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1 Introduction

Quantum machine learning (QML) [4] has emerged as one of the most promising candidates in the NISQ era [16], with the potential
to provide quantum advantages [7,1]. However, despite significant effort from the scientific community, finding QML models with
practical quantum advantage over classical counterparts has remained elusive. One of the main reasons is the relation between
trainability and dequantization [8,6]: provably trainable models may sometimes admit efficient classical approximations [20,21,18,11],
while highly expressive models may suffer from barren plateaus, where gradients vanish exponentially with system size [15,13,10,3].

In this work, we analyze trainability from the perspective of observable orbits induced by parameterized quantum circuits
(PQCs). We study how the number of independent data-visible tangent directions affects the conditioning of the quantum Fisher
information matrix (QFIM) and the quantum neural tangent kernel (QNTK). Our main hypothesis is that trainability is determined
not only by the total dimension of the dynamical Lie algebra, but also by how the ansatz generators sample tangent directions at
finite depth and by how these directions are observed by the chosen observable, input state, and training data. Thus, two ansätze
may generate the same dynamical Lie algebra while producing different finite-depth tangent spectra and, consequently, different
QFIM or QNTK condition numbers.

Under this framework, we also analyze how increasing the number of layers either increases or concentrates this visibility by
measuring the novelty contributed by each layer. Our results suggest that trainability is not controlled only by the dimension of
the reachable Lie algebra, but by the spectral distribution of observable-visible tangent directions. In particular, circuits with
richer ansatz generators can improve the condition number by adding independent directions that strengthen weak eigenmodes
rather than concentrating tangent energy only in dominant directions.

2 Methodology and Results

To characterize the trainable directions visible to the loss function, we use the observable orbit of a PQC, its tangent directions,
and a novelty measure that quantifies how much each layer contributes beyond previous layers.

2.1 Observable Orbits and Tangent Novelty

Let A = (A1, . . . , AR) be the Hermitian generators of a PQC. The dynamical Lie algebra generated by the circuit is

g = LieR(iA1, . . . , iAR). (1)

with corresponding Lie group G = exp(g). For a data-dependent circuit U(x,θ), the observable orbit is

OG
O =

{
V †OV : V ∈ G

}
, Ox(θ) = U†(x,θ)OU(x,θ). (2)

For each parameter θµ, define the effective generator Kµ(x,θ) = iU†(x,θ)∂θµU(x,θ). The observable tangent direction is

∂Ox(θ)

∂θµ
= i [Kµ(x,θ), Ox(θ)] . (3)

Thus, a parameter is visible to the observable only if this commutator is nonzero. If [Kµ, Ox] = 0 for all x and θ, then the
corresponding observable tangent direction and loss-gradient component vanish. For the model output fθ(x) = Tr[ρOx(θ)], we
define the data-visible tangent matrix

Φsµ =
∂fθ(xs)

∂θµ
= iTr [ρ [Kµ(xs,θ), Oxs(θ)]] . (4)

The QNTK on the training set is KQNTK = ΦΦ⊤. For the squared loss L(θ) = 1
2

∑
s r

2
s , with rs = fθ(xs)− ys, the gradient satisfies

∇θL = Φ⊤r, ∥∇θL∥2 = r⊤KQNTKr. (5)

Therefore, trainability depends not only on the number of visible directions, but also on the QNTK spectrum and its alignment
with the residual [14,17,22].

To make this explicit, let KQNTK =
∑r

a=1 λauau
⊤
a , with λa > 0. Then

∥∇θL∥2 =

r∑
a=1

λa

(
u⊤
a r

)2
. (6)
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Large gradients arise when the residual has support along large-eigenvalue tangent directions, while residual components aligned
with weak eigenmodes are harder to learn. Equivalently,

r⊤KQNTKr = ∥KQNTK∥F
∥∥rr⊤∥∥

F
A
(
KQNTK, rr

⊤) , (7)

where

A
(
KQNTK, rr

⊤) = Tr
[
KQNTKrr

⊤]
∥KQNTK∥F ∥rr⊤∥F

. (8)

Thus, the gradient second moment is controlled by both the QNTK spectral scale and its alignment with the task residual. When
E∇θL = 0 over random initializations, the total gradient variance reduces to

Var [∇θL] = E
[
r⊤KQNTKr

]
. (9)

Hence, vanishing gradients correspond to a small residual-weighted QNTK second moment, which may result either from small
tangent eigenvalues or from poor alignment between the residual and the observable-visible tangent subspace.

