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Abstract. Graph Neural Networks (GNNs) have shown promise in solving complex graph-based
optimization problems, with implementations on both classical and quantum computers. Whilst
promising better scalability with the problem size, quantum GNNs are prone to untrainability; in
particular, the barren plateau problem. In this work, we provide a gradient analysis for a specific
type of quantum GNN and indicate that it is efficiently trainable for a range of tasks. Our results
are validated by simulated experiments on two benchmarks. Furthermore, we comment on the
regimes of advantage of the model as well as conditions for its successful dequantization.

1 Introduction

Graph neural networks (GNNs) process structured, relational data efficiently, by analyzing the relations
(edges) between different features (node labels) locally. When implemented, however, classical GNN models
encounter scalability issues, such as computational blow-up [1], over-smoothing [2], or over-squashing [3].

For this reason, quantum architectures promise a significant computational advantage, by reshaping graph-
based tasks onto Hilbert spaces [4-6]. Variational Quantum Algorithms (VQAs) are the leading candidates
for realizing this advantage on near-term hardware. The major drawback is that they are usually exposed to
the barren plateau problem [7—10] which hinders their trainability, making optimization exponentially slow.
It is therefore crucial to check if (and when) a quantum model avoids this issue.

Several QGNN architectures have been devised, each of them bringing different insights towards the graph
scalability problem. Hybrid models (egoQGNN [11], SQM-GNN [4]) employ classical graph decompositions
into small subgraphs. Others (Q-AGNN [6]) implement the quantum circuits at a node-level, then classically
performing the data hopping. For more geometry-oriented problems, the QGNN by Verdon et al. [12] tackle
data compression to optimize graph-isomorphism tasks. Our work extends the quantum GNNs offered by
Liao et al. in [13], which amplitude-encode the graph structure and features onto one global circuit.

In this project, we compute the cost gradient variance of the Quantum Graph Convolutional Networks
(QGCNs) presented in [13]. Namely, we find approximate bounds and the expected asymptotic trend of the
variance, and validate the results with experiments on two benchmarks. For the Simple Graph Convolution,
we provide regimes of advantage for the quantum model as well as conditions for low-rank simulability.

2 Preliminaries: The QGNN Architecture

The QGCNs defined in [13] is split in two categories: Simple and Linear Graph Convolutions (SGCs and
LGCs respectively). The problem is set as a node classification of a graph and for this, the circuit consists
of two main registers: the node position (address) register, Reg(i) and the data register Reg(k). The former
has each standard basis element associated to a node, meaning the size of the register is n; = [log N'|, where
N is the number of nodes. For Reg(k), the node feature vectors (of size C') are amplitude encoded, leading
to the qubit number n; = [logC]. A QGCN layer' is illustrated in Fig. 1. In the figure, two alternative
blocks are passed to the registers, which are then compared using a Modified Hadamard Test using the
topmost qubit [14, 15].
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L An activation function is usually encoded as well, but is hardware inefficient and omitting it maintains competitive results.
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Figure 1: (a): The quantum circuit implementing a layer of the QGCN excluding the activation function
(or equivalently, the QSGC). The cost function is evaluated by the Modified Hadamard test. (b): QSGC
example for the cost gradient variance Var(0L/00,) as a function of the number of qubits for the Karate
Club [18] and Wisconsin [19]. A larger figure (Fig. 3) including the QLGC plots is available in Appendix E.

Unpacking the circuit, the first block performs three gates. The X gate amplitude encodes the node feature
vectors in Reg(k) and entangles them to the node positions from Reg(i). Then, the gate U; block encodes
the graph’s normalized adjacency matriz with self-loops.”> Finally, a variational quantum circuit (VQC), or
ansatz, is applied to the data register, U(0). The other block amplitude-encodes the target classes using
gate Y which is functionally identical to X. On its own, the first block computes [¢hous) = (A® U(0)) [vx)),
where |¢x) is the input data state. The second block gives the target state, [y). By performing the
Modified Hadamard Test, the repeated measurement effectively gives the following cost function:

Loaen = —Re( (Wout|tyy) ). (1)

This widely used cost [16, 17] compares the output state |1)4,¢) with some target |1)y) via their inner product.
This circuit constitutes a single-layer QSGC. K-layer QSGCs repeat the block encoding above K times,

and the LGCs replace it with a polynomial P(A), effectively superimposing SGCs of different layers.

3 Trainability and Gradient Variance Bounds

Depending on the input embedding, architecture, and optimization process, ML models can be more
or less efficiently trained. For gradient descent-based quantum models, the main impediment to efficient
trainability is the presence of barren plateaus. This translates to a flattening of the loss landscape as the
input size increases. To evaluate this, one turns to the variance of the cost function gradient [20], denoted
as Var(0L/06,). Here, L is the cost and 0/06,, is the gradient component over parameter 6,,.

Assumptions. There are several degrees of freedom in the trainability calculation. First is the graph
structure, which we restrict to k-regular graphs, a choice that gives us a sensible quantitative analysis for
typical GNN problems [21].% Second, the choice of input and target (“i,t”) states |¢)x) and |[¢y’) can lead to
a range of different variances. Here, we approximate their distribution as a spread Aj¢[Var(9,L)] centered
in the expected variance E;[Var(d,L)]. This approximation is reasonable for discrete, classical data, as
opposed to (Haar-)random quantum data which concentrates the loss around zero [25-27].

Results. The parameters of interest for our asymptotic behavior are the graph size N (number of nodes),
the (average) node degree k, and the feature vector size, C. As such, we derive the following bounds:
QNTICTY) < Eig[Var(9uLaaon)] < O(CTH), (2)

where the upper bound holds for all choices of U(€) and is attained by the Instantaneous Quantum Poly-
nomial® (IQP) ansatz [28, 29]. The lower bound is artificially increased by employing a trick that filters

2The matrix element A is defined in Eq. 6 in Appendix A. Hereafter, we may often call A simply the adjacency matriz.
$However, some types of problems deviate significantly from the regular graph approximation [22-24]. k is the node degree.
4This circuit uses commuting gates and thus is known to be trainable at the expense of expressivity.



out less trainable ansétze (shown in Appendix C.7.2). Whilst these bounds only tell us how well or how
poorly different VQCs can perform, the curse of dimensionality reveals to us (in Appendix C.8) that the
most likely asymptotic trend of arbitrary anséitze is

Ei,t [Var(a,uLQSGC’)]expected ~ @(C_2) + G(N_lc_l)' (3)

This does reach the flattening with IV, albeit at a significantly worse dependence on C'. We thus conclude
that if C < N, the model is trainable, and validate this result with two QSGC experiments (Fig. 1). The
gradient analysis for single-layer QSGCs is done in Appendix C. In Appendix D we generalize the results
for graphs with weighted edges and use this to extend the results to any K-layer QSGC and QLGC model.

4 Note on Complexity and Dequantization

The QSGC complexity results in [13] suggest a trade-off between the algorithm qubit number and circuit
depth. Can we exploit this for quantum advantage? The answer is mixed. First, the classical compilation
space-time complexity for the amplitude and block encoding schemes is comparable to the Classical SGC
complexity, thus losing all advantage by default (the input problem [30, 31]). Unfortunately, as of now
the only way to bypass this is to assume an efficient oracle or QRAM. Second, we emphasize that efficient
trainability translates to small query complexity — in our case, an O(C?) overhead.

Trade-off and advantage. For the QSGC (and any other QGCN for that matter), there is freedom
in choosing the number of ancillary qubits. More qubits can perform the amplitude and block encoding
with a significantly smaller depth, and vice-versa. This gives a trade-off between the overall space and
time complexities, and effectively splits the advantage in three regimes: (1) By choosing O(polylog(N))
ancillary qubits, the QSGC gains an exponential space reduction and a polylogarithmic speed-up w.r.t. its
classical counterpart. (2) Choosing a sublinear number of ancillas O(N®) with a € (0, 1) leads to polynomial
advantage in both space and time complexities. (3) Lastly, by choosing O(N/polylog(N)) ancillas, we trade
off the advantage in the first case — an exponential speed-up with a polylogarithmic space reduction.

Low-rank simulability. To even out the oracle assumption, Ewin Tang’s breakthrough algorithm [32,
33] samples values from r-rank approximations of M x N matrices in O(polylog(M N)poly(r,1/¢e)) with
precision €. This method is a baseline for dequantization of algorithms claiming quantum advantage. As
derived in Appendix F.4, we apply it to find simulability conditions for the QSGC. If the rank of A is
r = O(N%9) the model can be fully dequantized and if » = O(polylog(N)), the dequantization algorithm
gains a further exponential advantage over the QSGC itself.

5 Discussion and Outlook

We studied the trainability and classical simulability for a type of amplitude-encoded QGCNs. As such,
we established that most arbitrary VQCs can be efficiently trained on tasks where the classical impediment
is graph size scalability. Furthermore, under a QRAM assumption, the base model showcases a tunable
space-time advantage that can be exponential in either space or time, or polynomial in both. Lastly, we
found that this model can be dequantized for low-rank adjacency matrices A.

Further work could follow a number of tracks. For instance, the assumptions on the trainability
calculation could be loosened to find a more accurate gradient scaling. On the simulability side, our
analysis only considers the classical/quantum SGC comparison and one dequantization scheme. This could
be extended to LGCs as well as more sophisticated models delivering the same output in order to find more
simulable regimes. The trainability and simulability calculation could also be generalized for the Attention
and Message-Passing QGNN variants described in [13]. To this end, we believe that this work sets an
example for finding how different types of graph and feature encodings impact the trainability and classical
simulability of a quantum GNN. Therefore, in the quickly expanding zoo of QGNNs, it would be worth
performing this analysis on other models to further improve their quality.

