Probing Nontrivial Betti Numbers with Variational Quantum Methods
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Abstract

Topological data analysis (TDA) extracts robust global features from high-dimensional data by representing
data sets as simplicial complexes. A central challenge is to compute topological invariants of these complexes,
especially the k' Betti number, whose nonzero value indicates the presence of a k-dimensional hole. In
this work, we study the decision problem of determining whether the &*" Betti number is nonzero for
the clique complex of a graph G. Using a hard-core fermionic construction, we encode this problem into
the ground-space structure of an associated fermionic Hamiltonian. Betti-number detection is thereby
reduced to a ground-state problem in the (k + 1)-fermion sector. To search for low-energy states of this
Hamiltonian, we introduce a progressive multi-stage optimization protocol based on variational quantum
circuits. The method is benchmarked on island-graph families with analytically controlled Betti numbers
and spectral gaps. Finally, we derive resource estimates for Erdés—Rényi random graphs in the regime
where the associated clique complexes have nontrivial topology.

Introduction

Extracting valuable information from large-scale and high-dimensional datasets is increasingly important in
modern data analysis and machine learning. Topological data analysis (TDA) has recently gained attention as
a powerful framework for extracting robust global features from data using tools from algebraic topology [1-3].
One key topological invariant in TDA is the Betti number (;, which counts the number of k-dimensional
holes in a simplicial complex built from a graph constructed by connecting pairs of data points within a
chosen distance threshold. However, the computational cost of classical algorithms for computing Betti
numbers quickly becomes prohibitive as the homology dimension and the number of vertices increase [4-7].
In practice, the combinatorial growth of simplicial complexes leads to rapidly increasing memory and
computational costs as the dimension increases, making the computation of high-dimensional Betti numbers
intractable. This computational challenge has motivated a line of quantum algorithms that seek potential
quantum advantage for TDA [8-15]. Further evidence for the hardness of Betti number computation
comes from complexity-theoretic results, which show that even the detection of nontrivial Betti numbers is
QMA -hard [16, 17]. This result is enabled by a mapping of Betti number computation to the problem of
determining the ground-space dimension of a specific data-dependent fermionic Hamiltonian [18, 19].

This Hamiltonian formulation of Betti-number computation suggests a natural route toward near-term
quantum approaches. Since a nonzero Betti number is witnessed by a zero-energy state of the Hamiltonian
in the corresponding particle-number sector, the problem can be recast as a ground-state search problem.
Variational quantum algorithms (VQAs) are therefore a natural candidate [19], as they have been widely
developed for approximating low-energy states of Hamiltonians on near-term quantum devices [20-23].

Background and preliminaries

Topological data analysis (TDA) aims to extract global topological features from data by representing the
data as a simplicial complex. In graph-based constructions, one first associates a point cloud with a graph
G and then promotes this graph to its clique complex. More precisely, the clique complex CI(G) is the
simplicial complex whose k-simplices are in one-to-one correspondence with the (k + 1)-cliques of G, i.e.,
complete subgraphs on k + 1 vertices. Throughout this work, we assume that the input data have already
been represented by a graph G and focus on the homology of this clique complex. The computational task
studied here is the decision problem of determining whether its &*" Betti number is nonzero: 8, (C1(G)) > 0.

We now introduce the fermionic hard-core model [24], which relates clique homology to quantum many-body
physics. For a graph G = (V, E), the hard-core Hamiltonian is
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where aj and a; are the fermionic creation and annihilation operators on the ith mode, respectively, and
P =1Tlje N(i)(l —n;j). Its zero-energy states in the fermion-number-(k + 1) sector correspond to the k-
dimensional homology classes of the independence complex of the underlying graph [16, 18, 19, 25, 26]. Since
the independence complex of the complement graph G, = (V, E.) is the clique complex of G, we apply the
hard-core construction to G.. For the variational formulation, we use
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The first two terms are the hard-core Hamiltonian on G.. The last term is added because the HWP
ansatz fixes only the fermion number and does not explicitly enforce the hard-core constraint. It penalizes
configurations in which two vertices connected by a complement edge are simultaneously occupied, allowing
the variational search to take place over the full fermion-number-(k 4 1) sector while leaving the zero-
energy hard-core subspace unchanged. Thus Betti-number detection is reduced to a ground-state problem:
Br(Cl(G)) > 0 if and only if Hé‘,k+1 has a zero-energy state.

Methods

In this section, we introduce a variational approach for detecting nontrivial Betti numbers. The method
uses a Hamming-weight-preserving (HWP) parametrized circuit to search for low-energy states of the
graph-dependent Hamiltonian Hf, in the relevant sector [27]. Let Apin(G,k + 1) denote the smallest nonzero
eigenvalue of H, ék 41+ Finding a state with energy below this threshold certifies the presence of a zero-energy
state, and hence indicates that the &™ Betti number is nontrivial.

