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Abstract

We formulate spin-1/2 quantum ground-state learning as manifold variational optimization
over centrally odd scalar functions on SU(2)N . This replaces explicit Hilbert-space vector
amplitudes with manifold functions acted on by Lie-derivative Hamiltonians via automatic
differentiation. We prove a novel variational principle in this function-space that preserves
the spin-1/2 manifold variational principle, then train our foundation model on hundreds of
thousands of different Hamiltonian systems, varying the connection topology, system size,
and edge weights, bringing together 100 years of many-body literature to construct our own
training datasets. We construct a state-of-the-art sampling scheme for SU(2) replica-exchange
Langevin sampling and sharded natural-gradient optimization, extending the KFAC optimizer
to rank-four tensors in order to efficiently train the model on small systems. Our foundation
model then generalises to unseen Hamiltonian system topologies and unseen system scales up
to 100+ qubits. Preprint in preparation in which will open-source code and model weights.

Manifold Wavefunctions and Energies via Autograd

A central problem in quantum many-body physics is to approximate the ground state of a
universal [1] spin-1/2 Hamiltonian
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where Jabij encodes arbitrary quadratic Pauli interactions and hai encodes local fields. Standard
Neural Quantum States (NQS) [2–4] learn amplitudes on the discrete spin basis {↑, ↓}N . This
makes each model tied to one system size and one Hamiltonian instance, so transfer across
Hamiltonian structure is difficult [5–7]. Only recently researchers have tried to start generalising
within a given Hamiltonian interaction topology [3, 5–8]. Hamilton-Zero instead represents
the state as a smooth function on the product Lie group ψθ : SU(2)N → C. Each spin is
parametrised by a unit quaternion qi ∈ SU(2) ∼= S3 ↪→ R4, so the network consumes 4N
continuous coordinates rather than the discrete basis of NQS [2]. Thus spin operators can act on
this manifold through left-invariant vector fields Lai , σ̂ai ←→ −iLai for first order and for second,
σ̂ai σ̂

b
j ←→ −LaiLbj . The Hamiltonian becomes a second-order differential operator on SU(2)N ,

which we can compute with automatic differentiation of the model with respect to its input
coordinates,
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extending recent works on moment generating functions [9] to the manifold function directly via
custom jax-primitives of these Lie derivatives. Hence, the Hamiltonian’s interaction data is a
coupling tensor (J, h) ∈ RN×N×9 × R3N , while its action on states is evaluated by autograd of
the manifold wavefunction’s inputs.

∗These two authors contributed equally.
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Spin-1/2 Variational Principle in L2(SU(2)N)
By moving from amplitudes to functions on SU(2)N , we have a space L2(SU(2)N ) which is larger
than the physical spin-1/2 Hilbert space. However, the Peter–Weyl theorem [10, 11] gives us a
spectrum for this function space,

L2(SU(2)) =
⊕

j=0, 1
2 ,1,...

Vj ⊗ V ∗
j , (3)

decomposing it site-wise into irreducible spin sectors, Vj . The eigenfunctions in the physical
subspace satisfy ∆iψ = 3

4ψ for every site i, where ∆i is the Casimir (Laplace-Beltrami) operator
on each local set of SU(2) coordinates [12, 13]. All physical spin-1/2 functions on this manifold
satisfy this Casimir relation, however an unconstrained neural function on SU(2)N may leak into
higher j sectors giving unphysical energies below the ground state. To resolve this we impose
per-site oddness ψ(. . . ,−qi, . . .) = −ψ(. . . , qi, . . .).

This removes all integer-j sectors and leaves only half-integer sectors j = 1/2, 3/2, 5/2, . . .,
with the physical spin-1/2 sector now the lowest allowed sector. Indeed, for arbitrary spin-j the
eigenspectrum of ∆i has eigenvalues j(j + 1), which increase quadratically in j [10, 13]. As such,
by adding a sufficiently large energy penalty for support outside j = 1/2, we provably recover
the variational principle of the spin-1/2 sector alone. Our overall energy then reads,

Eλ[ψ] = ⟨ψ|Ĥ|ψ⟩
⟨ψ|ψ⟩

+ λC[ψ]. (4)

where the Casimir penalty is C[ψ] =
∑
i ⟨∆iψ/ψ − 3/4⟩, and we optimize the regularized

objective. Each Hamiltonian in our datasets has a different λ = λ(J, h), depending only on the
interaction tensor and fields, and λ is efficiently computable for every (J, h) such that we can
saturate the inequality, recovering true ground-state energies with no gap in principle.