The results in this project are included in a thorough implementation and benchmarking of QGCNs.
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APPENDIX

In this Appendix we provide the full trainability and classical simulability derivations. Specifically, in
Appendix A we introduce the graph notation and some relevant results. In Appendix B we give a more
thorough description of the QGCNs presented in [13]. Appendix C is concerned with the full trainability
derivations for the single-layer QSGC, followed by a generalization to all other QSGC and QLGC models
in Appendix D. The following section illustrates the trainability experiments in full. In Appendix F, we
provide the advantage and simulability analysis for the QSGC, leaving the last section for helper lemmas.

A Graph preliminaries

A.1 Unweighted graphs

A graph is a collection of nodes N and edges £ between the nodes. It usually describes structured
information where different parts of the data are linked via some relations. In our work, we define addresses
of the nodes and encode them into the register Reg(i), thus called the address register. In order to encode
the edges, we employ the normalized adjacency matriz with self-loops. To unwrap this notion, we define the
adjacency matrix A as a symmetric matrix such that

(4)

1 if nodes 7, j are connected,
Aij =

0 otherwise.

By definition, A;; = 0. In a GNN, it is important to reinforce the information of a node onto itself, so we
introduce self-loops in the graph (literally meaning that each note has an edge linking to itself). The self
loops count as one extra edge for each node. We define this as A = A + Iy, where N is the total number of
nodes. Finally, for the purpose of encoding this matrix into a unitary gate, the matrix itself needs to have
a sub-unitary spectral norm, meaning || Ay < 1. For this reason, A must also be normalized. In order not
to bias more connected nodes, we use the following normalization:

A=D73AD, (5)
where D;; = > j flij is the degree matrix. This normalizes each edge by the degrees of the connected nodes
as

L. Aij
i = .
7 /deg(n;) deg(n;)

Here, the degree deg(n;) = D;; of node n; is the number of edges connected to it.

(6)

A.2 Weighted graphs

For a graph with weighted edges, each edge has an associated weight w;; > 0. In this case the adjacency
matrix is defined as
(7)

A — {wij if nodes i, j are connected,
1]

0 otherwise.

By adding the self loops, we now have extra freedom in choosing the weights of the self loops to be w;; > 0.
Therefore, the new adjacency matrix is also

Aij = (8)

w;; otherwise.

The definitions for adding self-loops and the degrees are the same as above, therefore inheriting the
changes from Eq. 7. We note that by node degree and degree matrix in this case we refer to weighted
degrees, meaning that, in accordance with the definitions above, we have

Dy = Z Ay = Z Wij, (9)
J J



with deg(n;) := D;;. This means that node n; is not restricted to having deg(n;) edges connected to it, but
instead it sums up the weights of all its connected edges.

Next, we will prove two important results that will help us generalize our one-layer QSGC results to both
general QSGCs and QLGCs. The generalization is done in Appendix D. For further details we refer the
reader to [34, 35].

A.2.1 Multiplying normalized adjacency matrices

Here we show that multiplying two commuting normalized adjacency matrices with self-loops produces a
new, valid normalized adjacency matrix with self-loops. This is done in Proposition 3, and to prove it, we
will employ the following two lemmas:

Lemma 1 For a graph whose normalized adjacency matriz with self-loops is A and the degree matriz is D,
the vector D21 is an eigenvector ofA with eigenvalue 1. Here, 1 is a vector whose elements are ones.

Proof. For the usual adjacency matrix with self-loops A, we notice that

Al)i = ZAU 1= b” = 1211 = Dl. (10)

Therefore, calculating
A-DY?1 =D "'V2AD~2DY?1 = D712 41 = D'/?1, (11)
thus D/21 is an eigenvector of A corresponding to eigenvalue 1. O

Lemma 2 If the normalized adjacency matrices with self-loops of two graphs commute, then their degree
matrices are proportional.

Proof. For graphs G4 and G we define the normalized adjacency matrices with self-loops to be A and B,
respectively. We also denote the degree matrices as D4 and Djp.

If Aand B commute, then they share a mutual basis of eigenvectors. Furthermore, because they are
symmetric, the basis is orthogonal.
Using Lemma 1, we know that Dl/ ’1 and 13]13/ ?1 are in this basis. If they do not coincide, they should be
orthogonal, which is impossible because their inner product is

17(DYH DY Z\/ )ii(Dp)ii (12)

Therefore, they must be proportional, and so (D4)i; o (Dg)i;, which completes the proof. O

Proposition 3 Let G4 and Gp be two graphs with weighted edges and the same number of nodes, such that
their normalized adjacency matrices with self-loops are respectwely A and B. Then there ezists a gmph
Gc whose normalized adjacency matriz with self-loops matches C = AB only if the two matrices A and B
commute.

Proof. We solve this from an algebraic point of view. The three conditions that C needs to meet are (1)
symmetry, (2) non-negativity, and (3) the degree relationship given in Eq. 6, based on constructing a valid
degree matrix D¢ associated to it.

The first condition is solved by the symmetry of each of the matrices A and B, as well as the commutation
relation:

~ ~ \T PN A ~ o~ N
o7 = (AB) = BTAT = BA= AB = (. (13)

The second condition means that all of the elements C‘ij => Azkék] must be positive, which is true
because all elements in A and B are also positive.



Finally, to address the third condition, we start constructing the desired graph Go. As we know from
Lemma 2, the degree matrices of graphs G4 and Gp are proportional; let them be related as 153 = bD A,
where D; is the degree matrix of graph G; and a is a proportlonahty constant.

Because C' = AB commutes with both, if we want G¢ to have C as the normalized adjacency matrix with
self-loops, we need to further define the degree matrix Do = ¢D 4.

Finally, we check the relation in Eq. 6 for C' and De:

~ 1 . .1 ~ 1 .1
DéCDg :Dg,ABDg
~ 1 1 1 __1 . __1 _1
— 2 2 2 2 2 2
=DAD , AD ,?Dg*BDy D¢,
P AD TP BD IR
:g ADA ADA A BDA A
:%NDABEC (14)

After simplifications, we establish that the weights of the desired graph should be

kBk
Cij = 5 Z - (15)

Assuming b is given, c¢ is still a choice in our definition. Therefore, not one, but a whole family of graphs
{G&}e>o0 is defined such that AB is the (mutual) normalized adjacency matrix with self-loops.
To this end, we need to check that the relation (Dc)“ = Z Cw holds:

> Gy = Z M =cy_ A _ c(Da)ii __Aw (D¢)is. (16)
J k

(DB)kk (Da)kk — (Da)ii(Da)k
Zk Aik—l
Note that this check is equivalent to checking that Lemma 1 holds for G¢. [l

For k-regular graphs we can also give the following corollary:

Corollary 4 Following Proposition 3, if graphs Ga and Gg are weighted k-regular, then Go can be chosen
to be k-regular.

Proof. For a regular graph, all nodes share the same degree value k +1 (including the self- loops) As such,
the degree matrices are D 4= D B = k1 (so b=1). As seen in the previous proof, Dc =c¢D A, which makes
the new degree matrix be

D¢ = c(k + 1)1. (17)

Therefore, to make the new graph k-regular we set ¢ = 1. (Il

A.3 Convex sums of normalized adjacency matrices

In this section we further extend the properties of commuting normalized adjacency matrices with self-
loops by also showing that taking the convex sum of two such matrices leads to a new, valid normalized
adjacency matrix with self-loops.

Proposition 5 For two graphs Go and Gp with commuting normalized adjacency matrices with self-loops
A and B, there exists a graph Go such that its normalized adjacency matriz with self-loops is a convexr sum
C = aA + BB for some non-negative numbers o and 3 such that o+ 5 = 1.

Proof. As done in the previous Proposition, we confirm that a linear combination of two symmetric,
non-negative matrices gives a symmetric, non-negative matrix as long as the coefficient o and S are non-
neegative.



By employing Lemma 2, because A and f}, the graphs’ degree matrices are proportional, Dg = bD4. If
we want to construct a graph Go whose normalized adjacency matrix with self-loops is C, then this would
also commute with A and B, and so a necessary condition is that the degree matrix of G¢ is proportional
to that of G4, as Do = ¢D 4 for some positive number ¢ which we set.

Then, to complete the construction of G¢, we calculate the weights given by the unnormalized adjacency
matrix C as follows:

A
=c (a/i + % N) : (18)

As done above, a last check that (D¢)s; = > Cijt

S Cy=c|oX A+ DS By | =clat5) (D)= (@ + HDe)i = (Do), (19)
J

J J
which is only valid because o+ 8 = 1. Here, everything except c is given and ¢ can be set to be any positive
number. (I

This can be extended to a convex sum over n normalized adjacency matrices with self-loops:

Corollary 6 For graphs Ga, with normalized adjacency matrices with self-loops flp for p ranging from 1 to

n, the conver sum C = Zp ozpflp is a valid adjacency matriz with self loops of some graph Gc, for some ay,
such that 3, ap = 1.

Proof. By induction, the two-term case is done in the Proposition above. Let us assume it holds for n such
graphs:

A= Z apA,, where Z ap = 1. (20)
p=1 p=1

In order to add a new graph, Ga,,, with An+1, we apply Proposition 5 again: For some « and [, the
following is a valid normalized adjacency matrix with self-loops:

n n
C = aZapflp+ﬁfln+1, where aZap—i—B =1. (21)
p=1 p=1
By relabeling vy, = o, and 8 = o, 4, the condition is met for the n + 1 graphs as well. O

Finally, a corollary on k-regularity:

Corollary 7 Following Proposition 3, if graphs Ga and Gp are weighted k-reqular, then Go can be chosen
to be k-regular.

Proof. Similar to the proof of Corollary 4. Because Do = ¢Dy = c(k + 1)1, then the free parameter ¢ can
be set to 1. O

B QGCN model and circuit details

Here we dive into the details of the QGCN architecture. We first describe the QSGC in detail as it stands
at the core of the other models.



