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Abstract. Pruning parametrized quantum circuits requires quantifying the local contribution of each gate
to the cost function, denoted as the importance in the classical domain, a quantity that existing methods
approximate through first- or second-order Taylor expansions. We show that this approximation can be
avoided by deriving a closed-form expression for the exact importance at zero additional cost. Through
VQE simulations, we demonstrate that our criterion outperforms prior pruning methods, and we further
analyze how the trainability and implementability of the circuit improve as increasing the number of pruned
gates.
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1 Introduction and prior work

Parametrized Quantum Circuits (PQCs) underpin a broad class of hybrid quantum-classical algorithms,
including Variational Quantum Eigensolvers (VQEs) [16], Quantum Machine Learning (QML) models [1, 19],
and combinatorial optimization via QAOA [3]. A PQC ansatz takes the form U(θ) = V (θL)WL · · ·V (θ1)W1,
with V (θl) single-qubit parametrized rotations and Wl fixed entangling blocks, and is optimized against a
cost function E(θ) = Tr{M U(θ) ρU†(θ)}, where M is an observable encoding the problem of interest. The
parameters θ are updated with gradient-based optimizers [15, 6] relying on the parameter-shift rule (PSR)
[12, 18, 21].

Just as in classical neural networks, one could expect that models with more parameters generally yield
better performance, at the expense of computational cost, due to the increase in expressiveness. However,
it is widely known that the addition of parametrized gates into a PQC can degrade its performance from
two different angles. First, and most intuitively, a higher gate count and depth lead to accumulated errors
from imperfect gate implementations and decoherence [17]. Secondly, deeper ansätze can drive the gradient
variance to vanish exponentially with system size, giving rise to Barren Plateaus [11, 2, 9]. This combination
of effects motivates techniques to reduce the size of the ansatz while minimizing the degradation of the cost
function as much as possible.

In classical machine learning such methods are known as pruning techniques [10, 5]: a chosen criterion
identifies parameters that are redundant or contribute weakly, which are removed iteratively to yield sparser
models with reduced inference and, sometimes, training cost [13, 4]. A widely adopted choice is Molchanov
et al.’s importance criterion [13], the squared change in the error E induced by setting a parameter wm to
zero,

Im =
(
E(D,W)− E(D,W|wm = 0)

)2
, (1)

where D denotes the input dataset. Direct evaluation is prohibitively expensive (one forward pass per
parameter per round), motivating truncated Taylor expansions assembled from quantities already computed
during backpropagation, at essentially no overhead:

I(1)
m = (gmwm)2, I(2)

m =
(
gmwm − 1

2wm HmW
)2
, (2)

where gm = ∂E/∂wm is the gradient and Hm the m-th row of the Hessian.
This approach has been applied to PQCs, where some works [20, 7] prune parameters whose absolute

value |θl| falls below a heuristic cutoff. On the other hand, QAdaPrune [8] accumulates successive gradient
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differences as a proxy for the Hessian diagonal and freezes gates below an adaptive threshold. In all cases, the
underlying score can ultimately be traced back to a first- or second-order approximation of the importance,
as in Eq. (2). In this work, we demonstrate that such approximations are unnecessary in the quantum
setting: exploiting the sinusoidal nature of parametrized gates [15, 19, 14], we derive an analytic gate-
importance expression that depends only on quantities already computed by the PSR during gradient descent.
The resulting criterion is zero-overhead and can replace the approximate score in any of the state-of-the-
art approaches above. Finally, we study how pruning under this criterion affects trainability and circuit
implementability, providing a finer understanding of these techniques for PQCs.

2 Analytical derivation of gate importance without overhead

Consider a variational ansatz U(θ) =
∏N

m=1 exp
(
−i θm2 Pm

)
Wm, with the cost function E(θ) = Tr{M U(θ) ρU†(θ)}.

