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Quantum computers are devices equipped with enhanced capabilities to process information, as compared to digital
(or classical) computers. These enhanced capabilities have been experimentally demonstrated even on imperfect
quantum devices [1–5]. For running some interesting problems with theoretical advantages, such as Shor’s celebrated
integer factorization algorithm [6], fault-tolerant devices are required. Shor’s algorithm falls into a wider class of
problems known as the hidden subgroup problem (HSP), where advantages have been thoroughly examined [7–9],
including in the field of QML [10, 11]. For quantum computers, the HSP is more naturally addressable in its state
version – StateHSP –, where the hidden information of the subgroup is encoded in a quantum state [12, 13]. An
important caveat of the (State)HSP is that any sampling error might destroy all signal from the quantum computer,
making the procedure extremely sensitive to errors.

In this work, we revisit the StateHSP on abelian cyclic groups and propose a method to solve it that exhibits
robustness against noise. Our method uses classical post-processing of drawn samples to increase their statistical
significance and distinguish signal from the hidden subgroup and noise arising from random outcomes. Such post-
processing is rooted in number theory, more specifically on the structure of the primes. The post-processing is based
on the use of the greatest common divisor (gcd), which admits efficient classical computation. The gcd procedure
gives robustness to the hidden subgroup to be unveiled from samples. Our work presents analytical guarantees for
global and local depolarizing noises. However, the concentration of samples under our post-processing is qualitatively
significant to expect similar behavior under more general noise models. As a byproduct, this method yields constant
runtime on the size of the group, improving the previous scaling O (log |G|).

The main observation needed to find the post-processing is the concentration of divisors of integers, which implies
strong concentration in the gcd.

lim
N→∞

P
(
pk|n

)
= lim

N→∞
P (νp(n) ≥ k) = p−k =⇒ lim

N→∞
P (gcd(n1, n2) = K) =

6

π2

1

K2
. (1)

This observation is useful unveil the hidden subgroup in a (State)HSP for cyclic groups. For a group ZN , any subgroup
is defined by a factor q that divides N . A noiseless Fourier sampling on the HSP allows returns samples λ such that
qλ = 0 mod N . Hence, in order to identify the group, it suffices to find the smallest value of λ that satisfy this
constraint. This allows us to find the correct subgroup with probability at least 1 − δ using a number of samples
scaling as M ∈ Θ

(
log δ−1

)
, in contrast to previous group-size-dependent scalings [12, 13]. The root for this speed-up

is the use of a probabilistic approach based on Equation (1).
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FIG. 1: Signal (red) and noise (black), together with the-
oretical predictions (blue circles) for the cyclic group Z720,
with the hidden subgroup 24Z720 and depolarizing noise ∆.

When noisy outcomes are considered, it is possible to
exploit the strong concentration from Equation (1) to
statistically extract a signal from the noisy samples.
While the analytical results are lengthy to present,
they exhibit a clear distinction between signal and
noise, as visible in Figure 1. In this scenario, signals
stand out from a noisy background and allow for effi-
cient identification. Further work is required to extend
the present results to more general abelian groups, al-
though we conjecture through numerical explorations
that the concentration argument will suffice to obtain
similar results also in the generic abelian group.

This procedure gives robustness to the StateHSP
problem and opens a path for reducing the fault-
tolerance requirements of quantum computers to ad-
dress it. For instance, the use of perfect oracle states is

no longer needed. Fields like quantum machine learning can benefit from this relaxation and find candidate solutions
to learning problems in the realistic cases where the data meets the StateHSP only approximately.
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