B.1 Quantum Simplified Graph Convolutions

In graph convolutional networks (GCNs), with each layer, the information is scrambled locally. This is
done by employing a convolution that updates the data at node n; of the graph by linearly mixing it with the
data from its adjacent nodes. For simplicity, this convolution can be thought of as applying the normalized
adjacency matrix A to the input data X. Afterwards, a trainable weight matrix W is applied to the same
data. Finally, an activation function o is used to enhance the expressivity. This can be illustrated as

HY =4 (AXW<1>) . (22)
By applying multiple layers, a telescopic expression is reached:

HY =4 (Aa (Aa(. L Axwy.. WU*U) W<’>) . (23)

Nonlinearities. In most classical learning models, expressivity is based on the presence of nonlinearities.
However, in the case of GCNs, removing them leads to a well-known GCN variant called a Simplified Graph
Convolution (SGC), which shows competitive results despite its low model complexity [36-38].

By dropping the nonlinearities, the application of [ layers takes the form
Hi, = Alxw, (24)

where W =[], W® is the combined weight matrix, which acts as a single layer weight matrix.

This model is of particular interest to us, because even though nonlinearities can be implemented on
quantum circuits [39, 40], they bring a large overhead to the circuit depth, making it inefficient.

To implement a one-layer quantum SGC (or QSGC), we construct the circuit in Fig. 2. Here, the main
registers are the address register Reg(i) and the data register Reg(k). The former stores the positions of
the nodes, whilst the latter stores the features. There are two blocks of gates.

The one to the left (which is applied first) first loads the features through gate X,° then the normalized
adjacency matrix A by block-encoding it into U 4 Simultaneously, a
trainable gate (ansatz) is applied on the data register.

The block to the right is a single gate that loads the labels used for a classification task. In order to
compare them, one runs a Hadamard test between the two blocks, as we will explain in Section B.1.2. If
one wants to implement [ layers, it is enough to block-encode Al instead of A.

Classical and Quantum Linear Graph Convolutions. The Linear Graph Convolution (LGC) effec-
tively acts as a superposition of SGCs with varying layers. In our case, this translates to replacing the
block encoded adjacency matrix A with a polynomial P(fl) = Z;{: 1 apflp. Here, the coeflicients a, sum
up to 1. By allowing the coefficients a, to be trainable, both classical LGCs can represent a much richer
class of graph convolution filters compared to SGC. This increased expressivity enables LGC to capture
more complex graph structures and long-range dependencies, leading to improved performance on certain
downstream tasks.[41] In the quantum case, this is implemented using a QSVT routine, as derived in [13].

B.1.1 Data loading

In the usual, classical graph convolutional networks, the data is represented as a feature vector )ZZ e R¢
assigned for each node i. Here, C' is the number of features assigned per node (each feature slot being
a channel). By stacking these vectors, we obtain the feature matrix X € RV¥XY  which we load (after
normalization) as the following quantum state:

N N C
) =D li) i) o< Y > X i) (25)
=1 i=1 k=1

5We will see how X is loaded in Section B.1.1.
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Figure 2: Quantum circuit implementing QSGC newtork. The cost function is evaluated by the Modified
Hadamard test. This is a larger version of Fig. 1.

The entire state is prepared on two quantum registers hosting the channel index k£ and node index 1,
which are denoted as Reg(k) and Reg(i), respectively (see Fig. 2). Therefore, this encoding corresponds to
an amplitude encoding, of the vectorized node feature matrix. In this work, the method from Ref. [42] is
chosen, as their work provides a tunable trade-off between the number of ancillary qubits and the circuit
depth for state preparation.

B.1.2 Cost function evaluation

In order to be able to compute a reasonable cost function directly on the quantum circuit, the following
choice of cost® is used (as given in Eq. 1):

Locen = —Re( (out|tby) ). (26)

Here, the state |¢)y) is a one-hot encoding of the target state:

Fi
[oy) =D Y Yap ls) 1), (27)
seYr f=1

-

with Y = [Y,]f reconstructing the target classes. The loading process is analogous to that of X. The state
|1y} can be efficiently amplitude-encoded using the algorithm proposed in Ref. [43].

Finally, the cost function Logon can be evaluated via the Modified Hadamard Test [14, 15]. As seen in
Fig. 2, we add an extra qubit and controlling the gates generating |¢o:) on the |0) state and |¢)y) on the
|1) state. Then, we can measure the added qubit over several runs to form a probability distribution such

that 5. 9R
p(()) _ + e[<4wout|¢Y>] ] (28)

C Detailed trainability calculations

Here we describe in more detail the motivation behind the cost function as well as derivations for the
results in Section 3. Furthermore, we work through a simplified version of the large-graph limit and give an
example through the use of the IQP ansatz.

Why QSGC? Here, we focus on the single QSGC layer because it lies at the core of all other models. The
generalization for any K-layer QSGC as well as QLGC models is done in Appendix D. Whilst the absence of
nonlinearities (such as activation functions implemented using e.g. NTCA [44]) maintains a low expressivity,
it protects the loss landscape from acquiring trivial barren plateaus.

This cost is the same across all QGCN architectures defined in [13], including the QSGC.



C.1 Motivation of the cost function

A natural measure of the overlap between two states (the output and the target) is their square distance,
which in this case is

Lgistance = H |7;Z)out> B |'(/)Y> H2 (29)

By expanding this definition, we reach

Lgistance = <¢out|¢out> - <¢out‘¢Y> - <¢Y|'¢}out> + <'¢Y|7J}Y>
=2 (1 — Re (Youtty))
=2(1+ Lgagen) -

Therefore, the constant term as well as the prefactor of 2 can be dropped as they do not contribute to
the dependence of the gradient variance on the input size. For future reference, we write the cost function
Locen = (L1 + L7) /2, with L1 = — (tout|thy).

C.2 Notation and explicit form of I

We give the notations for the index and data register qubit numbers n; = logy(N;), ni, = logy(Ng), so N;
and Ny are the dimensions of the respective Hilbert spaces. This means that the number of nodes N and
the dimension of the feature vectors C' are bounded by N;/2 < N < N; and Ny/2 < C < Nj. Therefore,
their orders match, N; = O(N) and N = O(C).

Let us now calculate Ly explicitly.

The normalized input and target states are

Ni
) = vai;ﬁ vi). (31)

Here, 4, j label the nodes of the graph. Next is the output state:
o) = (A© UO) ) lix) (32)

where A is the normalized adjacency matrix with self loops as defined in Appendix A. This is not a unitary
gate; it is implemented through block encoding in a larger circuit”, but can be used as such in our calculation.
This leads to the inner product:

N;

Li= - > GlAL) ;] U(6) ) (3)
J=1

0
.

2

Aij (y;1U(8) [xi) - (34)
1

2=

.

7j

Here, the ansatz U(0) is generic; however, with minimal loss of generality, we can assume that the ansatz

takes the following form®:
1

U(0) == ] exp (—ib,V;) - Wy, (35)
n=D

"We note that this can be done as A is a subunitary, in the sense that its operator norm is ||Al|op < 1.
8We note that we could add a fixed gate Wp1 at the end of the circuit, as U(0) := Wp4; - H;:D exp (—i0,Vy) - Wy, as is
usual in many ansdtze. The results are derived identically if one keep this gate into account.



The parameters @ = (01,602,...,0p) are trainable, D is thus the dimension of 8. This is not guaranteed
to be equal to the depth of the ansatz, as usually some of the gates containing these parameters can be
performed simultaneously. The number D is usually related to the size of the data register n; only. Finally,
the product ranges from D to 1 (descending) as the order of the parametrized gates is from right to left in
order to be applied in ascending order to the state |x;).

The unitary operators V,, and W, are not trainable, but ansatz-dependent. V) is also Hermitian and
squares to the identity, which leads to a useful formula:

exp (—i6,V;) = cos 0,1 —isin0,V;,. (36)
This can be seen by taking the Taylor expansion of the LHS and separating by even and odd terms.

C.3 Derivation of the gradient variance

To derive the gradient variance for the Quantum Simple Graph Convolution, Lgsgc, we start by decom-
posing it in terms of L1, as

1
Var (0, Lgsac) = 1 (Var(9,,L1) + Var(0,L7) + 2Cov (9, L1, 0,L7)) - (37)

Here, 0, = 0/06,, is the p-th direction of the gradient. Computing the builing block of Eq. 37:

0 1 &
Ol == Gy, Z 5 v, U(6) Ix) (38)
1 &
= > Ay ] 0.0(0) i) (39)
Lig=1
For the ansatz, we have
1
0,U(0) =0y, ] exp (—ibyVy) - W, (40)
n=D
pt1 1
= H exp (—i0,Vy) - Wy | Opexp (—i6,V,) - W, H exp (—i0,Vy) - W, (41)
n=p—1
UL Ur
=Ur, (—iV, exp (—i0,V,) - W,) Ug. (42)

Expected value is zero. By taking the expected value of 0, L1:

1

Eg[0,L1] = on )

/d@(a L)

Ni

& ;22 ()1 ,0(6) )

Z A / 46’ (y;| U8/, = ) — U(0,6, — —) |xi) (43)

1
(QW)DfV

Here, all weights 6, range from —m to 7. The full integral over 8 was separated into an integral over ,, and
the integral over all other parameters, denoted 8’. We notice that thanks to Eq. 36, exp (—i(£m)V,) = 1
and thus the two terms in the braket above cancel out. By a similar calculation, this extends to the whole
cost gradient, so Eg[Lgsac] = 0.



Now we can calculate the gradient variance considering the range of all parameters to be [—m, 7] > 6,,.
When integrating over the parameters, this range is assumed.

