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Abstract

Shadow tomography is fundamental to quantum information processing that focuses on
predicting measurement outcomes rather than reconstructing the full state. Its online variant
models adaptive and potentially adversarial measurement scenarios, where a learner sequen-
tially predicts outcomes while competing with the best fixed quantum state in hindsight.

We show that exploiting additional structure in the measurements leads to significantly
stronger regret guarantees. In particular, under the assumption that the adversarial mea-
surements have bounded Frobenius norm, we analyze Projected Online Gradient Descent and
derive regret bounds that depend on intrinsic structural properties, such as rank or sparsity,
rather than the ambient Hilbert space dimension. As a complementary result, we show that one
can achieve logarithmic regret, independent of both the number of qubits and measurement
outcomes, for multi-outcome measurements under squared L2 loss. These results demonstrate
that incorporating realistic structural assumptions can substantially enhance the learnability of
quantum states in online environments.

1 Introduction

Shadow tomography is a fundamental task introduced in [Aar18] that is essential for both theo-
retical research and practical applications in a number of disciplines. It aims at extracting specific
properties of the target state. Specifically, given multiple copies of an unknown quantum state
and a set of two-outcome measurements (known apriori), the goal is to produce a representa-
tive quantum state such that the measurement outcome distributions for the representative state
closely approximate those of the unknown quantum state. However, it has practical limitations.
Firstly, it does not account for adversarial environments or those that evolve over time as all the
measurements are considered to be drawn independently from a fixed distribution. Furthermore,
not all quantum measurements are accessible or feasible in a given experimental setup, as their
feasibility is dictated by physical constraints. To address these considerations, [ACH+18] formal-
ized a notion that incorporates real-time measurement constraints into tomography, framing the
problem as an instance of online learning of quantum states where they analyzed standard al-
gorithms such as Regularized Follow-the-Leader (RFTL) and the Matrix Multiplicative Weights
(MMW) method.

Motivation for exploiting structure in quantum learning While [ACH+18] considered a much
general setting of online learning of quantum states, many practical applications admit additional
structural properties that can be exploited to obtain improved regret bounds in terms of the num-
ber of qubits and time horizon. We focus on two sources of structure that are not only relevant to
practical quantum computing but can also be leveraged beneficially in the regret bound analysis.
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The first concerns the measurement operators themselves. In many applications, the rele-
vant effects are not arbitrary full-dimensional operators; instead, they may be low-rank, sparse
in a preferred basis, or supported on a physically meaningful truncated subspace. For exam-
ple, it is now well established that optimal full-state tomography can be achieved using symmet-
ric informationally complete (SIC) POVMs [OP15] (rank-one operators), and this has also been
demonstrated experimentally on an ion-trap quantum processor [SMP+22]. Similarly, structured
truncations of parity- and syndrome-type measurements arise in quantum error correction set-
tings [LRBL+23, MC24]. More broadly, Hilbert–Schmidt/Frobenius geometry also plays a role in
compressed-sensing tomography (with sparse effects in Pauli basis) and distinguishability prob-
lems [GLF+10, FGLE12, Spe14].

A second source of exploitable structure in quantum learning arises from the choice of loss
function. Previous works consider a more general class of loss functions that are assumed only
to be convex and Lipschitz continuous. In contrast, many practical applications employ metric
losses, such as the ℓ1 and ℓ2 distances, to quantify the discrepancy between the learner’s predicted
outcome and the actual measurement outcome [WCS+21, KSPM25]. These losses naturally inter-
act with vector-valued predictions in the k-outcome setting and can be exploited to obtain sharper
regret guarantees.

Motivated by the high-level objective of exploiting structural properties to improve the learn-
ability of quantum states in the online setting, we investigate whether additional assumptions
on the measurement operators or the loss functions can lead to stronger regret guarantees. In
particular, we address the following research questions:

1. Can improved regret bounds be obtained when the adversarial measurement operators
possess specific structural properties, such as sparsity or low rank?

