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1 Background

Learning and testing properties of unknown n-qubit quantum systems are fundamental problems in quan-
tum information science. However, a major bottleneck is the difficulty of realizing coherent quantum mem-
ory. This motives memory-limited streaming models for quantum data, where the algorithm sees multiple
rounds of data qubits but is only allowed to preserve a small coherent workspace between measurements.
In this spirit, a flurry of works over the past few years have studied quantum algorithms under streaming
and memory constraints [2-14, 16, 18-21, 23-25, 27]. One of the main messages from this bulk of work
is that restrictions to single-copy measurements often lead to large, potentially exponential, separations in
sample complexity, suggesting that memory is not merely an implementation detail which can be removed
for free, but rather a computational resource that can dramatically change the complexity of the problem.
Although the tasks considered in these papers are very natural, the field still lacks a good understanding of
the learning and testing complexity of the “simplest” family of states in a memory-limited setting, namely
n-qubit stabilizer states. For single-copy measurements, recent work showed that O(n) samples suffice and
that ©(y/n) samples are necessary [19]. Until our work, this gap remained open.

A seminal result of Gross, Nezami, and Walter [17] showed that stabilizer states can be tested using
only 6 copies, in contrast to the ©(n) sample complexity of learning a stabilizer state [1, 26]. Both these
learning and testing results crucially rely upon Bell sampling and two-copy measurements. However, it is
desirable to store as few coherent qubits as possible, motivating the central questions of our work:

1. Can we obtain constant-copy testers with limited memory?
2. Is stabilizer testing always easier than learning even with limited memory?

To tackle these questions, we consider a smooth interpolation between single-copy and two-copy measure-
ments. In each round a fresh copy of an input state |¢)) is provided to the learning/testing algorithm. On
top of this input, the algorithm is allowed to maintain k& qubits of coherent memory, interpolating between
single-copy measurements (k = 0) and two-copy measurements (k = n).

Our main result is to settle both of these questions. We prove that with k qubits of memory, the
sample complexity of testing and learning stabilizer states is ©(n — k) and O(n?/k) respectively, the latter
being tight for non-adaptive learners. Hence, even with 0.99n qubits of coherent memory, O(n) copies
are necessary and sufficient to test stabilizer states. Interestingly, with 0.99n qubits of memory, ©(n)
copies are also necessary and sufficient to learn an unknown stabilizer state. More generally, this exhibits
a curious difference in scaling with limited memory. Take k = 0, i.e., single-copy measurements. Then,
testing requires ©(n) samples but the best known learning algorithm requires O(n?) samples. As k grows
towards n, the sample complexity of learning decreases at a much faster rate than that of testing and, for
k = c-n with ¢ < 1 a constant, both become O(n). See Figure 1 for an illustration.

2 Testing stabilizer states

Theorem 2.1. (Optimal testing bounds) Let k > 0,e > 0. There is an adaptive protocol that uses
k qubits of memory and O((n — k)/e) copies of an unknown [1) to distinguish between Fsap(|tp)) = 1
vs. Fsrap(|10)) < 1 —e. Also every such tester needs Q(n — k) copies.

Upper bound. The central difficulty is that the tester has only k qubits of coherent memory, so it
cannot directly Bell-sample all n qubits. Instead, partial Bell sampling reveals prefix of a Pauli label and
leaves an unknown suffiz. Our key contribution will then be a single-copy algorithm that takes a prefix
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Figure 1: Sample complexity of learning and testing stabilizer states with limited quantum memory.

and checks for such a suffix. We do so via a novel connection to the hidden shift problem. [15, 22, 28-31].
Explicitly, Bell difference sampling on k£ qubits and computational difference sampling on the remaining
n — k qubit samples a marginal of the full Bell difference distribution. Say that the prefix a € F%k and
r € F3~F is observed. For a stabilizer state, there must exist some t* € F3~% such that Ppy,.a 15 a
stabilizer. For the observed prefix (a,r), we define two Pauli families

For(t) = Pagragt,  G(t) =T @ Z(t).