Var(9,L1) :(271)]3 / 46 (9,1,)° (44)
N;

/ 10" [ a6, 3 Ay 5,10,00) x) 2 (vl U0 ) (45)

(%;N Z AwAkl/de /d9 (vl 0,U(8) xi) (y1] 9,U (0) |x) (46)

v iv]akvlzl

The same separation into 6, and 8" was applied as for the expected value calculation.
Let us start with the term (¢, j, k,) and integrate it over 6,,, using Egs. 36 and 42. We denote this by I,

I, :/deu (yj10,U(0) |x:) (y1| 0,U(0) |xx) (47)
= / do, (y;| UL (—iV, exp (—i0,V,) - W,) Ug |x;) (yi| UL (—iV, exp (—i0,Vy,) - W,,) U |x) (48)
=— /d@u (yjl ULV) (cos 8,1 —isin8,V,) W,Urg |x;)
(y1| ULV, (cos 0,1 —isinb,V,) W,Ug |xx) (49)
= [ 48, (038,02 (3, | ULV W, U ) 31 ULVl U b
+ /deu(sm 0,)° (y;1 ULV W, Ur [x:) (yi| ULVEW,UR %)
- / df,, cos 0, sin b, (y;| ULV, W,Ug |x;) (yi| ULVMQWMUR |x%)
—i / db,, cos B, sin 0, (y;| ULV WU |%5) (yi| ULVuW, Uk |xk) - (50)
The second equality comes from Eq. 36, the third from Eq. 42, which we then separate by decomposing

the product of brakets. One can now check that the first two trigonometric integrals are equal to 7 and the
last two are 0. Considering also that Vi = 1, we reach the final relation

Iy =7 ((y; | ULWuUr [%3i) (il ULWUR %) = (5| ULV W Ur [xi) (yil ULV WUk [xk)) . (51)

Fortunately, after this tedious calculation, the other integrals follow. The only difference is that in this one
extra V), factors were present, which lead to a sign cancellation only as the resulting terms were swapped.
Therefore, each integral (over e.g. 6)) takes the current terms and splits each into two: one product of
brakets that do not contain the V) minus one one product of brakets that do. By counting all of these terms
with a D-bit counter @, we obtain the desired result for the variance of 9, L:

N; 1 1
1 - A A w(d o a
Var(9uL1) = 5prm S AgAn D (=0 Dy TT v wy i) (vl TT V"W i) - (52)
v odgk, =1 ae{0,1}P n=D n=D

The string & tracks the branch we took to follow this term as we computed the integrals, and the number
of minuses factored comes from the numbers of 1s present in the string, thus the Hamming weight w(&).
Reducing it to a simpler form:

2

Z Z Aij (vl H Vi "Wy [xi) | (53)
€{0,1

1,j=1

Var(0,L1) = SDN?

ac



We can do a similar calculation for Var(d,L}), but first we note that this is not trivially the complex
conjugate of Eq. 52. The derivative of L] is

N; D
. 1 . .
Ouli =0 |1 > il [T Wi exp(+it, Vi) Iy) | - (54)
tig=1 n=1

thus instead of extracting a —iV), factor from the exponential as done previously, now a plus sign appears.
Therefore,
OuLi = —(0uL1)" (55)

When computing the variance, the minus sign above is squared and vanishes, hence

2

Var(9uLi) = 5pp7s > (=@ Z Ay (vl HWTVna" xi) | - (56)

v ae{0,1}P i,5=1

Finally, the calculation for the covariance is very similar, except the decomposition in line 49. Here, one
of the brakets is complex conjugated, as

(¥l ULV, (cos 0,1 — isin0,V,) W,Ur [x;) (x| ULWIV,, (cos 0,1 + isin0,V,,) Ur 1) , (57)

and the plus means that when separating the terms, both the cos? and the sin? have a positive sign, hence
we drop the (—1)“(®) in the answer for the covariance:

2
Ni

1
Cov(OuL1,0,L}) = o5 D Z 5 il TT vy i) (58)
ae{0,1}P |i.j =D
C.4 Results for regular graphs

For a k-regular graph, each node has a degree of k + 1 (including self-connections). By applying Eq. 6,
Ay; = 1/y/deg(i)deg(j) = 1/(k + 1) if i and j are connected by an edge, and 0 otherwise. Here we noted
the degree of node ¢ by deg(i). It is easier to work with the separate terms derived above, namely Eqs. 53
and 58. The former equation becomes

2

1
Varuln) = g o | 30 ool [T Wb | (59)

ae{0,1}P \<i,j> n=D

whilst the latter is simply

2

1
* 1 Q
Cov(Buln, L) = o O | O (vl T Vi Wy 1xi)| - (60)

D N2
2UN; (k +1) ae{0,1}P1<i,j> n=D
ED&

By < 4,7 > we mean that nodes ¢ and j must be connected (this includes the self loops < i,7 >). For further
reference we use the Dz for the ansatz terms.

C.5 Expected values over the input and target states

The expected value of the cost gradient variance is done by considering the distributions of input and
target feature vectors respectively, and averaging each node feature over these distributions.

Firstly, we take a look at the encoding of the input and target states, respectively |x;) and |y;), for node
i. The target states are one-hot encoded onto some basis; let us call it {|€4)}4e[1,n5,]- The input states are



multi-hot encoded, meaning that each state |x;) is equal to some equal superposition of a subset of basis
states, based on the encoded input bit string, call it 7.” We write this as

lvi) =lea)
L
%) —m;% ep) .

The total number of possible target states is Ng, equal to the that of basis states. The number of possible
input states is that of all non-zero Nj-bit strings, which is 2V — 1.

To this end, the input and target states are considered independent random variables'’, and are indepen-
dent across the nodes of the graph. Therefore, the expected value operator E[-] acts on any function f of
the states |x;) and |y;) as

(61)

E[f(ly:)] = Zf l€a)),

E[f(b‘z))]:ﬁ Z f(\/—Z’Yb‘eb>

7€{0,1} Nk
F#0

(62)

Note that we use states, rather than density operators. This is because the distribution actually runs over
decisions for the (classical) inputs and targets, that are then implemented onto the QGNN. This is a classical
sampling process where each of the runs has a determined input and target, rather than running any of
them with a probability and “forgetting” which decision was taken.

In order to find the expected value of the variance, E [Var(d,Lgsac)], we will average the three separate
terms using Fq. 37 first:

2
B Var(@u)) = e 2o CUMOE| (X wulDal | [ 69
v ae{o,1}P <é,j>
E [Var(9,L})] = E [Var(d,L1)]", (64)
2
E [Cov(duL1,0,L7)] = W Z E Z<Yj’D&|Xi> : (65)

&e{0,1}P <ipj>

By expanding the square terms from Egs. 63 and 65,

E | Y (vjlDalx) (yi| Dalxi)| =S4 and E| > (y;| Dalxi) (xx| DL [yi) | = S (66)
<> <i,j>
<k,> <k,>
we observe that the averages are taken over pairs of nodes (i,7) and (k,1). As such, one needs to take into
account whether the (directed) edges are disconnected, or have one mutual node, or both, as each of these
cases requires a different distribution over the input and target random variables. For simplicity, we denote
the expressions by S% and S (which will be used for the variance and covariance terms respectively).

C.5.1 Dependence of the variance with the graph size NV;

When considering the distribution over |x;), |y;), |Xx), and |y;), we need to separate the following cases
based on whether ¢ = k or j = or both, or neither.

9Notice in Eq. 61 that because of the equal superposition of basis states, the normalisation factor depends on the Hamming
weight of the bit string 7.

1011 practice, the input and target will have hidden correlations; otherwise, the model will not learn any useful information.
However, for our purposes, we take them as independent for the sake of estimating the expected value.



Table 1: Counting the number of possible combinations of pairs of edges based on a constraint (in the first
column). The values are denoted by Rj, Rn, Ry, and R), respectively.

H Constraint  Independent variables Number of cases Denoted as H
i#k J#L i) xa), i), Iy Ni(Ni = 1)(k +1)* — Nik(k +1) R
iFk j=1 [%i), |Xk), ;) Nik(k +1) Ry
i=k,g=1I %), |y;) Ni(k +1) R

In Table 1, we count all the pairs of edges categorized by the constraint on whether input or target feature
vectors coincide or not and denote them using the R-notation given in the last column''. Rewriting the
expected values from Eq. 66:

St =RE [(y;| Da |x:) (yi| Da [x1)] + RAE [{y;| Da |x:) (yi| Da |xi)]

(67)
+ RvE [(y;| Dg [xi) (y;| Da [xx)] + RIE [(y;| Da [xi) {y;| Da |x:)] »

and
S& =R E[(y;| Dg [xi) (xx| Da |y1)] + RAE [(y;| Da [x:) (xi| D& y1)]

68

+ RUE[(y;| D [x.) (xe| Dy, + RE (| Dt ) (xd Dsly)]. o
Simple asymptotic analysis. In order to calculate the asymptotic behavior of the gradient variance
with respect to the graph size (quantified by NV; and k), one can notice that the expected values of different
node pairs are only dependent on the size of the distributions, thus on Ny, and the terms Dy derived from
the ansatz. Whilst our analysis consideres IV; and N, as independent parameters, all standard ansétze used
depend strictly on the data register size, hence also on the logarithm of Ng. It is thus safe to assume that all
of the edge pair expected values are equal to Og(1) in both the node number N; and the average connectivity
k.'? As such, both of the summations above have the order of the leading term, 8%, 5% = Oge(R)|(Ni, ).
This implies that, when keeping Nj, constant,

E[Var(9, Lasac)] = (B[Var(@,L)] + E[Var(9,L)"] + 2E[Cov(dL, 9,L3))

1 [ w(d v v\ * c
=N e DS + (537) +2As5)]
¢ &e{0,1}0
2 : ]
=g o |(CD RS + 5 (69)
i &e{0,1}P
2 [ w(d
T2DN2(k +1)2 > [V D Ou(Ry) + O ()]
? ae{0,1}P -
2 2 2
=N g Qe Nk L))
=Oge(1). (70)

Therefore, to leading order, the normalization of the adjacency matrix exactly cancels the summation of the
different terms. Unless both the expected values E [(y;| Dg |x;) (yi| Da |xk)] and E | (y;| Da |x:) (x| DZ7 |yl>}
vanish'?, the bound is strict as function of the graph size and connectivity, E[Var(9,Lgscc)] = Og(1).

