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The forward pass of deep neural networks involve sequential nonlinear transformations, and the
models that now dominate the field are very large in size, making both inference and training
extraordinarily expensive. A natural question is whether we can obtain quantum advantage for
inference and training of large deep learning models. Indeed, by Bennett’s reversible computation
construction, any classical computation can be implemented on a quantum computer with only
polynomial overhead. However, such reductions do not generally yield exponential quantum
advantages, since the quantum resources required remain proportional to the size of the original
classical computation. Consequently, directly quantizing standard feedforward neural networks
does not by itself circumvent the scaling limitations of classical deep learning. For exponential
quantum advantage, the nonlinear transformations has to act on quantum amplitudes, and
these transformations are generally hard to implement on quantum computers since it may
lead to violations of many no-go theorems. Therefore, quantum advantage, if exists would only
be restricted to classical neural networks in certain parameter regimes, and in this work, we
characterize exponentially large classical neural networks that can be efficiently implemented on
quantum computers.

Our starting point is the observation, central to the Neural ODE viewpoint [1], that a deep
network can be viewed as a dynamical system observed at the end of its evolution. A residual
network @11 = x; + f(a4,0;) can be seen as a Euler discretization of an ordinary differential
equation & = f(a,t, ), in which the depth of the network is the elapsed time and the output
is the state at the final time. Once the forward pass is seen as solving a differential equation,
it becomes a simulation problem—and there is by now a mature line of quantum algorithms
for exactly this, from Hamiltonian simulation and linear-system solvers [2, 3, 4, 5, 6] to more
recent methods that handle classes of nonlinear ODEs through Carleman linearization and
other techniques [7, 8, 9, 10, 11, 12, 13, 14, 15]. These developments suggest a route to quantum
machine learning that accelerates the continuous dynamics underlying a residual neural network.
In this work, we present Quantum Neural ODFEs, the quantum analog of classical neural ODEs.
Specifically, we present quantum algorithms to run the forward pass of an exponentially large
continuous-time network and to learn such a network from data, both using only polynomially
many quantum resources. Along the way we show the resulting simulation problem is BQP-
complete, so it gives strong evidence that sampling from the outputs of exponentially large,
quantumly simulable neural networks is classically hard.

Running the forward pass. A wide range of Neural ODEs can be written as a quadratic
equation € = Ajx+ Az(x ®x), and this quadratic form is more expressive than it first appears.
Networks with ReLU activations can be approximated using polynomials, for a defined range
and with the introduction of a few auxiliary coordinates, and can be embedded into a slightly
larger quadratic ODE system. The obstacle to running this on a quantum computer is that
quantum evolution is linear while the equation is not. We remove the obstacle by applying
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Carleman linearization Techniques [9, 14]: introducing the tensor powers x, 2% £®3 ... as
auxiliary variables turns one nonlinear differential equation into an infinite dimensional linear
ODE. When the nonlinear ODE satisfy Carlemann convergence criteria [14, 16|, we can truncate
this infinite dimensional system at an order £k = O(log(7'/¢)), and simulate the system using
quantum algorithms for solving linear differential equations. In the special case when the linear
term is anti-hermitian, a quantum state proportional to the truncated Carleman vector can be
prepared with O(ak*T+klog(|| H2||k*T'/€)) queries to block encodings of the coefficient matrices
and O(klog(Nk)) qubits, where a captures the sparsity and magnitude of the coefficients [15].
The cost is polynomial in the natural parameters and, crucially, only polylogarithmic in the
dimension of hidden state N.

While quantum algorithms for solving differential equations focus on extracting useful phys-
ical quantities from the prepared Carlemann State, in machine learning applications such as
classification, we want to sample the label, i.e. sample from the softmax over the output logits.
We give a subroutine that prepares a state whose amplitudes are the softmax weights e®"(T)/2,
Since the Carleman state already carries all the tensor powers x(7)®?, and the componentwise
exponential is just a particular weighted sum of those powers (its Taylor series), so a single
non-unitary, block-encoded operator assembles the softmax state directly from the prepared

Carleman state. We prove that truncating this expansion at order k' = (’)(log(\/ﬁ / (—:)) gives ac-

curacy €, and that the amplitude-amplification overhead of projecting onto the successful branch
is \/D/Z(T) = 1/+/(ePMT))—the inverse square root of the mean softmax weight. Switching off
the nonlinear term reduces the forward pass to ordinary sparse Hamiltonian simulation, which
is BQP-complete. Hence, simulating Neural ODE dynamics captures the full power of quantum
computation.

