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Abstract. Spectral proper orthogonal decomposition (SPOD) is a widely used method for extract-
ing physically meaningful dominant structures from turbulent flows, at a classical cost O(M N sz)
dominated by a spectral decomposition at each of Ny frequencies. We propose a quantum algorithm,
qSPOD, that applies a quantum Fourier transform to represent these frequency-wise problems as a
single block-diagonal operator whose eigenvectors are self-labeled by their frequency. Consequently, a
single quantum PCA routine on this block-diagonal operator can recover the dominant SPOD modes
across all frequencies at once, resulting in an exponential improvement in the data dimensions M, L,
and Ny under standard quantum state-preparation assumptions. Combining quantum-inspired sample-
and-query techniques with sparse FFTs, we show that this advantage can be recovered classically up
to large polynomial overheads, forfeiting any exponential quantum advantage. SPOD thus provides a
concrete, physically motivated setting where quantum speedups, Fourier structure, and dequantization
interact nontrivially.

1 Motivation

Spectral proper orthogonal decomposition (SPOD) is used to extract energy-ranked, frequency-resolved
coherent structures from statistically stationary turbulent flows. In its original form, the decomposition dates
back to Lumley [1, 2], while the modern formulation is due to Towne, Schmidt, and Colonius [3, 4]. Since every
SPOD mode oscillates at a single frequency—unlike space-only POD, whose modes generally mix dynamics
across many frequencies—SPOD is well-suited for identifying physically meaningful structures in the flow and
is used across a wide range of applications [5, 6].

From an algorithmic point of view, SPOD operates as follows: Given M real-valued variables sampled at
Ny = Ny L time steps, one segments the data into L blocks of length Ny. We call the resulting data structure
Q € RMXLxNy and denote its entries as Q. A temporal DFT on each block yields for every frequency bin
k€ {0,..., Ny — 1} a coefficient matrix Qi € CM*L whose entry (m,1) is the DFT coefficient of variable m in
block [ at frequency k. Under the assumption that the data-generating process is statistically stationary and
ergodic, one can treat each block [ as an independent realization of a statistical ensemble and approximate the
cross-spectral density as Cj = @k@L € CM*M  Diagonalizing each C}, gives non-zero eigenpairs (Mer> Yk,
where 7 € {1,..., R}, R := min(M, L). Each 1y, is a space-time coherent mode, i.e. a spatial structure
evolving at the single frequency fi, with energy A ,. While SPOD outputs every eigenpair, in practice, one
is often only interested in the globally dominant structures, i.e. the pairs (k,r) of largest Ay, across all k
and r. These dominant modes are then either used to visualize the coherent structures or to compute scalar
diagnostics of them, e.g. its energy Ay ., its frequency k, or its overlap (a, ¥y ) to a test field a.

The cost of SPOD thus splits into the M x L DFTs and the Ny per-frequency spectral decompositions,
resulting in a total runtime of

O(MLNflogNy) + O (N;ML?) =O (MN;L?), (1)
temporal DFTs per—freql:erncy SVD

where we assume L < M (which is generally true in practice) and obtain each spectral decomposition from
the thin SVD of Qy, so that the spectral stage costs O(ML?) rather than O(M2L + M?3) per frequency. The
second term dominates whenever L > log Ny, so the per-frequency PCA sets the overall cost.

While SPOD is classically efficient, that is polynomial in M, N, and L, two observations invite a quantum
treatment. First, the quantum Fourier transform realizes the same DFT on an amplitude-encoded signal with
exponentially fewer gates, i.e. O (polylog N¢) versus the FFT’s O(Nylog N¢) [7]. Second, quantum principle
component analysis (qPCA) extracts the dominant eigenvalues of a block-encoded Hermitian operator o in
time polylogarithmic in its dimension [8, 9]. Therefore, combining these two in the right way would seem to
hand us a quantum algorithm for SPOD at polylogarithmic cost. This raises two questions.
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First, do the two subroutines compose in the right way? QFTs and qPCA-algorithms are each efficient
in isolation, but qPCA diagonalizes a single Hermitian operator, whereas the QFT leaves the frequency
resolved data spread across a register, with SPOD solving a separate spectral problem at each frequency. The
construction thus hinges on whether there is a single operator that carries all of SPOD and admits an efficient
block-encoding.