We use layered parametrized quantum circuits with periodic structures of the form U(0) = [T=, U;(81).
Each layer UZ(G(Z)) is built from nearest-neighbor two-qubit gates arranged in a HWP gate fabric structure.
To implement the variational procedure on qubit-based devices, we map the fermionic Hamiltonian Hg to a
Pauli operator using the Jordan—Wigner transformation, which we denote by 7(-). Under this mapping, the
w-fermion sector is identified with the qubit subspace of Hamming weight w. We initialize the variational
circuit with the weight-w Dicke state |DI') = (")_1/2 e {01} wi(z)=w |T)-

w
To study the £ Betti number of the clique complex of a graph G' = (V, E), we work in the (k+1)-excitation
sector. If the optimized variational energy satisfies

Cai1(8) = (Dfy| U (O)m(HE)U(0) DR 1) < Auwin (G & + 1), 3)

then the variational state must have nonzero overlap with the zero-energy subspace, which certifies the
existence of a nontrivial k-dimensional homology class.

We minimize the cost function Cg ;41(6) using a progressive multi-stage optimization (PMO) protocol,
inspired by layerwise optimization strategies for mitigating training difficulties of parametrized quantum
circuits [28-30]. Rather than optimizing the full-depth circuit from the beginning, PMO activates the ansatz
progressively and reuses parameters obtained at earlier optimization stages. Inspired by these developments,
we introduce a PMO protocol tailored to our Hamming-weight-preserving ansatz. Beyond standard layerwise
growth, PMO combines several consecutive refinement stages: the circuit is first grown and optimized layer
by layer, then improved through sweep-based local updates, followed by a gradual unfreezing of previously
fixed parameters, and finally a global optimization over all variational parameters.

Results

In this section, we present numerical and theoretical results for using the PMO protocol to detect nontrivial
Betti numbers. We consider two classes of graph instances. First, we numerically benchmark the method on
the so-called island graphs, introduced in Ref. [14]. For these graph families, the relevant Betti numbers
and spectral gaps are analytically controlled, enabling a direct assessment of both optimization performance
and measurement-resource requirements. Second, we study Erdés—Rényi random graphs, where we derive
theoretical resource estimates and analyze landscape-variance diagnostics for barren-plateau behavior [31, 32].

We begin with island graphs. Let K (m, k) denote the complete k-partite graph with m vertices in each
partition. The graph consists of k islands of size m, with no edges within each island and all possible
edges between distinct islands. These instances provide a controlled testbed for assessing whether the PMO
objective resolves the low-energy subspace associated with the target Betti number. The corresponding



optimization curves and shot-scaling results are shown in Figure 1.
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Figure 1: PMO performance on island-graph families. Left: Optimization trajectories under the PMO protocol
for three parameter sweeps: fixed m = 2, fixed k = 2, and fixed k = 3. The circuit depth is set as L = [n/2]| + 1 for
n = mk qubits. The top row shows the staged optimization procedure, while the bottom row shows the subsequent
full-parameter fine-tuning. Curves and shaded regions indicate the mean and standard deviation over 100 independent
trials. Dashed horizontal lines mark the spectral threshold Anin, and open circles indicate the first step at which the
mean energy falls below this threshold. Right: Normalized resource scaling for the same graph families. Solid curves
report the quantum resource proxy, defined as the accumulated post hoc measurement-cost estimate along the noiseless
reference optimization trajectory, evaluated up to the first crossing of the certification threshold An;,. Dashed curves
show the complexity of the best-known classical algorithm for Betti number computation, which scales O(n*). Both
quantum and classical quantities are normalized within each family by their respective smallest-instance values.

We next consider the Erdés—Rényi random graph ensemble G(n,p), where the graph has n vertices
and each edge is included independently with probability p. For this ensemble, we provide a theoretical
analysis of the resources required for estimating the gradients using parameter-shift rules. As summarized
in Proposition 1, we first estimate the number of circuit runs needed to resolve a gradient component in
the weight-(k + 1) sector, which is the sector associated with the k" Betti number. We then analyze the
variance of the PMO cost landscape in an expressive reference regime, as summarized in Proposition 2.

Proposition 1 (Expected gradient-shot complexity). Let G ~ G(n,p) be an Erdés—Rényi random graph with
0 <p<1, and let Hg be the corresponding Hamiltonian used to probe the nontriviality of Bx(CL(G)) in the
fermion-number-(k 4+ 1) sector. Given a variational circuit evaluated on this sector, the expected number of
circuit runs required to estimate a single gradient component using parameter-shift rules to additive precision

€ scales as -
n+k

Proposition 2 (Expected landscape variance in the homological regime). Fiz an integer k > 1 and let
G ~ G(n,p) with p =n®, where —% <a< —k%rl. In this regime, the k™ Betti number of the random clique
complex C1(G) is asymptotically nonzero with high probability. Assume that the HWP ansatz forms a unitary
2-design on the weight-(k + 1) sector Hyy1 and that its dynamical Lie algebra is subspace-controllable on this

sector. Then, the expected landscape variance scales as

4
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Summary and Outlook

In this work, we develop a VQA framework for detecting nontrivial Betti numbers of the clique complex of
a given graph. We apply this framework to island-graph instances, where the relevant Betti numbers and
spectral gaps are analytically controlled, and numerically demonstrate its ability to certify nontrivial topology.
We also introduce a progressive multi-stage optimization protocol and use it to assess the optimization
performance and measurement-resource requirements of the algorithm. Furthermore, we analytically study
the measurement-resource requirements for gradient-based optimization and discuss the implications for
barren plateaus in nontrivial Erd6s—Rényi random graph instances. Overall, our work offers a pathway for
applying quantum methods to persistent homology and examines its feasibility and limitations.
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