If the nonzero eigenvalues of KQNTK are λ1 ≥ · · · ≥ λr > 0, then r = rank(Φ) counts the number of independent visible
directions and κ(KQNTK) = λ1/λr measures their spectral balance. We also use the effective rank dimension

deff =
(
∑

i λi)
2∑

i λ
2
i

. (10)

In addition, we compute the QFIM condition number to compare observable-visible output geometry with the underlying state-space
geometry [19,1,12]. The QFIM captures state-space sensitivity before projection onto the observable and dataset, whereas the
QNTK captures the part of this sensitivity visible through the measured output.

To quantify whether additional layers add new directions on the observable orbit, we compute an observable-level novelty based
on Hilbert–Schmidt tangent vectors. For an input xa and parameter θµ, let

Aµ(xa) = vec
(
∂θµOxa

(θ)
)
.

For layer ℓ, T (ℓ)
O denotes the matrix formed by stacking the vectors Aµ(xa) for all parameters θµ in layer ℓ and all input xa. Let

P
(O)
ℓ−1 be the orthogonal projector onto the span of all previous observable tangents, span{T (1)

O , . . . , T
(ℓ−1)
O }. We define

N (O)
ℓ =

∥∥∥(I − P
(O)
ℓ−1)T

(ℓ)
O

∥∥∥2
F∥∥∥T (ℓ)

O

∥∥∥2
F

. (11)

Thus, N (O)
ℓ measures the fraction of new observable-tangent energy contributed by layer ℓ, using standard projection and

subspace-angle geometry [5,9,2].

2.2 Numerical results

We consider a supervised scalar regression task on a one-dimensional input domain. For each input xs, the PQC predicts the
expectation value fθ(xs) = Tr[ρU†(xs,θ)OU(xs,θ)], and the loss is the mean-squared error L(θ) = 1

2

∑N
s=1(fθ(xs)− ys)

2. The
labels ys are generated from a fixed reference circuit and then standardized to zero mean and unit variance.

The observable is a normalized random Pauli Hamiltonian O =
∑12

m=1 cmPm, with
∑12

m=1 c
2
m = 1. We use Ntrain = 32 training

points, Ntest = 64 test points, and depths L = 1, . . . , 10. Each ansatz is evaluated with and without data re-uploading.
We compare four ansatz families, denoted HEA, CRX, Diverse, and Symmetric. The HEA ansatz uses local generators {Yi, Zi}ni=1

together with a fixed entangling structure. The CRX ansatz uses local generators {Yi, Zi}ni=1 and trainable controlled-rotation gener-
ators with Pauli support {Xj , ZiXj}1≤i<j≤n. The Diverse ansatz uses the generator set {Xi, Yi, Zi}ni=1∪{XiXj , YiYj , ZiZj}1≤i<j≤n.
The Symmetric ansatz uses translation-tied generators {

∑
i Xi,

∑
i Yi,

∑
i Zi,

∑
i XiXi+1,

∑
i YiYi+1,

∑
i ZiZi+1}, so each parameter

controls an entire translated orbit of local or nearest-neighbor terms.
For each ansatz and depth, we compute the data-visible tangent matrix Φ, the empirical QNTK KQNTK = ΦΦ⊤, the QFIM,

the QNTK rank r, the QNTK condition number κ(KQNTK), the QFIM condition number κ(FQ), the effective rank dimension deff ,
the spectral concentration ratio k90/r, and the layer-wise novelty.

Table 1 summarizes the final-layer results at L = 10 with n = 5 qubits. All ansätze reach the same QNTK rank r = 32, the
same Lie-algebra dimension dim(g) = 1023, and the same observable-orbit dimension dim(OO) = 960. Nevertheless, their QNTK
condition numbers vary from 5.16 to 581.95, showing that the Lie-algebra dimension alone does not determine the finite-depth
trainability geometry. Figure 1 shows the observable novelty N (O)

ℓ across layers. Its ansatz-dependent decay indicates that increasing
depth does not uniformly add new observable-orbit directions; rather, each circuit template reuses or expands the visible tangent
space at a different rate.