Second, does any resulting speedup survive dequantization? Quantum-inspired sample-and-query (SQ)
techniques dequantize qPCA-style algorithms by exploiting low rank [10, 11, 12]. However, SQ access is not
closed under the Fourier transformation, since each coefficient @mlk mixes all Ny time samples. Whether, and
at what cost, SQ access propagates through the DFT is therefore not immediate.

Our contribution is to answer both questions. In Section 2.1 we propose a new quantum algorithm, gSPOD,
which combines a QFT with a qPCA subroutine to find all dominant triples (A, k, |#»)) using a number
of queries to a state-preparation unitary that is polylogarithmic in M, L, and Ny, yielding an exponential
separation from the classical cost of Eq. (1). In Section 2.2 we show this advantage is only partial: a new
classical algorithm, dSPOD, assuming efficient SQ access to @ matches the polylogarithmic dimension-scaling,
leaving us with only (large) polynomial overheads. In Section 3 we compare all three—classical SPOD, ¢SPOD,
and dSPOD—and outline directions for future work.

2 Results

To formalize our results we first define the problem and state our assumptions on the data and the access
model. Without loss of generality we assume that the input data is normalized, i.e. |[|Q||% = 1, which is
preserved by the unitary DFT. Therefore, the SPOD energies satisfy » ., Ar, =1, and Ay, € (0,1) is the
fraction of total energy carried by mode 1y, . ’

Problem 1 (SPOD). Let Q € RM*LXNs with ||Q||% = 1, and €,7 € (0,1) with e < 7. Given access to Q,
output every triple (A, k, | Vg ) with Ay, > 7, reporting each energy Ay, to additive error at most e.
While Problem 1 returns the eigenstates |ty ,), it certifies only the energies A ,. A fidelity guarantee on the
eigenstates is a strictly stronger requirement, deferred to the full version.

Assumption 1 (Energy concentration). Let 7 be the threshold parameter of Problem 1. We assume that a
threshold T > 1/ polylog(M, N¢) captures a constant fraction of the total energy, i.e.

Z /\k,rl[)\k,r > T] >1- 67
k,r

for a constant 6 € [0,1). As a consequence of 3} Ay = 1, the number of triples above the threshold is
bounded by 1/7 = O(polylog(M, Ny)).

Assumption 2 (Access). For ¢SPOD, we assume access to a unitary Ug with [Q) == Uq [0) = >, Qumut m) 1) [2),
together with its inverse UCB. For dSPOD, we assume O(T)-time sample-and-query (SQ) access to @ [11].

Assumption 2 can be satisfied by the usual QRAM model [13, 14]), but is in fact slightly weaker. gSPOD
requires only a state-preparation unitary (and its inverse) for |@), not the full block-encoding Ug that
QRAM provides. In particular, qSPOD also admits quantum native inputs opening new interesting avenues.
Assumption 1 is the physical regime of interest, i.e. turbulent flows where a few modes capture the dominant
dynamics.

2.1 Quantum SPOD

We now answer the first question by naming the operator ¢ and constructing a block-encoding U, of it.
Starting from |Q) = > ., ;; Qmit [m) |I) [t), we apply a quantum Fourier transform to the last register to
obtain |@> =D ik Qi |m) |1) | k), where Qi = (@k)ml with Qy, as defined before; a single QFT of cost
O(polylog Ny) thus realizes all M x L block transforms at once. Discarding the block register and dephasing
the frequency register leaves the block-diagonal density matrix

Nj—1

o= @ Cy,
k=0

the single operator that carries SPOD. Because o is block diagonal, its spectrum is the disjoint union
Ur{ M and its eigenvectors |k) ® |1)y,) are self-labeled by frequency. Hence, a single gPCA routine
on o can recover the dominant triples (A, &, [¢k,)) across all Ny frequencies at once. Since Q) (with
the dephasing ancilla) purifies o, Lemma 45 of [15] yields a (1, 2nk + ni + nm, 0)-block-encoding U, of o
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using O(1) queries to Uy, Ug? and O(polylog N¢) additional gates, where ng,ni,nm count the qubits of the
frequency, block, and spatial registers.

