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1 Motivation

For variational quantum machine learning algorithms, expressivity alone is not sufficient. In
such algorithms, the choice of the parameterized quantum circuit (PQC), often called the ansatz,
is a primary performance bottleneck. An ansatz that is too restricted may not be able to exploit
quantum features (low expressibility), while an overly flexible circuit can induce exponentially
vanishing gradient landscapes (low trainability), which we refer to as barren plateaus [1].

An important open question is whether there exist both expressible and trainable quantum
circuits [2]. Recent works suggest that highly expressive families can be prone to barren plateaus
[2], while circuit classes that avoid or soften barren plateaus may do so by exploiting structures
that correlate with efficient classical simulation [3–5].

While expressibility admits quantitative metrics [6, 7], quantifying trainability in an infor-
mative and broadly applicable way remains less settled [8–10]. Barren plateau theory provides
diagnostic and mitigation tools, however, many of these approaches rely on specific circuit struc-
ture, initial-state requirements, or problem restrictions, and can be costly to apply at scale [11].
This makes systematic design of circuits that are both expressive and trainable difficult.

We introduce a finite-sample, dimension-free concentration bound for estimating gradient
variance for arbitrary PQCs, initialization distributions, and cost functions. By using this as
a selection criterion, trainability becomes an inductive bias in ansatz search. Our framework
combines trainability and expressibility objectives to identify candidate circuits with more fa-
vorable expressibility–trainability trade-offs than commonly used ansätze. We further apply the
framework to quantum neural networks (QNNs), where the discovered circuits achieve improved
effective dimension at reduced parameter count. Further details are provided in Ref. [11].

2 Results

Highly expressible circuits often suffer from barren plateaus [2], rendering optimization ineffec-
tive despite good coverage. We want to diagnose whether a given parameterized circuit U(θ)
acting on a fiducial state ρ(θ) := U(θ) ρU †(θ) and cost function C(θ) := Tr

[︁
ρ(θ)O

]︁
(where

O is a Hermitian observable) is prone to exhibit barren plateaus. Following [8, 10, 12, 13] we
define the barren plateau as

Varθ[∂µC(θ)] ≤ F (n), F (n) ∈ O
(︃

1

cn

)︃
, c > 1. (1)
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Figure 1: Metric-guided ansatz optimization. (a) Trade-off between expressibility loss LExpr

and trainability loss LTrain. (b) Hardware-constrained expressibility search on the 5-qubit IQM
Spark device with native gates and star connectivity; marker color encodes the ∆-complexity,
i.e., the fold increase in the allowed architecture search space, and the dashed vertical lines
indicate the expressibility thresholds τExpr and τSpark. (c) Expressibility versus number of
parameters; marker size is proportional to the number of gates. Markers denote benchmark
ansätze ir from Ref. [6], searched circuits (A), and the hardware-constrained IQM Spark ansatz
(S), with r the number of repetitions. The shaded Haar band shows a ±3σ interval from 5,000
Haar-random state pairs.

However, since this definition is asymptotic in the number of qubits n, it is primarily suited
to statements about scaling. We therefore adopt an operational notion of barren plateaus: for
fixed n we declare a circuit effectively non-trainable if the typical gradient fluctuations fall below
a threshold τBP ∈ R+, i.e., Varθ[∂µC(θ)] ≤ τBP. This raises two practical questions: (i) how to
set τBP, and (ii) how to estimate Varθ[∂µC(θ)] from finitely many samples.