Learning the network from data. A fast forward pass is only useful if we can also train the
model, and here our approach departs sharply from variational quantum machine learning. The
dominant paradigm parametrizes a circuit and tunes it in a measure—update-repeat loop, which
suffers from barren plateaus and from the cost of reading classical information back out at every
step. We avoid the loop by writing each learning problem as a regression with a closed-form
solution, carried out directly with quantum linear algebra, leaving the learned parameters in
a resource state—closely related to the pseudo-Choi states used in recent Hamiltonian-learning
work [17]—from which the coefficients of the generator can be read off by shadow tomography [18]
or quantum mean estimation [19].

The cleanest case is a unitary teacher, y; = e *Hlgx;, with H = Zle ¢;P; in a known k-local
Pauli basis. Fitting the best unitary to the data is the classic orthogonal Procrustes problem [20],
solved by a singular value decomposition of the data correlation matrix XY T; we realize this
on the quantum computer using the singular value transformation [21] followed by a matrix
logarithm to recover the Hamiltonian, preparing the resource state in O(k(XYT)log?(1/e€))
queries. Reading out the L Pauli coefficients then costs 6(L /€?) by shadow tomography [18], or
O(V'L/€) by quantum mean estimation [17]. Relaxing the teacher to a general linear generator
y; = eAlx; replaces the unitary fit with an ordinary least-squares fit M = YX* followed
by A = %log M. The technical enabler is a new subroutine which we introduce that block-
encodes the logarithm of a general matrix (any matrix whose eigenvalues avoid the negative
real axis) through the integral identity logM = (M — I) fol [t(]y — I) + I)7'dt, evaluated
by Gauss-Legendre quadrature and quantum matrix inversion in O(aark2,,,) queries; because
the coefficients here may be complex, we read out the real and imaginary parts of each Pauli

coefficient separately, again at O(M/e2) or O(v/M /e) cost.

The richest and most interesting case is a genuinely nonlinear teacher, where the data are
produced by the quadratic ODE itself and we must learn both A; and As. The natural move is
to lift the data by the same Carleman construction—stacking & = [z, ®2, ..., x®*]—so that the



lifted pairs are related by a single linear propagator § ~ eA*&, and then reuse the linear learner.
The subtlety, and the crux of this part of the work, is that A is not a free matrix: it must
be block upper-bidiagonal, its diagonal blocks are fixed tensor-lifts of Ay, and its upper blocks
are fixed tensor-lifts of As, so the only independent parameters sit in the first block row and
everything else is determined algebraically. A learner that ignored this structure would return a
generator not corresponding to an actual quadratic ODE and would have a large generalization
error. We therefore turn the training into a constrained regression, encoding the Carleman
consistency relations as a single linear condition ITvec(A) = 0 on the unknown generator (with
|TI|| = O(k3/2)). This constraint can be imposed by appending it to the regression, yielding an

augmented least-squares problem, which can be solved using QSVT based techniques.

We work this out in two regimes. When the data are sampled over short intervals, the propa-
gator linearizes as eA% ~ I+t A, and after vectorization the task collapses to an ordinary least-
squares system La = y in a = vec(A); appending the constraints gives L= [L; II] with closed-
form solution a* = L*y. Here we also prove a generalization bound: under Gaussian observation
noise of variance o2, the expected parameter error obeys E||a — a*|o < ¢ omax (L) /7 /0min(L)?,
so accuracy is controlled by the conditioning of the augmented system. For long horizons the
first-order picture is insufficient, so we expand the propagator to order m and use the identity
vec(AP) = Cpvec(A)®P to re-express each power as a linear map on tensor powers of the un-
known, producing one large augmented system Fa = b that stacks the data equations against
the Carleman constraints applied at every tensor level with solution @* = F*b. Preparing
this solution as a quantum resource state costs O(ap % log(rr/€)) queries and only O(mlogn)
qubits, so the whole problem hinges on the condition number xr, which our main technical
estimate bounds independently of the ambient dimension:
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where the numerator collects the spread of the data omax(X) and the size of the Carleman
lift (®y and mpax = ||[IIpi]|), and A is the weight corresponding to a regularizing term in the
objective. After preparing the quantum state proportional to a*, we apply Shadow Tomography
techniques to extract Pauli coefficients corresponding to A1, and As.

Our results connect three areas—deep learning, nonlinear dynamical systems, and quantum
algorithms—through one idea: treat exponentially large classical neural networks as dynami-
cal systems and apply quantum algorithms to simulate the "forward pass". Doing so lets us
run the forward pass of a certain class of exponentially wide continuous-time networks in cost
polylogarithmic in its size, sample from its output efficiently, and learn its parameters with-
out a variational loop. Our results suggest a setting where exponential quantum advantage in
machine learning may be provably attainable; they complement recent quantum approaches to
accelerating neural-network inference from a different angle [22].
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