitored-FLO ensemble (red) tracks the
Haar-random benchmark, while the commuting con-
trol (blue) deviates systematically. (c, d) Rescaled
branch probabilities x := d?>"p(3|c) for representa-
tive n = 8 instances against the Porter-Thomas law
(grey dashed). (a, c) d =2, (b, d) d = 3.

Theorem 4 (Sampling hardness) Assuming
Conjecture 1 and anti-concentration,
cal probabilistic polynomial-time algorithm can
approzimately sample from p(B|e) within total
variation 1/poly(n) on a non-negligible fraction of
monitored-FLO instances, unless the polynomial
hierarchy collapses.

no classi-

The proof is the standard Stockmeyer chain: anti-
concentration converts total-variation closeness into
multiplicative-error sampling estimates on a con-
stant fraction of outcomes, and approximate count-
ing then yields a BPPN procedure approximating
p(B|c) to 1/poly relative error, contradicting Con-
jecture 1.

This route is complementary to fermionic-
advantage proposals via state injection [12]: there
the non-Gaussian resource is supplied by magic in-
puts, whereas here the non-commutative branch
structure is induced by monitoring, feedforward,
and fixed-order fusion of an otherwise Gaussian FLO
evolution. On locally connected architectures the
feedforward routing compiles into a swap network;
platforms with long-range gates [20] or dynamic
qubit rearrangement [21] implement the required
connectivity with minimal overhead. More broadly,
this work identifies mid-circuit measurement and
feedforward as a mechanism that can fundamentally
alter the algebraic structure of free-fermion interfer-
ence and induce computational power into an oth-
erwise classically simulable quantum circuit.
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