An efficient state preparation for the Pauli correlation encoding
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Pauli correlation encoding (PCE) compresses many classical variables into expectation values
of Pauli strings on fewer qubits. This compression has been used as a variational representation
for combinatorial optimization, but a complementary primitive is needed to make the encoding
bidirectional: given classical data or a classical solution, one would like to upload it directly into
the compressed Pauli-correlation register. We introduce an explicit state-preparation unitary for

this task. For the family of k-body Z correlators, we prove that the induced correlation map has

full-rank Jacobian at the origin and admits a certified local inverse. In particular, for m = (")

encoded coordinates, every target vector in an explicit image cube of radius p(r) € Q(1/m) can
be prepared from a parameter cube with r < log(2)/m. We then use this upload primitive in two
ways. First, we warm-start PCE optimization by injecting classical bit strings into the signs of
Pauli correlators before a second variational optimization round. On weighted MaxCut instances
with 400 variables encoded on 15 qubits, this improves the solutions obtained after the first round
and suppresses the barren-plateau behavior observed for standard random initialization. Second,
we demonstrate classical data upload on Quantinuum’s H2-2 trapped-ion processor by encoding
and retrieving images with 494 and 1476 pixels using only two-body ZZ correlations on 32 and 56
qubits, respectively.

Main idea. Pauli correlation encoding (PCE) [I] represents classical variables through signs or values of Pauli expec-
tation values. Given a set of Pauli strings II = {Hi}fy:l, a binary assignment can be decoded as

w=sen ((IL), i€ [N], (1)

where (I1;) = (¢|IL;|¢)). This allows N classical variables to be stored in the correlations of an n-qubit state, with N poly-
nomially larger than n when the Pauli set is chosen from k-body correlators. Previous uses of PCE focused on variationally
finding a quantum state whose measured signs give a good solution to an optimization problem [I} 2]. Here we study the
reverse direction: given a classical vector of target correlations, can we prepare a quantum state whose Pauli expectations
realize it?

For the standard PCE family of k-body Z correlators, we give an explicit product of Pauli rotations that maps the initial
state |4+)®™ to a state whose correlators can be prescribed independently in a certified neighborhood of the origin. This
primitive has two immediate uses. In optimization, it provides a warm-start layer [3]: a classical bit string can be injected
into the signs of the PCE correlators before a new variational round. In quantum machine learning, it provides a data-loading
layer [4]: a real-valued feature vector, such as a normalized image, can be uploaded into a compressed quantum register as
a vector of Pauli correlations rather than as amplitudes.

The state-preparation unitary. Let Qx = {I C [n] : |I| = k} and m = [Q| = (}). For each I € Q, define the
PCE observable

1 =[] Z. (2)
The upload circuit is

U@) = [ exp (-%9,@,) . 6eRr™ 3)

1€y,

with Qr =i X nIlr = Yy HaEI\{‘/r(I)} Za, where 7(I) € I is the pivot of the set I.
The induced PCE correlation map is

F10) = (+*" UO) LU (9) [+ . (4)

* Both authors contributed equally to this work
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FIG. 1: Performance and Barren Plateau. Picture a. Performance of the warm-start PCE on 10 different weighted
random MaxCut instances with 400 variables and integer edge weights between -10 and 10, encoded on 15 qubits using
cubic compression. We report the improvement in approximation ratio after a second round of optimization as a function
of the approximation ratio at the end of the first round. For comparison, we show the same metric for another competitive
iterative method, CirCut, which is based on the Burer-Monteiro algorithm. For easier visualization, we grouped the data
points into intervals of width 0.1 and displayed their distributions as violin plots. On the tested instances, the warm-start
PCE appears to outperform Burer—Monteiro, with a gap that increases with the starting approximation ratio. Picture b.
Average variance of the loss function per parameter computed over 100 random initializations, over the whole gradient and
100 random weighted MaxCut problems, as a function of the number of qubits used to encode the problem. The size of the
MaxCut problem grows quadratically with the number of qubits, as we used all the expectation values of the two-body (ZZ)
Pauli correlators. In log scale, we compare the decay of the standard PCE against the warm-started one presented in this
work. We observe that, while the standard PCE shows the expected exponential decay, the variance of the warm-started
variant quickly plateaus.

The generators are chosen so that, by construction, each @) anticommutes with its associated observable II;, and the
Jacobian D f(0) = —1,, is full-rank, guaranteeing that infinitesimally, every encoded correlator is independently controlled
by its corresponding parameter [5].

We prove that any target feature vector y € [—1,1]™, such that ||y||, < p(r), with p(r) € Q(1/m), can be uploaded into
the PCE register. Concretely, there is a unique 6§ € [—1,1]™ with ||6||_ <7, 7 € Q(1/m), such that

HEUO UG D" =y, Ve Q. (5)

This is not merely an existence result. Inside the certified cube, a simple Euler method is guaranteed to converge to the
upload parameters. The evaluations of f and D f are also classically approximable to any desired precision in this regime, for
instance by truncating the Pauli-rotation Taylor expansion or by using standard circuit-approximation methods for products
of small Pauli rotations. Thus the upload layer is an efficiently computable classical preprocessing step.

For warm-start optimization, one uploads a scaled bit string y; = Abr, with by € £1 and 0 < A < p(r), so that the signs
of the measured correlators reproduce the desired assignment. For data loading, one similarly rescales a classical feature
vector z € [—1,1]™ and uploads y; = Az;.