To address (i), we assume that the algorithm employing the PQC is executed on noisy
intermediate-scale quantum (NISQ) devices. If the gradient fluctuations are smaller than the
estimation noise floor PrPQC(err), optimization can become ineffective because updates are
dominated by noise rather than signal [14, 15]. Motivated by signal-to-noise analyses of gradient-
based learning in stochastic optimization [16, 17], we therefore deem a PQC trainable if its
gradient-to-noise ratio exceeds the threshold τBP:

Varθ[∂µC(θ)]

PrPQC(err)
> τBP. (2)

We emphasize that noise does not necessarily imply poor optimization [18, 19].
To address (ii), we estimate gradient fluctuations from finitely many samples using a concen-

tration argument based on the empirical Bernstein bounds of Maurer and Pontil [20, Thm. 7].
Since this requires uniformly bounded samples, we clip the sampled gradients, a standard tech-
nique in machine learning [21–25]. The resulting bound (Theorem 2.1) controls the deviation
between the empirical and true standard deviation of the gradient distribution, while Lemma 1
of Ref. [11] relates this certificate to variance control in the small-variance regime relevant for
barren plateaus.

Theorem 2.1 Let X1, . . . , Xm be i.i.d. bounded gradient samples with Xi ∈ [L,U ], L < U , and
R := U − L. For m ≥ 3, let s2m denote their unbiased sample variance. Then, for all δ > 0:

Pr

(︄⃓⃓⃓√︁
s2m −

√︁
E[s2m]

⃓⃓⃓
≤
√︃

2R2 ln(2/δ)

m− 1

)︄
≥ 1− δ. (3)

We combine this trainability objective with a modified expressibility metric based on Ref. [6]
and use Bayesian optimization as a sample-efficient black-box search over circuit architec-
tures [11]. The search identifies ansätze in an intermediate regime of the expressibility–trainability
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Figure 2: QNN case study following the setup of [27]. (a) Search outcomes in the expressibility–
trainability plane for the considered search space. (b) Estimated effective dimension for the
reference QNN architecture from [27] and for the discovered PQC. (c) Training performance on
the dataset of [27], using the same optimizer and protocol, comparing the reference architecture
to our discovered PQC.

plane, where they satisfy moderate thresholds for both metrics (Fig. 1a). For commonly used
circuits [6], the region of simultaneously high expressibility and high trainability appears largely
inaccessible, consistent with theoretical links between expressibility and gradient concentration
[1, 2].

To test whether the same search principle remains useful under hardware constraints, we next
consider the simpler but important objective of finding compact circuits with high expressibility.
On the 5-qubit IQM Spark device [26], we restrict the search to the native gate set and star
connectivity, and identify more expressive hardware-compatible circuits within the considered
search space (Fig. 1b). When these hardware constraints are removed, the same procedure finds
circuits with expressibility comparable to the best benchmark ansätze of Ref. [6], while using
fewer parameters and lower circuit complexity (Fig. 1c).

Beyond these architecture-level benchmarks, we ask whether the searched circuits also lead
to improvements in a quantum-machine-learning task. We therefore apply the search to the
QNN protocol of Ref. [27]. As in the metric-level study, the discovered ansatz lies in a sparsely
populated region of the expressibility–trainability plane (Fig. 2a). Despite its low parameter
count, it achieves an improved effective dimension compared with the reference architecture
(Fig. 2b). This increased functional capacity, however, does not translate into improved clas-
sification performance in the considered training experiment (Fig. 2c), possibly because the
benchmark task is too simple for the additional capacity to yield a measurable advantage.

3 Discussion

Our results suggest that trainability can be used as an explicit design criterion for PQCs. By
combining a dimension-free trainability certificate with an expressibility objective, the frame-
work identifies ansätze with favorable metric-level properties, including circuits that remain
expressive while avoiding strongly suppressed gradient fluctuations. This does not replace an-
alytical circuit design, but provides a complementary tool for exploring architecture space and
generating candidate circuits whose structural features can later be studied analytically.

Several limitations remain. The scaling of the discovered QNN ansatz and the structural
origin of its favorable properties remain open questions. In this work, we did not explicitly
optimize for indicators of classical hardness, but instead relied on the observed relation between
expressibility and entanglement [11]. Future work could incorporate such indicators more di-
rectly (e.g., magic [28]) and include further desirable properties in the ansatz-design objective.
More generally, the same framework may be useful for other variational quantum algorithms [11].
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