Access to the block-encoding U, and copies of the purification |C§> lets us perform qPCA-style routines on
o. The full manuscript introduces a dedicated qPCA subroutine that uses windowed QPE [16] to guarantee
high-fidelity eigenvectors and resolve degeneracies, here we use the simpler singular-value estimation (SVE) of
Theorem 27 of [8], which suffices for Problem 1. Since U, is exact the SVE’s input-accuracy requirement is
trivially met, and measuring the SVE register tags each eigenvector with its energy A ,. Together with the
self-labeling frequency register this collapses the purification onto the triple (Ag ., k, |1y »)) with probability
Ak,r. Since at most 1/7 modes exceed 7 and each is sampled with probability at least 7, a coupon-collector
argument recovers all required triples after O(1/7) repetitions.
Result 1 (qSPOD). There ezists a quantum algorithm, ¢SPOD, that solves Problem 1 with high probability,
using O(é) queries to Ug and U(:r?, where the notation O hides factors polylogarithmic in M, L, and Ny.

Under Assumption 1 we have 7 > 1/ polylog(M, Ny), so the cost of Result 1 reduces to O(1/¢). Moreover the
recovered modes are then promised to carry a > 1 — ¢ fraction of the total energy. This is an exponential
improvement in M, L, and Ny over Eq. (1). Notably, if classical descriptions of the dominant eigenmodes
Yy, are required, one can combine eigenstate filtering [17] with state tomography [18], which reintroduces a
poly(M) cost per mode and thus forfeits the exponential advantage in M.

2.2 Dequantized SPOD

We now address the second question. O(T')-time query access to the entries Qp; yields O(N;T')-time query
access to the coefficients (@k)ml = @mlk by summing the Ny time entries the Fourier transform mixes. Any
algorithm built on this dense access thus inherits a poly(Ny) factor. If, however, each of the M x L time-series
Qumix is (approx1mately) s-sparse in the Fourier basis, sparse FF'T recovers the series’ spectrum, and hence
query access to Qu, in time O(sT) [19]. To our knowledge, this is the first time that this technique is
used in the context of dequantized algorithms. Assuming s € O(polylog(/Ny)) removes the Ny-dependence
and is of similar spirit as Assumption 1 in a sense that both assume that coherent flows are sparse in
a suitable basis. To obtain sampling access to Qn—i.e. sampling (m,l) ~ |(Qk)ml| / ”Qk” %, which, by
discarding [, marginalizes to the row distribution m ~ ||(Qg)ms 13/ Q|2 #—we use rejection sampling with the
Parseval envelope |(Qg)mi|? < |Qunix]|3. This incurs no overhead in M or L, only an acceptance overhead of
1/||C§k|]% = 1/tr(C)), which is at most 1/7 for every frequency bin k carrying a mode Ay, > 7. Combining
these observations with the results from [12, 11] yields the following result.

Result 2 (dSPOD). Given O(T)-time SQ access to Q with s-sparse time-series Qmis, there exists a classical
algorithm, dSPOD, that solves Problem 1 with high probability, in time O(sT poly(%, %)), where the notation
O hides factors polylogarithmic in M, L, and Ny.

3 Conclusion

‘ Runtime ‘ Access model ‘ Output
SPOD O(NyML?) Classical (RAM) on Q | Full spectrum {(\, &k, ¥5)}
qSPOD O( =) (Result 1) Unitaries Uy, UCE Top spectrum {(Agr, &, V%)) }
dSPOD O(s poly(Z,1)) (Result 2) SQ(Q) Top spectrum {(Ag ,, k, SQ(¥r))}

Table 1: Comparison of classical SPOD, quantum qSPOD, and dequantized dSPOD solving Problem 1 under
Assumption 1. Top spectrum is with respect to the threshold parameter 7, and energies are returned to
precision e.

The above table summarizes the three algorithms. qSPOD attains a runtime polylogarithmic in M, L, and Ny
under state-preparation access, an exponential improvement over the classical O(M N fL2), by representing all
frequency-wise spectral problems as a single block-diagonal operator. This exponential separation, however,
does not survive dequantization. dSPOD, which assumes sample-and-query access, recovers the same dimension-
scaling classically, at a polynomial overhead whose exponents are large enough that gSPOD may remain
perfarble in practice. Natural next steps are a windowed-QPE qPCA subroutine with certified eigenvector

fidelity and multiplicity resolution, and an exploration of quantum processes as native input candidates for
qSPOD.
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