2. By focusing on particular distance-based loss functions, can sharper regret bounds be
achieved using existing algorithms for commonly employed metrics such as the L1 or L2
distances?

While the first question is the primary focus of this work, we address the second only briefly and
leave a more general treatment to an ongoing research 1.

2 Our Results

Our first result concerns the setting in which the adversarial measurement operators admit ad-
ditional structure. We analyze the Projected Online Gradient Descent (OGD) algorithm [Haz16,
Chapter 3] for the problem of online learning of quantum states under the assumption that the
measurement operators have bounded Frobenius norm (denoted by ∥.∥F). Our analysis yields the
following informal guarantee.

Theorem 1 (Informal). Let T denote the time horizon and let n be the number of qubits. Suppose that
at each round t ∈ [T], the loss function is convex and L-Lipschitz. Further assume that the adversarial
measurement operators satisfy ∥Et∥F ≤ B for all t ∈ [T]. Then the regret satisfies

RT ≤ O
(

LB
√

T
)
.

1The L1 and L2 losses considered here are only representative examples of the loss functions commonly studied
in online learning. In future work, it would be interesting to extend our analysis to a broader class of structured loss
functions, including strictly convex losses, kernel-based losses, exp-concave losses, and other loss functions frequently
encountered in the online learning literature.
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We next examine the computational complexity of the successive updates produced by Pro-
jected Online Gradient Descent (OGD). In particular, we show that the cost of each OGD update is
no worse than that of the Regularized-Follow-the-Leader (RFTL) updates employed in the regret
analysis of [ACH+18]. This demonstrates that, even in the quantum setting, the iterates of OGD
can be computed efficiently, making the algorithm computationally attractive in addition to its
favorable regret guarantees. More formally, we have the following observation.

Observation 1. The classical computational complexity of each successive guesstimate update produced
by Projected Online Gradient Descent is O(dω), where 2 ≤ ω ≤ 2.37 denotes the matrix multiplication
exponent and d × d is the dimension (size) of the effects.

Combining Theorem 1 with the general regret bound of [ACH+18] yields the following imme-
diate consequences.

Corollary 1. If the adversarial effects satisfy rank(Et) ≤ r for all t ∈ [T], then

RT ≤ O
(

L
√

min{r, n} T
)
.

In an earlier work by [CW20], a similar regret bound for low-rank effects was discovered by
analyzing Regularized-Follow-the-Leader (RFTL) method with Tallis-2 entropy as a regularizer,
but this work of ours largely generalizes it to include various other structured effects.

Corollary 2. If the adversarial effects are κ-sparse for all t ∈ [T], then

RT ≤ O
(

L
√

min{κ, n} T
)
.

In particular, these bounds recover the previously known guarantees for general measure-
ments, while yielding potentially sharper rates when the measurement operators are low rank or
sparse. Such structured measurements arise naturally in many quantum information settings, as
discussed in Section 1.

Our follow-up result focuses on the multi-outcome measurement setting and leverages a spe-
cific structure in the loss function. We consider the Follow-the-Leader (RFTL) algorithm under the
squared L2-norm loss to obtain a logrithmic regret bound.

Proposition 1 (Informal). Let T be the time horizon. At each round t ∈ [T], the adversary selects a
K-outcome measurement (Et,1, Et,2, . . . , Et,K). The learner incurs the squared L2 loss

∥xt − bt∥2
2 ,

where

bt =


tr(Et,1ρ)
tr(Et,2ρ)

...
tr(Et,Kρ)


denotes the vector of true measurement outcome probabilities for an unknown quantum state ρ and xt ∈
[0, 1]K is the learner’s prediction. Then the regret of the RFTL algorithm is bounded by

RT ≤ O(log T).

This establishes logarithmic regret in the time horizon for the squared L2 loss under K-outcome
measurements which is independent of the number of the qubits or the number of possible mea-
surement outcomes, demonstrating that additional structure in the loss function can lead to sub-
stantially improved guarantees.
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