The best-conditioned case is the data-reuploading diverse_xyz_all ansatz, with κ(KQNTK) = 5.1605, deff = 26.7247,
corresponding to deff/r = 83.51%. For this ansatz, k90 = 26, so k90/r = 26/32 = 81.25%. Therefore, the best-conditioned case is the
least spectrally concentrated one. Instead, its tangent energy is distributed across a large fraction of the available observable-visible
directions. This suggests that improved trainability is associated with balanced tangent spectra, where weak eigenmodes are
strengthened rather than all tangent energy concentrating in a few dominant directions.



Trainability and Tangent-Space Concentration in Parameterized Quantum Circuits 3

Ansatz Reup. pℓ κ(K) κ(FQ) deff/r k90/r N (O)

Diverse Yes 45 5.16 8.74 83.51% 81.25% 0.8507
CRX Yes 20 11.15 50.61 69.62% 75.00% 0.8071
HEA Yes 10 16.19 93.90 69.04% 71.88% 0.9628
Symmetric Yes 6 145.43 2.22× 107 52.34% 59.38% 0.8559
Diverse No 45 166.13 8.68 46.57% 53.13% 0.6476
CRX No 20 245.03 40.63 41.57% 50.00% 0.6811
HEA No 10 268.49 66.26 44.53% 50.00% 0.9149
Symmetric No 6 581.95 2.68× 105 36.15% 43.75% 0.7898

Table 1: Final-layer diagnostics at L = 10 for n = 5 qubits. All rows have QNTK rank r = 32, Lie-algebra dimension dim(g) = 1023,
and observable-orbit dimension dim(OO) = 960. Here pℓ is the number of trainable parameters per layer, κ(K) is the QNTK
condition number, κ(FQ) is the mean QFIM condition number, deff/r is the participation-rank percentage, k90/r is the fraction of
eigenvalues needed to capture 90% of the QNTK spectral energy (less percentage means more concentration on few eigenmodes),
and N (O)

is the mean observable novelty across layers.

1 2 3 4 5 6 7 8 9 10
Layer L

0.0

0.2

0.4

0.6

0.8

1.0

Ob
se

rv
ab

le
 n

ov
el

ty
 

(O
)

L

HEA (reup)
HEA (no reup)
CRX (reup)
CRX (no reup)
Diverse (reup)
Diverse (no reup)
Symmetric (reup)
Symmetric (no reup)

Fig. 1: Observable novelty N (O)
L as a function of depth for the tested ansätzes. Solid lines denote runs with data re-uploading and

dashed lines runs without data re-uploading. Higher values indicate that the newly added layer contributes directions that remain
more visible at the observable level.

3 Conclusion

We analyzed trainability through the observable-orbit tangent geometry of PQCs. The main conclusion is that the degrees of
freedom relevant for training are not determined only by the dimension of the dynamical Lie algebra. What matters is how the
ansatz-generated tangent directions become visible through the chosen observable, input state, and data. This visibility is captured
by the data-visible tangent matrix Φ, whose rank measures the number of independent visible directions and whose spectrum
determines the conditioning of the QNTK.

Our results show that circuits with the same dynamical Lie algebra can have different observable-visible tangent spectra and
condition numbers. This occurs because the Lie algebra determines the directions reachable in principle, while the ansatz generator
determines how those directions are sampled at finite depth and how strongly they are seen by the observable. Thus, two circuits
may have the same reachable algebra but induce different effective training geometries after projection onto the measured output.

The best-conditioned case is the data-reuploading Diverse ansatz. This indicates that improved trainability is associated with a
broad and balanced distribution of tangent energy over many observable-visible directions. By contrast, more concentrated spectra
may require fewer eigenvalues to capture most of the energy, but they can also lead to worse conditioning because many directions
remain weak or poorly visible to the observable.

The observable-novelty analysis shows that increasing depth does not uniformly add new directions on the observable orbit.
Later layers may contribute genuinely new observable tangents, but they may also reuse directions already generated by previous
layers. Therefore, depth can lead to tangent-space concentration rather than useful expansion of the trainable space. Overall, these
results suggest that avoiding barren plateaus is not only a question of reducing expressibility or restricting the Lie algebra. Useful
trainability requires an ansatz that generates enough independent observable-visible directions, distributes tangent energy across
them without excessive concentration, and aligns those directions with the task-dependent residual.
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