Hamiltonian-Conditioned Foundation Ansatz

The architecture has two inputs: a sampled spin configuration q ∈ SU(2)N and a Hamiltonian
(J, h), passing through different routes of the model in order to preserve the parity symmetry
described above, see Fig. 1.
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Figure 1: Hamilton-Zero information flow. The Hamiltonian is encoded first; spin coordinates enter only
at the odd leaf builder, enforcing central oddness before the merge-tree readout returns logψθ(q | p).

The Hamiltonian data-stream takes the raw interaction tensors and creates learnable em-
bedded features for L-blocks of residual attention and feed-forward blocks. Crucially, the spin
coordinates qi do not enter this trunk in order to preserve parity symmetry, meaning it acts
only as an encoder for a given Hamiltonian itself. Readout of the model is then done through
a deep-reinforcement learning algorithm which contracts the leaves of a tree of quaternionic
coordinates that are merged into a complex scalar value. This is akin to tree-tensor networks
[14–16], however the deep reinforcement learning (RL) component [17, 18] (see Fig. 1) enables
us to entangle arbitrary spins since the leaves of the tree are positioned via a routing policy
that is conditioned on the Hamiltonian data through a leaf contextualiser. We also use lateral
self-attention during contraction, meaning the features arising from (J, h) propagate through
the entire contraction.
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Datasets, Training and Results

To train our foundation model, we collated hundreds of thousands of different Hamiltonian
interaction topologies, spanning 100 years of quantum many-body and quantum computing
literature [19–65]. Because the corpus also includes Hamiltonians native to superconducting,
trapped-ion, Rydberg, spin-qubit, and molecular platforms, Hamilton-Zero can be evaluated as
a classical foundation surrogate for hardware-relevant ground-state problems.

To train efficiently, we devised a state-of-the-art sampling scheme for MCMC on the config-
uration manifold SU(2)N which extends Metropolis Adjusted Langevin [66] and DEO replica
exchange [67] with a novel online temperature adjustment. We also developed our own Jaxpr [68]
evaluator implementing second order differential operator corresponding to energy that exploits
TN structure, to achieve effectively near linear scaling of local energy evaluation. Furthermore,
we developed our own multi-hear self-attention Pallas kernels for JVP, in contrast to pre-existing
VJP kernels [69–72]. Finally, we extended the rank of the KFAC [73] optimiser to take into
account the merging strategy in the tree readout, adding custom blocks and a 3-way factorisation
that accounts for stacked layers’ curvature.

Here we show some examples of how Hamilton-Zero amortizes training on unseen systems.
Generalisation applies to (i) new weights in the interaction graphs of systems seen in training, (ii)
larger system sizes for interaction graphs seen in training and (iii) completely unseen interaction
topologies. Fig. 2 shows generalisation for (i) in the top-two rows, where we sweep the XXZ
model over its critical point for N = 32 and 64 spins, and compare to the exact Bethe-ansatz
solution. Fig. 2(c) shows generalisation of the XXZ model, Kagome and triangular lattices
to large system sizes (> 64), not seen in the training data, whilst (d) shows a comparison
between zero-shot evaluation, fine-tuning, and training from scratch on an in-distribution system
(triangular lattice) and an unseen topology, the Mobius-Kantor graph at N = 16 spins.

Figure 2: A recent checkpoint of the model’s weights with 3000 steps of fine-tuning and training from
scratch for 3000 steps. (a) shows the gap to exact values for N = 16 in the Heisenberg XXZ model,
(b) shows a sweep of the system for N = 32 and N = 64 through its phase transition at ∆ = 1. (c)
shows generalisation to unseen system sizes, and (d) shows zero-shot evaluation for the triangular lattice
(in-dist) and the Mobius-Kantor graph (unseen topology). Here zero-shot means the model was evaluated
with no further training of the weights.
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