"The indices correspond to whether the edges have zero common nodes (“||”), or the |x) or |y) in common (“A” or “V”), or
both (“]”).
2Here we use the “graph” subscript O (and ©g, etc.) to restrict the result to large N; or k asymptotes, for fixed Nj.

13We will see later that this requires the ansatz itself to be very restrictive.

u||7>



We remind the reader that this is only an evaluation of the average variance over all possible inputs
and targets. One can also find approximate (asymptotic) bounds of the full variance by also considering
the spread Aj;[Var(9,L)]. One option is to approximate it further with a standard deviation, taking the
variance /Var;(Var(d,Lgscc)), but this may be tricky as it assumes a symmetric spread which may not
be true. We leave this task for future work.

C.6 Calculation of S% and S and dependence on Ni

Here, we calculate the explicit forms of the terms S and S¢, by computing each of the terms separately.
We begin with the “||” term in Eq. 67.

E [(y;l D& [xi) (yi| Da [xx)] =

Ni, Ny,
- N2<2Ni_1)2 (Z ea\) Z Z'Yb les) (Z <€c‘> Dg Z Z5d lea)
k a=l ’Y?éo c=1 540 ((5)

Here, we used expressions given in Eq. 62, where a, b, ¢, and d label the basis indices, and ¥ and § the bit
string labels ranging from 1 to 2V, Rearranging the summations, the expression becomes

1 b 0d
son—3 | O (€al Dales) (ec| Da lea) Z — > —— |- (71)
| 2 %) \%
- i Hooo

The last two summations can be done independently (using Lemma 8 in Appendix G). For now, we simply
denote the sums by Hj, and will plug them in at the end. The expression for the desired term becomes

(H{)
E [(y;] Da [xi) (vi| D& |xk)] = N2(2N 1) Z (ea| Dg lev) (ec| Daleq) | - (72)
a,b,c,d
Next, by considering the following relation
Z lea) = |T) =: [+)" = HE™ o)™, (73)
the expression in Eq. 72 reduces to
(HD? (o )2
E[{;] Da b} (1] Da b)) = iy 23z (110D (74)

For simplicity, we continue with the “V” term in Eq. 67,

E [{y;| Da |xi) (y;| Da |xx)] = (ea| Da|en) (€al D |€a)
J J 2Nk_ 22 Z\ﬁzﬁ

ab,d #0 540

Nk 2Nk_12z 0‘
a,b,d

(H7)

— T DT 7
@M - 12 (1] D5 Da 1), (75)

where in the last two lines we wrote the matrix elements of Dg explicitly and then contracted using the
state |T).



The “A” term is calculated as

1 VoYd
E[(y;] Da [%i) (yi| Da |xi)] = N2 1) > (eal Da lev) (ec| Da lea) Z ETR (76)
a,b,c,d ot
Here, the summation over 4 branches into two cases, as can be seen in Eq. 182 in Lemma 8. We name
these values Hy and HJ, respectively for the cases where b = d and b # d. The sum then reduces to

1
m Hy Z (ea| Da |eb) (€c| Da |eq) + Hi Z (€a| Da leb) (ec| Da les) | (77)
k a,b,c,d a,b,c
b#d

=Ny (1|D£DZ|T)

where the last sum was simplified in a similar manner to the previous term (Eq. 75). We can then artificially
add and subtract a copy of the second sum into the first one, to get the following expression:

]. - - ud —
E[{y;| Dt i) (il D 1x0)) =z =y | M5 (NEUT D [T))? = N (1] DD 1))
k
+ Hy Ny (1) DzD% 1)
Hé - N2 1 - T 5
= 1| Dg 1)) — — (1| DgDx% |1
st = (1 Ds D)2 = - (1l e D)
H, o T T
——— (1| Dg Dz |1) .
+ e = I DaDE ) (78)

To get this expression we wrote the summations over a, b, ¢, and d the same way as for the previous terms.
The final, “|” term in Eq. 67 undergoes the same branching over two cases as done above; the only
difference is that now, the bra vectors are entangled, rather than independent:

1 Y
E [(y;| Dg |x:) (y;| Da [xi)] =~ Dy Dz
[<YJ’ a |Xz> <YJ| a |Xz>] Nk<2N’€ — 1) %(ea‘ a ’eb> <€a‘ a ’ed> £ w(’?)
"y ’Y#O
H, - - 1
=3 - - [<1| DIDg|T) — MTI" (D&Dg)]
Hl T
fam o™ (DsDY) (79)

where the traces arise from the summation of the form »_, ,({(ea| D lep))?.
To this end, we can now add up the terms to reconstruct S% using Eq. 67, as well as the earlier calculations
for each term.

55 = (fN'fo) (@pa1D))’
+ M (I) DL Dg |T)
+ o ({1 D 02 = - (1 DaDE )] + 5 nt s (1 DaE 1)
+ 2@ 21 [<i’| DLIDs|T) - Loy (DQDZ{)] - Nk(];'vljl_ 1)T (DzDY), (80)



which after rearranging terms, becomes

Ry(HY)? RnH}

(2N —1)2 T 2Nk —1
1| DLDs|T 1

RA(Hy — HY)

Ni(2Nk — 1)

R|(H1 — H))

Np(2Ne —1) |

.
[e7

+ (1| DgDZL |1) [

+ Tr (DzD}) { (81)
Using this rearranged formula, we gain a clearer view of the contributions to Sg: There are four different
terms whose prefactors depend solely on the ansatz (which can in turn depend on Nj), but usually not on
N;. The factors in square brackets are then different terms of the form R; - f(Ny), where R; depends strictly
on N; and the rest depends on Ny.
The calculation for S¢ defined in Eq. 68 is almost identical, except the second bracket in every term is
flipped. Therefore, we can quickly write the final formula for this by performing the following changes:

)

o S\ 2 o RN o o RN o N 12
(11D& 1)) = (11 Da 1) (1 D& 1)+ (T Da|T) (T DLIT) = (1] D& IT)

(1| DEDa|T) =D (eal DalT) {eal DalT) = D {eal Da |T) (T| Df Jea) = 1,

B B a B B a B B (82)
(1| DzDE|T) = > (1| Dalea) (T| Dalea) = > (1| Dalea) (eal DL IT) = 1,
T(DeDL) = 3 (eal D les) (eal Diles) = 3 {eal D les) (es] Dl ea) = Ny
a,b a,b
Using this map, the expression for S¢ reduces to:
oo 2| BuHD? RAH,
s = [T Da D] | o 2
a <‘ ‘> (2Nk_1)2+2Nk_1
Ry(H)?  RA(Hy—Hj))  R/(H) (83)
EN-1E T M@ 1) TN D)
Here we note the following bounds:
. ) . 12
(d@palD)’| <[ Dal < 1. (5)
(T DEDx 1) <1, (85)
(1 DaDF |1)| <1, (36)
|Tr (DzD%)| <Ny (87)

These bounds respectively match the lines in the map 82 we used above to derive S% from S%. Therefore,
by taking the modulus in Eq. 81, we can further obtain

Ry(HY)? R H}

1< | (110210

+[{11 D205 1) [ R (H})? | R }

@M 1) T2 1 (M —1)2 - 28 —1

o | [Ra(H) — HY) R)(H: — Hy)

e el [

N (88)

+ (11 DeD%




This will become relevant for the final calculation of the asymptotic behavior of E[Var(d,Lgsac)]-

To this end, we can simplify the results in Egs. 81 and 83 by approximating to leading order in Ny. For
this, we use the results in Lemma 9:

Ry(HY)? RAH)
@Ne — 102 " 2N 1

RA(Hy — HY)
Ni(2Ne —1)

2= (@ a )’

#1108 1) [+

(2N —1)2 " 2Nk — 1
R|(Hy — Hé)]

1 DaDE D | e —

} + Tr (DzD}) [

— (0102 1) (7 + B g3 + O™ ) + (1 DEDs 1) (R + 1) (5 +0()

2N 2N

. - R 1 1 _
+ (1| DgDX |1) FQ <2Nk + O(N, )> +Tr (DaD%) R <2N2 + O(N, 3)>
k

:[<<T|D&|1>)2(R|+R/\)+<I|D£D&f> (Rv + R)) + (1| Da DT|1>R +Tr (DgDg) ﬁk]

Here, we used Lemma 9 to plug in the approximations for the coefficients of the R-terms, and then grouped
them into a single one by adding a factor IV, L to the trace.
Similarly, for S¢, using the map given above in Eq. 82, we get

c _ Um D@|T)‘2(R||+RA)+1-(RV+};;;+2R)] <2zlv+0( )>. (90)

Using the second inequality in 84, We know that in the asymptotic limit of Nj the first term in the square
brackets above is O(1), and that Ry + 2R = ©(1), so we can infer

SS = 0(1) <2]1sz + O(N, )> =O(N. ). (91)

For S%, the bound cannot be tightened more without adding constraints to the ansatz.
Assembling the expected variance using Eq. 69:

2 w(& v c
E[Var(9,Lgscc)] :m Z [(—1) (“Re(S%) + S5
g aef{0,1}P
2 ~
— -1 w(d) v 2D N—l
2DN2<k + 1)2 B Z ( ) Re(Sa) + 9( k )
v ae{0,1}P
2 -
-2 1)@ Re(S2) + O(NY). 2
2DN2(k+ 1)2 Z (=1) Re(Sa) +6( k ) (92)
v ae{0,1}P

If the remaining summation in the RHS is negative, it could cancel out the leading term in © (N, ). However,
one can employ a trick to constrain the ansatz slightly so that the sum is guaranteed to be positive. We
prove this in Lemma 10. Therefore, the leading order of the variance is indeed O(N, ).