PCE as an iterative method. Many successful algorithms for combinatorial optimization operate iteratively. Start-
ing from a candidate solution, they introduce a controlled perturbation and restart the optimization in its neighborhood [6H9].
The procedure is intended to escape the local minimum reached during the preceding run while retaining information con-
tained in the current solution.

We apply the same iterative mechanic to quantum optimization based on the Pauli correlation encoding. As introduced
in Ref. [1], we use the signs of a selected set of Pauli correlators to encode a binary assignment for a QUBO problem. Using
the state-preparation procedure described above, we initialize these correlators with the signs associated with a solution
obtained in a preceding optimization round. A perturbation is then introduced by randomly sampling their amplitudes
within a prescribed range, thereby preserving the encoded binary solution while displacing the initial quantum state within
its neighborhood. We then append a parametrized circuit to the prepared state, initialized so that it acts as the identity. At
the beginning of the second optimization, the measured correlations therefore coincide with those of the uploaded solution.
A classical optimizer is then used to find the optimal parameters of the parametrized circuit, in the standard VQA fashion,
minimizing once again the loss function defined as in Ref. [I]. The resulting solution can in turn be re-encoded and used to
initialize a further optimization round.

In Fig. a) we numerically evaluate the warm-start protocol on weighted random MaxCut instances containing 400
variables, with integer edge weights between —10 and 10. In the first optimization round, a standard VQA using PCE with
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FIG. 2: Classical data upload on a quantum processing unit. Images uploaded to the Quantinuum H2-2 trapped-ion
QPU using only two-body ZZ Pauli correlators. Picture a. The image was encoded using 494 expectation values over 32
qubits, with pixel intensities discretized into 7 color intervals between —1/4 and 1/4. From left to right, the panels show
the original image, the image retrieved from the hardware using approximately 6 x 10® shots, and the image obtained by
augmenting the hardware data with an additional 6 x 10® shots from the Quantinuum H2-2 noisy emulator. The emulator-
assisted reconstruction shows no pixel errors. Picture b. Magritte’s The Son of Man was encoded using 1476 expectation
values over 56 qubits, with pixel colors discretized into 8 color intervals between —1/6 and 1/6. From left to right, the panels
show the original image, the pixelated image used as the uploaded data, and the image retrieved from the hardware using

approximately 8 x 10® shots. At this system size, noisy emulation of the H2-2 device was no longer feasible. The retrieved
image has a pixel error of approximately 21%.

(b)

cubic compression on 15 qubits is used to obtain an initial solution. The perturbed solution is injected into a quantum
state using the same encoding setup, and a second round of optimization on the parametrized ansatz is then initialized from
this state. As a classical reference, we consider CirCut, an iterative method based on the Burer—Monteiro rank-2 relaxation
algorithm.

Across the tested instances, warm-started PCE yields a greater average improvement after the second optimization than
the classical baseline. The difference is most pronounced for initial solutions that are already close to the best-known value.
Such solutions are associated with deeper local minima and are therefore difficult to improve through an unstructured restart.

These strong results also suggest a hybrid quantum—classical strategy in which a classical solver identifies a high-quality
solution, while warm-started PCE performs the final “last-mile” optimization required to escape the deep local minima and
refine it further.

Furthermore, the small rotation angles used in the state-preparation circuit, together with the identity initialization of
the variational ansatz, keep the circuit close to the initial |[+)®™ state at the start of the optimization. The resulting unitary
ensemble remains far from a unitary ¢t-design, and the concentration-of-measure mechanism associated with barren plateaus
is therefore not expected to arise at initialization. In Fig. b)7 we report the gradient variance for comparison. Whereas
standard PCE exhibits the expected exponential suppression of the gradient variance, the warm-started initialization reaches
a finite plateau that remains approximately constant with increasing system size.

Data upload on trapped ions. A further application of the state-preparation method is the upload of classical data
for quantum processing. We tested the viability of it on current quantum hardware using two images containing 494 and
1476 pixels, encoded in the expectation values of ZZ correlators on 32 and 56 qubits, respectively. The allowed range of
each correlator was divided into eight intervals, which were mapped linearly to the image color values. After preparing the
state, we measured the correlators and decoded the image. With sufficient measurement statistics, the smaller image was
recovered exactly. For the larger image, hardware noise produced a pixel error of approximately 21%, although all incorrect
pixels were assigned to an adjacent color interval. All experiments were performed on the Quantinuum H2-2 processor. The
initial |4)®™ state was prepared using Hadamard gates, followed by one two-qubit Rzz rotation for each encoded pixel. The
results are shown in Fig. With the base-8 encoding, the largest experiment corresponds to the upload and recovery of
4,428 bits of classical data, which, to the best of our knowledge, is the largest such demonstration reported to date.

Discussion. We introduced a state-preparation primitive for Pauli correlation encoding. The mathematical result is
a certified and algorithmic local inverse for the PCE correlation map: for m = (Z) encoded k-body Z correlators, every
target vector in a cube of radius p(r) € ©2(1/m) can be realized by an explicit product of Pauli rotations on n qubits. This
guarantee is conservative, and the observed sparsity of the nonlinear terms suggests that the optimal upload radius may be
substantially larger.

Our numerical warm-start experiments indicate that this structure can improve optimization after an initial PCE round
and can mitigate the gradient-variance decay associated with random initialization. Our trapped-ion experiments show that
the same preparation idea can be deployed on present hardware to upload and retrieve nontrivial classical images from Pauli
correlators on up to 56 qubits. Together, these results suggest that correlation-based state preparation may be a useful
near-term primitive for both combinatorial optimization and data-driven quantum algorithms.
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