Since each Pauli Pm has eigenvalues ±1, holding every parameter but θm fixed makes E an exact single-
frequency trigonometric polynomial [19],

E(θm) = am + bm cos θm + cm sin θm, (3)

for all θm ∈ [−π, π]. Pruning the gate m sets θm = 0, so from the original expression of Eq. (1), its exact

importance at the current iterate θ
(t)
m is

Im ≡
(
E(0)− E(θ(t)m )

)2
=

(
bm(1− cos θ(t)m )− cm sin θ(t)m

)2
, (4)

in terms of the Fourier coefficients (bm, cm). Differentiating (3) once and twice at θ
(t)
m gives E′ = −bm sin θ

(t)
m +

cm cos θ
(t)
m and E′′ = −bm cos θ

(t)
m − cm sin θ

(t)
m , with E′ ≡ ∂E/∂θm and E′′ ≡ ∂2E/∂θ2m. Both are known in

closed form from the parameter-shift rule [12, 18],

E′ =
E+ − E−

2
, E′′ =

E+ + E−

2
− E0, (5)

with E± ≡ E(θ
(t)
m ± π

2 ) and E0 ≡ E(θ
(t)
m ). The shifts E± are already computed by the PSR for the gradient

and E0 is the cost tracked at every step, so both derivatives come at no additional circuit execution. Inverting

this 2×2 system expresses the coefficients as bm = −E′ sin θ
(t)
m −E′′ cos θ

(t)
m and cm = E′ cos θ

(t)
m −E′′ sin θ

(t)
m ;

substituting into (4), the importance reduces to

Im =
(
E′′(1− cos θ(t)m

)
− E′ sin θ(t)m

)2
(6)

depending only on the PSR gradient and diagonal curvature at the current iterate. Equation (6) is thus

available for free under any PSR-based optimizer and remains exact for any θ
(t)
m , unlike the truncated Taylor

estimates of Eq. (2)§.

3 Results

We benchmark the exact criterion against the two state-of-the-art approximations on a VQE routine, taking
the transverse-field Ising Hamiltonian M = −J

∑
i ZiZi+1 − h

∑
i Xi and the hardware-efficient ansatz with

12 qubits and 8 layers (N = 192 single-qubit gates). The circuit is trained with Adam until convergence
and then pruned one gate at a time, at each step removing the least important active gate under each
criterion and recomputing importances on the surviving parameters, without any re-training. We compare
the exact Fourier importance of Eq. (6) with its first-order approximation (E′θm)2 and with the parameter
absolute value |θm|, and track how pruning under the exact criterion trades circuit accuracy for hardware
implementability and trainability.

§As θ
(t)
m →0, Eq. (6) reduces to (E′θ

(t)
m )2, recovering the first-order estimate I(1)

m of Eq. (2).
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As shown in Fig. 1, the exact criterion attains a normalized error up to two orders of magnitude (×10−2)
lower than both baselines in the intermediate pruning regime, at around 30 suppressed gates, while reducing
the estimated hardware infidelity along the pruning process. Figure 2 further shows that trainability grows
by over an order of magnitude as gates are removed, with the earliest prunes incurring negligible accuracy
loss.

Figure 1: (a) Normalized cost-function error |E − E⋆|/|E⋆|, with E⋆ the converged value, as gates are
pruned from the trained 12-qubit, 8-layer circuit. Removing gates in the order set by the exact importance
degrades the cost function up to two orders of magnitude less than the first-order and magnitude criteria.
(b) Along the exact-pruning trajectory, normalized error against the estimated implementation error (circuit
infidelity under an IBM Heron r2 noise model), colored by number of pruned gates.

Figure 2: (a) Average gradient variance versus pruned gates, colored by normalized error; trainability
grows by over an order of magnitude while the earliest prunes cost little accuracy. (b,c) Circuit structures
for ansätzes at the two marked operating points: lightly (5%) and heavily (42%) pruned.

Conclusion. In this work, an analytical expression for the gate importance has been derived, depending
only on quantities already available from the PSR evaluations and thus incurring zero marginal cost. This
criterion is benchmarked against first-order estimates from the literature, which it outperforms by up to two
orders of magnitude in final normalized error. Beyond ranking accuracy, our experiments show that pruning
under this criterion increases the trainability by over an order of magnitude while reducing the estimated
hardware infidelity by up to 25%. Extending the exact criterion to the correlated importance of filters of
gates, and delimiting when this remains tractable, are natural next steps.
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