C.7 Bounds for the expected variance

Finally, we compute upper and lower bounds for the expected variance E[Var(d,Lgscc)]-



C.7.1 Upper bound

Given the bound 88, we can calculate an upper bound of the expected variance as such:

2 o
- =~ _1\w(d@) v c
E[Var(9, Loscc)] =552 sl > [( 1)@ Re(5%) + Sa]
t ae{0,1}P
>0
2 ~
— w(d) v c
= e O |(FDU@Re(SY) + S
2N (kD) &6{0,1}’3‘ >0
2 q
.= _1)yw(@ v c
_QDN»Q(k—i— 1)2 B Z |:‘( ) Re(Sa) +Sa:|
t aef{o,1}p ~
<5%
<4 > oss (93)
— 9D N2 2 a
2PN (k +1) a€{0,1}P
Next, we can apply bound 84 on S% to
c R/\ 1 _

After neglecting the R, /Ny term (that contributes as O(N, %) and plugging in the values from Table 1, we
get

1
S = [N(k+1)* + N;(k + 1)] <2N + O(N,;2)> : (95)
k
Therefore, the expected variance is upper bounded by
E[Var(9, L )] <% g
1 2 -2 —1 -1

=14+ ——-| | — =O(N, ) =06(C). 6
| (5 rou ) —ewih =ec ) (96)

Finding whether this bound is tight is a work in progress, as one needs to find the right ansatz that maximizes
the expected variance.
C.7.2 Lower bound

Using Lemma 10, we can always force the sum over Re(S%) to be nonnegative. Therefore, given the
additional constraint in the lemma, a lower bound for the expected variance is the following;:

2 w(x C
E[Var(9,Losco)] :m Z (1) @ Re(S Z S ]
i &e{0,1}P ae{0,1}P
>0
—2DN2 k+1 2 Sk (97)

ae{0,1}P

To give a lower bound for Sg, the term ‘(ﬂ Dg |T>‘ can be taken to 0:

“mp |1>\ (R +Rn)+1-(Ry + ffg +2R|)] (211\r+0( ))
=0 =0

>(Ryv +2R)) <2]1V + O(N;, )>

=[N;i(k +1)* + N;(k +1)] (2]1\[16 + O(N,;Q)) , (98)



which means the expected variance is ultimately lower-bounded by

E[Var(auLngc)] > |:]\1[Z + ]Vz(k‘l—l-l)] (]\17k + O(Nk2)> = @(N;lNkfl) = @(N_lc—l), (99)

- L2
We emphasize on the fact that this bound can only be attained if the term ‘(1] Dg |1)‘ = 0, which is a
significant constraint to the ansatz.

C.8 Note on the curse of dimensionality

The variance bounds given above are computed by considering the strict bounds on the leading term,
namely,

N 512
0< ‘<1|D&|1>‘ <1.

We note here that in reality, for most VQCs'?, attaining either of these ends is highly unlikely. However,
because of the vanishing overlap between two arbitrary states (the curse of dimensionality)[45], the

. |2
(1| Dg ]1)‘ strongly peaks around N, !. We prove this with Lemma 11, in

distribution of possible moduli

Appendix G.
Therefore, most (arbitrarily chosen) ansétze lead to

< = Dm Dy |T)‘2(RH + Ra) + Ry + P”2 + QR} (1 + O(N,;2))

N 2N},
NNk—l
RH 4+ 2RA 1 _9
~ 2 N
[Rv—i- R|+ N ] (2Nk+0( L ))
=O(N;k*N, ') + O(N2 KN, 2). (100)

Plugging this in Eq. 69, we see that apart from the S% alternating sum (which as seen above, can be
bounded between 0 and the S$ sum), most anséitze will have an additional O(N, ?) term'®:

E[Var(@uLQSGc)] N@(Ni_lNk_l) + G(Nk_Q)
=O(N~lc™hH +e(Cc?). (101)

This implies on the one hand that most ansétze encounter the flattening with graph size, but at a much
harsher tradeoff with the N scaling.

C.9 Example: IQP ansatz

In this section we show the application of the results above on a worked example: the IQP ansatz. This

takes the form:
ng

UO) = H®" exp | > i, Z;+ Y i0;1Z;Zy | H®"*. (102)
Jj=1 j<k
In terms of our general ansatz formula, each 0; and 6;;, is a parameter, so the depth is
k(nk — 1) nk(nk + 1)

n
D = = . 103
ng + 5 5 (103)

The W, gates are:

1 f 1,D+1

H®™  otherwise,

1By this we mean that the set of generating gates V;, and the fixed gates W,, are arbitrary.
5By expanding the H terms in Lemma 9 to next order, one can check that the leading term is present, so we upgrade the
Big-O notation to a stricter (N, ?).



and the V;, are:

Z;, 1<n=3<
v, =300 0 ST =T (105)
ZiZ, for npy<n=j-n+k<D.
Then, when computing the expected variance we need Dz, which takes the following form:
Dg=H®" - T[vy" - HE™, (106)

n

where the product ends up being a tensor product of identities and Z gates. Note that all gates in Dg are real,
square to identity, and the Z gates commute, so Dg = Dg = D;. Therefore, the following simplifications
occur:

(T| Dg [Ty = (T H=™ - T vy - HE=™ [T) = (0| [ v |0) = 1 (107)

n n
(I| D D 1) = (1| DgDF |T) = (T|T) = 1 (108)
Tr(DgDL) =Tr(1) = Ny. (109)

Hence one can observe that the bounds from Eqs. 84-87 are reached. To this end, the bound in Eq. 88 is
also attained,

v _ QCc __ R 1 -2 _
5 =295 = (RH + RA) + (Ry + N, + 2R|)} <2Nkz + O(Nk )) =S. (110)
Using Eq. 95, the full expected variance is
2 ﬂ
Y, SN2 BV —1)“(®Re(5%) 4 S
ENVarO)] = o e O [(—1)"@Re(s5) + 5]
¢ ae{0,1}P
2 -
=539 >, (D)@ +1
D2 2
2PNZ (kB +1) selonyD [ ]
9D
) PO i+O(N—2) (111)
B Ni(k+1) | \ Ny k2]
Therefore, to leading order, this expected variance does flatten in the limit of large IV; and k, and decays as

NN

k

We note that whilst S% and S% themselves have been maximised using this ansatz, the summation over &
has not. This is because the S% contribution cancels out. In fact, this expected variance is exactly half the
maximum possible. This also means that this ansatz has an optimal asymptotic form, up to a factor of 2.

D Generalizing the trainability results across different QGCNs

In this section, we show that by maintaining the two assumptions from Sections C.4 and C.5, namely the
k-regularity and averaging across different inputs and targets, we can easily generalize our one-layer QSGC
result to any QSGC or even QLGC architecture. For that, we first need to make a stronger generalization
of the results above to graphs with weighted edges.

D.1 Graphs with weighted edges

By generalizing the architecture to weighted graphs, we allow the matrix Aij to contain custom edge
weights by inheriting them from the unnormalized adjacency matrix A;;; see Appendix A.2 for details.



Therefore the results on the bias and variance of the cost function gradient stay the same for arbitrary
choices of the matrix A. We recall the formulas:

N.
1 .
Eg[0,.L1] ~(@n)DPN, > Ai /de' (y;|U0",0,=m)-U(0,0, = —7)[x;) = 0; (112)
big=1
1 &
Vargl0uL1] =5p75 > Adu Y (=YDl Da xi) (yi| Da [x) (113)
t gk l=1 ac{0,1}P
1
Covg[0, L1, 0, L] =5DN? Z Aij A Z (y;| Da %) (x1.| DL 1) . (114)
bk l=1 ae{0,1}P

We see that for any choice of A, the bias is zero, thus maintaining the results for the variance and covariance
terms. For these terms, we first take the expected value over the input and target before making the regular
graph assumption:

N.
1 ~ 42 w(@
Eii[Varl0u L]l =557 > AijAn > (1) DEi[(y;| D |xi) (1| Dz |xk)],
v g,k l=1 ae{0,1}P
R
B o[Covi0uLi, 0Ll =555 O Audu Y. Excl(ys| Dalxi) (el Dl )
toggk,l=1 ae{0,1}P

Here, we observe the same splitting of the sum as in Appendix C.5, depending on whether ¢ = k£ and/or
j = 1. The R values calculated above can thus be generalized as:

RH = ZAijAkl = Z AZ’]‘AM - R/\ - .é\/ - R|, (115)
ik i,k
37l

R/\ = Z Az‘jz‘iil = ZAUA%I - R|, (116)
1,571 2,7,

RV = Z AijAkj == ZAl]Akj - R|, (117)
i#k,j i,k,l
1,

In the regular graph case (Appendices C.4 and C.5) the R notation is simply the R notation divided by
(k+1)2

Weighted regular graphs. For the case when the graph is weighted k-regular, meaning that D;; =
(k+ 1)1, we use Lemma 12 to bound the R values above. In terms of orders, the R terms maintain the
orders from the unweighted graph case, although they depend heavily on Rj:

RH =N<N—2)+]%| =@<N2), (119)
Rn=Ry=N-R =O0(N), (120)
R =O(N). (121)

Therefore, we can guarantee that to leading order, the trainability results from Appendix C hold for the
case of weighted graphs.