If F, »(t*) is a stabilizer, then Fp,(t*) [¢)) = A|¢) for some A € {£1}. Now compare any other completion
t to this stabilizer prefix and the corresponding Pauli string Fj,,(f). Their product is, up to a phase, a
pure Z operator on the missing m qubits, F,,(t) = i*"*)7G(t 4 t*)F,(t*). Applying this identity to
[) gives Fu . (t) 1) = Ni®F) TG (¢ + t*) |1). Thus, if a stabilizer completion t* exists, the indexed family
t — F,,(t)|¢) has the same action on [¢) as the reference family ¢t — G(t) [¢), but shifted by ¢*. This
precisely is the hidden-shift structure that we exploit in our testing protocol, which is inspired by the usual
Fourier sampling approach for the hidden subgroup problem. This step can be realized with single-copy
measurements and returns linear constraints involving t*. In particular, the data lies entirely in the graph
of the affine function s — t* - s @ sign(A\). But, if |¢) is not a stabilizer state then no such ¢* need exist
and, if not, then the samples do not lie in the graph of an affine function with high probability. Hence, the
tester obtains O(n — k) samples and checks for affine consistency.

Lower bound. In order to obtain our lower bounds, we consider the ensemble of random degree-2 phase
states, a subset of stabilizer states:
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=

z€Ffy

and show that distinguishing these states from the maximally mixed state requires Q(n — k) samples and
that distinguishing a Haar random state from the maximally mixed state requires 22("%) samples. Our
lower bound is proven using the so-called likelihood ratios, which have been used often to prove quantum
testing/learning lower bounds with memory constraints [6, 10, 12] and hinge upon proving that
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when t = o(n — k). To bound the (average) likelihood ratios, the first step is to understand E4[1/%'], which
we show is close in trace distance to the subnormalized state

op = % Z R(O) . (3)
0ecOy

We then split O, into two parts: O;_1 (all matrices that leave the first coordinate fixed) and its complement,
M, := O\O;—1. The contribution of O;—; will be handled recursively, so the main task is to prove that
the My-contribution has negligible average bias. By triangle inequality, it suffices to bound
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We bound this term by considering branches of the learning try conditioned upon the first round outcome
x1. The first round induces a map V, : H — M from the first input copy into the k-qubit memory space.
The bias of this entire branch of the learning tree is compressed into the operator ). M, R(O) passed
through the k-qubit memory via V,,, which we bound via combinatorics of binary orthogonal matrices. In
particular, the combinatorial parameter rank(I + O), which is the codimension of the subspace of vectors
fixed by O, appears when computing the kernels of certain linear maps resulting from partially contracting
operators in M; through the memory via V.

3 Learning stabilizer states

Theorem 3.1. (Optimal learning bounds) Let k > 1. There is a non-adaptive protocol that uses k qubits
of memory and O(n?/k) copies of an unknown |¢) € Stab to learn |)). Also, every non-adaptive protocol
needs Q(n?/k) copies.

Upper bound. Say that the state is in full-support form, by which we mean that the unsigned stabilizer
group is M = {(u, Bu) : u € F3} for a symmetric matrix B. Let S be a block of qubits of size at most
k. Bell-measuring this block and computational basis-measuring the remaining qubits yields samples of
the form (a,IlgBa), where a € F% is uniform and IIg indicates restricting to the rows corresponding to S.
Taking O(n) samples suffices to recover this block of B. Partitioning the full n—qubit state into n/k blocks
of size roughly k then suffices to learn the state using O(n?/k) copies. Now, the state may not actually
be in full-support form, but a random Clifford unitary puts it into such a form with constant probability.
Hence, repeating this procedure with random Cliffords several times suffices to learn stabilizer group
M, non-adaptively. To recover signs, we use separate random stabilizer-basis measurements. For each
random Clifford basis, the measurement reveals eigenvalues of a known random commuting Pauli subspace
L. This determines the signs for the Pauli strings in the intersection L N My, which is nontrivial with
constant probability. With O(n) random Clifford basis measurements, the intersections span My, with high
probability, which then fully determines the signs of all Paulis in M. This sign-recovery stage costs only
O(n) copies, so the total remains O(n?/k).

Lower Bound. It again suffices to consider the smaller ensemble of real degree-2 phase states
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where A is a uniformly random upper-triangular matrix over Fy. The parameter A contains ©(n?) bits. A
one-copy accessible-information calculation shows that any measurement on a single fresh copy reveals only
O(1) bits about A. If the protocol also carries a k-qubit coherent memory, then one round can increase the
information about A by at most O(k + 1) bits (this is where non-adaptivity is used). Thus, after T" copies,
the final transcript contains at most O(T'(k + 1)) bits of information about A. On the other hand, any
learner that identifies the state with constant success probability must identify A with constant success
probability, and hence must obtain Q(n?) bits of information by Fano’s inequality. Therefore

T(k+1)=Q(n? = T >Qn?/k).
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