L2
Upper bound. If ’<1|Dd|1)‘ = 1, then repeating the calculation in Appendix C.7.1 leads to S5 < S

where

S = [(RH +Rp) + (Ry + }]32 - 2R|)} <2]1Vk + 0(N,;2)>

2
5 | o - 1 _
=(k + 1)2 ZAZ']' +R| + Fk ZAijAkj —R‘ <2]\7k +O(Nk 2))
i,j iaj7k
=O(N?k*N, 1) ( = @(kaQNkl)). (122)

As derived for the unweighted case, this leads to

E[Var(9,Losac)lupper = O(C™1). (123)
2
Lower bound. If ‘(1]D&]1>‘ = 1, then repeating the calculation in Appendix C.7.2 leads to

1
S& >(Ry + 2R)) <2]Vk + O(N,;2)>

o . 1 ~
=(k+1)? Z Aij Ak + R <2Nk + O(V, 2))

i,k
=O(NK’N_ 1), (124)
which leads to the same lower bound
E[Var(auLQSGC)]lower = @(Nflcfl). (125)

Expected dependence. To this end, by adding the factor given by the curse of dimensionality,

2
‘<1|D5;|1>‘ ~ N, ', we obtain the same result as in Appendix C.8,

E[Var(auLQSGC)]expected NE[Var(auLQSGC)]upper/Nk + E[V&T(auLQSGC)]lower
=0(C?+Ntc™h. (126)

D.2 Results for QSGCs with K layers

The results above provide a significant extension to the one-layer QSGC. Taking two layers for the QSGC,
for example, is equivalent to updating all of our results with A A2, However, as proven in Proposition 3,
multiplying two commuting normalized adjacency matrices with self-loops gives a new normalized adjacency
matrix with self-loops. Therefore, because A commutes with itself, then A? is a valid normalized adjacency
matrix with self-loops of a new graph.'® Thus, our results should hold by reassigning A? = B for some new
graph Gp. Moreover, thanks to Corrolary 4, if the initial graph is k-regular, then graph Gp is also k-regular.

This can be continued. As A and B = A2 commute, multiplying them gives a new graph with normalized
adjacency matrix with self-loops C' = A3, which is also k-regular. Continuing this process, we confirm that
our results hold for any QSGC model with an arbitrary number of layers, K. Explicitly, for a general,
K-layer QSGC, the upper bound in Eq. 123, lower bound in Eq. 125, and expected dependence for arbitrary
ansétze in Eq. 126 hold.

16This works regardless of whether A has weighted edges or not. In the unweighted case, we just define trivial weights w;; = 1
on all edges of the graphs.



D.3 Results for QLGCs

As mentioned in Section B.1, here we redefine Quantum Linear Graph Convolutions with a polynomial of
A rather than the graph laplacian, as it is easier to implement. In of our variance calculations, unsurprisingly,
we only have to replace

K
= apAr. (127)
p=1

Here, in order to implement the polynomial on the address register Reg(i), its spectral norm must be
subunitary, and so we choose the range of coefficients a, € [0,1], with at least one being non-zero and their
sum must be one, Zp ap = 1. This is essentially a linear superposition of p-layer QSGC models.

Employing Corollary 6, the convex sum P(fl) of commuting matrices AP is a valid normalized adjacency
matrix with self-loops of some new graph. This will reduce most of the QLGC trainability calculation to the
one-layer QSGC, as seen above. However, here we note that the coefficients a, are also trainable parameters.

D.3.1 New gradient variance calculation

Following the result in Eq. 34, the new cost function is given by

Lorge =— — ZP )ijRe ((y;1U(0) [x:))
1,5

=> a _]\2 > (A7)ijRe ((y;|U(0) [x:))

4,J

=> apL,. (128)

Here we note L, the cost function of a p-layer QSGC.
The new set of parameters is ¢, € [—m, ), along with a; € [0,1), with the additional condition } a, = 1.

We already know that the volume for the ¢, parameters is (27)”, where D is the number of weights in the
VQC. Let the volume [da = N,.'"
Therefore, there are two gradients that need to be analyzed: 0,Lgrac and 0iLgrac = 0Lgrae/0a;.

Gradient 0,Lgrcc. The cost gradient bias in this case is

EsBo[0uLorcol =Ea Y apEel0uLy). (129)

The terms in the sum are simly the biases of the QSGC models, which are zero. Therefore, the overall bias
is also zero.
The variance is

Varz[0uLorac] = EaBo[(0uLoroc)’] = Bz Y | apayCove(9uLy, duLy). (130)
p,p’
We see that the terms

Cove(OyLp, Ly *Lg Z PuRe ({y;1 U(0) [x:) Re ((yi| U(0) [xx)) (131)
J,k,1

are a slightly more generalized version of the variance in Eq. 113, where instead of counting terms AUAM, we
use terms BZ] Chr, where the commuting normalized adjacency matrices with self-loops B= AP and C = A
By adapting Eqgs. 115, 116, 117, and 118 with this change, we see that, in fact, the k-regular approximations

17 This is the hypersurface section of constant sum Zp ap = 1 through the unit hypercube, which is N, = VK /(K — 1)!, but
for our purposes the exact value will not be relevant.



are exactly the same. By rerunning the same set of arguments, unsurprisingly we can check that the terms
Covg(0uLyp, 0, L,y) have the same dependence as any QSGC, which is solely on the ansatz and the system
size. We call this dependence D(N, C) for simplicity.

Therefore, the overall variance simplifies to

2
Vara;g[auLQLgc] = Egz apa;D(N, C) =E; (Z ap> D(N, C) = 'D(N, C). (132)
p.p’ P

—_———
1

Gradient J;Lgrgc. The gradient in this case takes the form

OLgrac = 0, (Z apr> =1L (133)
p

This does not depend on any a, and so the bias and variance simply reduce to those of the p-layer QSGC
cost.

Ez;Eq [8[LQLgc] =Eg [Lp], (134)
Vard;g [alLQLgc] :Varg [Lp] . (135)

How different is calculating the bias and variance of the QSGC cost function instead of its gradient?
Because of our choice of sequential ansatz U(6) = [, (exp(—i6,V})) - W), it turns out the results are exactly
the same. This is thanks to the paramaeter-shift rule: because V,?2 = 1, taking the derivative

Oy exp(—ib,V,,) = =iV, exp(—i6,V,) = exp(—i(0, + 7/2)V},). (136)

Therefore, by relabeling @ — 6’ where all components are the same except 0 — 0, 4+ 7/2, the overall
gradient 9,U(0) = U(@'). In all of the integrals from the variance derivation, the exact endpoints of the
angle domains were irrelevant; it only matters that they integrate over a full sine period. Hence, shifting
6, — 0, + /2 does not affect the results.

To this end, the bias of J;Lgrac is also zero, and the variance is D(N, C'). We conclude that all QSGCs
and QLGCs are equally trainable, leading to the exact same gradient cost variance for a given system size
and ansatz.

E Experiments

The results on the cost gradient variance provided are part of a more extensive set of experiments ran to
test the implementation and benchmarking of the QGNN model, covering architectures beyond the QSGC
one described here.

E.1 Experimental setup

Two types of quantum models—Quantum Simplified Graph Convolutional (QSGC) network and Quan-
tum Linear Graph Convolutional (QLGC) network—are considered, together with their respective classical
counterparts, CSGC and CLGC. Quantum models are implemented using Pennylane [46] and run in a
noiseless simulator, employing JAX [47] to accelerate the underlying linear algebra.

Table 2: Summary of the datasets employed in the numerical experiments. Mask represents the number of
labeled nodes considered for the training of models.

Name Nodes Features Classes Mask Reference
Karate Club 34 34 4 4 [18]
Wisconsin 251 1,703 5 120 [19]

All models are trained for the datasets listed in Tab. 2. In the case of the graph Karate Club, no features
are provided originally for nodes. For this reason, nodes are one-hot-encoded and the data matrix X = I.
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Figure 3: Variance of the cost function gradient Var(0L/06,) (log scale) as a function of the number of
qubits for the Karate and Wisconsin datasets. For the VQC we use the Strongly Entangled Ansatz [48].
The dashed red line represents the precision limit for 10,000 shots, where the signal-to-noise ratio becomes
insufficient for gradient-based optimization. The flattening variance of different layers depths for larger
qubit counts suggest that circuit expressivity does not incur the scaling limits typically associated with
random-like quantum landscapes, maintaining trainability. Larger version of Fig. 1, including the QLGC
results.

In those cases, the amplitude-encoded quantum state can be efficiently prepared in O(logaN) depth and
space [43].

As variational ansatz in the quantum models, the widely spread Strongly Entangling Layers [48] architec-
ture is employed, adding 3 optimizable parameters per qubit and per layer. Those variational parameters are
optimized using the classical optimizer Adam [49] using the same learning rate for all models, but ensuring
their convergence into a minimum. Additionally, this choice of ansatz is very expressive, which usually is
linked to low trainability, thus we consider this a good test of the model’s gradient analysis.

E.2 Numerical Results

The results have been obtained for a number of layers of the ansatz applied and for varying graph size
and connectivity. For this, various subgraphs of Karate and Wisconsin datasets are randomly sampled, in
order to encode them in different qubit-sized circuits. For each number of qubits and layers in the quantum
circuit, 1000 random initializations of parameters are made, for which the gradient of the loss function is
computed. Fig. 3 shows the scaling of the variance of those gradients depending on the number of qubits in
the quantum circuit. These results, particularly for the Wisconsin dataset, back the possibility of flattening
of the cost gradient variance with graph size, as shown in the theoretical analysis in Appendix C. Moreover,
the addition of a varying number of layers increases the expressivity, whilst maintaining the trainability, as



seen in the figure above.

F Complexity and dequantization expanded

In this section, we show how one can benefit from the space-time complexity tradeoff in the case of the
QSGC, and how it can be dequantized for graphs giving rise to low rank adjacency matrices A.

F.1 Complexity benefits and caveats

We begin this by importing the complexity results from the QSGC’s original paper [13]. For the classical
SGC (CSGC) model, the general complexity bounds are

Scsac ZO(’E‘ + NC + CQ), (137)
Tesae =O((|E|C + NC?)log(1/€"), (138)

where |E| = Nk/2 is the number of edges, N that of nodes, k the average degree, and C' the number of
features per node. &’ is a precision parameter and is considered fixed, so we will absorb it in the Big-O
notation as an overhead. We mention that the logarithmic dependence makes this overhead have a small
impact to the practical complexity.

The QSGC model attains the following complexities in the number of qubits and circuit depth:

nsacc :O(log(NC) + Nane + némc)v (139)
~ 1 anc 1 :
Dgsac =0 <NC' log(l/al)% + Nlog(N) - slog(s) log(l/eg)Og(/n‘mC)> . (140)

Here, ngne and €1 are respectively the required number of ancillary qubbits and precision of the amplitude
encoding of the input and target states. Similarly, n/,,. and 2 are those required for the block encoding of
the adjacency matrix A. The algorlthm implementing the sparse block encoding assumes that A has sparsity
s. This is to say, every column in A has at most s non-zero values. Because this includes the self- loops, that
is equivalent to saying s — 1 corresponds to the maximum degree in the graph. The Big-O notation excludes
the doubly logarithmic factors as they scale very slowly. We note that the numbers of ancillary qubits ngp.
and n,, . can be adjusted, and lie in the following ranges:

Q(log(NC)) <nam < O(NO), (141)
Q(log(N)) <ngpe < O(Nlog(N) - slog(s)). (142)

The lower bound of ng4,. indicates that the logarithmic term in the total qubit number ngsgc can be
omitted. We use this in Eq. 144.

Gradient calculation. Firstly, the parameter-shift rule [50, 51] states that in order to compute the cost
function gradient for a gradient descent method, one needs to shift in turn each of the weights 6, of the
ansatz U(0). This adds a contribution of O(2D) queries, where D is the number of weights.

Shot noise. As mentioned in [13], is of order Q(log(1/8)/c?). Here, € is the additive error to the gradient,
and the probability of failure ¢ is fixed. In order to resolve points on the loss landscape so that the gradient
descent can be performed, this error needs to lie below the standard deviation oy, ~ Varg [OuLoscc). If
we choose an arbitrary ansatz, the expected variance is of order ©(N~'C~! 4 C~2). Then, the number of
shots must be at least

#shots = Q <€1 ) >0 (;2) =0 <N1011 " 02> =Q <1 fé/N) Q(C?), (143)

where C'/N <1 by choice.




Input problem. As mentioned in Section 4, in order to get the full space and time complexities, one needs
to add to the general circuit complexities the full classical compilation overhead. For the QSGC, this requires
that all classical data of the input, target, and adjacency matrix A to be stored and processed classically
in order to generate the transpiled circuit. This adds a term O(|E|C + NC') to the space complexity anf
Q(|E|C + NC) to the time complexity:

Sqsac =O(|E|C + NC) + O(ngscc), (144)
TQSGC :Q(‘E‘C + NC) + O(QD)O(CQ)O(Dngc). (145)

We see that the input problem compromises any significant quantum advantage in this case as the first
terms in both of Egs. 144 and 145 are comparable to the classical SGC space and time complexities. There
could be significant differences in the overheads, but in general the problem as it stands is not scalable.
Hence, we must assume an efficient oracle or QRAM to bypass the input problem for now. Hereafter, the
classical compilation complexities are ignored.

F.2 Complexity analysis for fixed C

For our purposes, it is enough to consider C' as well as all precisions and failure probabilities fixed as
we want to vary the graph size N and connectivity k. The depth D is also strictly dependent on the data
register and should vary only with C. This simplifies the complexities to

Scsac =O(N(k+ C)) = O(NEk), (146)

Tosae =O(N(k + C)) = O(Nk), (147)

Sosac =0 (Nane + nimc), (148)
!/

Tosac =0 (Nlogn(”a“) + Nlog(N) - slog(s)IOg(/W> . (149)

In Egs. 146 and 147, C = O(1) in N and k = Q(1) so term Nk dominates. Maintaining the assumption of
(almost) regular graphs, we can write kK = ©(s) given that s — 1 is the maximum degree of any node, and
k is the average degree. We now show that exponential advantage can be achieved for either space or time
complexities, but not both, by classifying them over the choices of ng,. and nl, .. We split the analysis in
three cases: a balanced polynomial advantage in space and time complexities, an exponential speed-up with
maximized space reduction, and an exponential reduction with maximized speed-up. As we will see below,

the latter case is a bit trickier and the choice of ancillas depends on the sparsity of the adjacency matrix.

F.2.1 Polynomial speed-up and space reduction

For this task we choose a sub-exponential number of ancillas, ngne = nl,,, = O(N%), with a € (0,1). This

obeys the bounds in Eq. 141 and Eq. 142. Then, the updated space and time complexities in Eq. 148 and
Eq. 149 are

Sgscc =0(N?), (150)
alog(N)

NOL

~ log(N
TQSGC’ =0 <NOH;§C(¥) + Nlog(N) . Slog(s)

> = ON(NI_O‘SlogQ(N) log(s)). (151)

The sparsity s € [1, N] is an integer, so (1) < s < O(N). Then, for each limit, we have the following
cases for the space reduction:

s=0() = Scscc=0N) = Sgscc=O0(5¢sac),
(152)
s=O(N) = Scsec=0(N?) = Spscc=O0(Seee):

both leading to a polynomial advantage. Strictly speaking, the space reduction is sublinear.



For the time speed-up:

Tesao = O(N),
s=06(1) =
Tosae = O(N'™10g*(N)) =  0,/q = QN/polylog(N)),
(153)
Tesae = O(N?),
s=0O(N) =
Tosce = O(N*1og3(N)) = 04/ = QN2 /polylog(N)).

Therefore, in both cases (and thus for any intermediate sparsity), the advantage is polynomial. In terms of
the system size N, the speed-up is also sublinear. This is the optimal balance as trying to obtain better
scaling for one type of complexity will negatively affect the other one. The choice of o depends on the type
of hardware onto which this model is implemented.

F.2.2 Exponential space reduction

Here we focus on obtaining an exponential space reduction with optimal time speed-up. For that reason,
Nane and 1), . must be of order O(polylog(N)). By explicitly defining the leading orders as n4ne = O(log!(N))
and n/,,, = O(log" (N)), Eq. 149 becomes

Tosac = O (N/ log(N) + N - slog(s)/ logllfl(N)) . (154)

For s = ©(1), the terms are comparable up to a polylogarithm, and for min(l,!’ — 1) > 1, the speed-up is
polylogarithmic. In fact, thanks to the lower bound of ngye, the condition is simply " > 2. For s = O(N),
the second term dominates, and given that Tosge = Ns, the speed-up is polylogarithmic for I’ > 3.

F.2.3 Exponential speed-up

In this case, in order for the runtime to gain an exponential speed-up, each of the two terms in Eq. 149
must be polylogarithmic. For that to happen, we must choose ngn. = O(N/polylog(N)) and n),. =
O(Ns/polylog(N)). By setting the dominant powers as m and m’ respectively, Eq. 149 becomes

T =0 (VS ) PN
=O(log™ " (N) +log™ **(N) log(s)) (156)
=O(polylog(N)). (157)
The space reduction is then
Sqsac =0 (N/ log™(N) + Ns /1ogm'(N>> . (158)

For s = (1), the terms are comparable and for min(m,m’) > 1 the space reduction is polylogarithmic. For
s = O(N), the second term dominates and regardless of m € Z, the condition reduces to m’ > 1.

F.3 A more accurate C-dependence

In practice, for an ever-increasing graph size, having a limited number of features leads to many nodes
becoming indistinguishable, having the same features. If one wants to be able to distinguish between
all nodes if necessary, C' should increase at least logarithmically with the number of nodes. If one also
desires additional expressivity from the embedding process, an even better choice that is still trainable is
C = O(polylog(N)) = O(log®(N)), where c is the leading order. How does this change our results?

In terms of trainability, the barren plateau is still avoided for most anséatze, as

Ei+[Varg (0, Losce)] ~ O(Ntlog ¢(N) + log 2“(N)) = O(log™**(N)). (159)



Furthermore, the number D of weights 6, now can depend on N. In order not to overfit, D < O(C), so in
the Big-O notation, it can be dismissed.

With this form of C, the new complexities for the classical SGC are the following:

Scsae =O(Ns + Nlog(N)), (160)
Tesae =O(Nslog®(N) + Nlog?(N)). (161)

Moving to the QSGC, the space and time complexities from Eq. 144 and Eq. 145 become

Sasac =0(Nane + Ngpe), (162)
A 1 anc 1 !
Tosce =0(1og™ (V)0 (N loge(N) 2ELme) 4 N 10g (). slog<s>"g(,”mc))
2 1 anc 1 !
=0 <N log?’c(N)OgTEn) + Nlogt ! (N) - s 1og(s)°g(,"am)> . (163)

Similarly, the bounds on the numbers of ancillary qubits change as

U(10g(V)) <nune < O(N log(N)), (164)
Q(log(N)) <nl,. < O(Nlog(N) - slog(s)). (165)

anc

We observe that, in fact, the bounds are broadened by this dependence.

F.3.1 Advantage regimes

The regimes described in the previous section are preserved as we let C' depend on N; the only difference
is that the minimum dominant powers [, I’, m, and m’ generally need to make up for the extra powers ¢ in
the QSGC model, but benefit from the extra polylogarithmic burden that the CSGC acquires.

Polynomial speed-up and space reduction. Because polynomial powers do not interact with loga-
rithmic ones, this regime is completely unchanged. That is to say, a € (0, 1) is still valid.

Exponential space reduction. In this case, n4,. needs to make up for the factor of log3C(N ) and ngpe
for logc+1(N ). Therefore, the following updates are required:

s=0(1) = min(l-c¢l'+c—1)>1; (166)
s=O(N) = ['>3, unchanged. (167)

Exponential speed-up. Similar to the case above, the only update is on the conditions of the dominant
logarithmic powers:

s=0(1) = min(m,m’)>c+1; (168)
s=0O(N) = m'>1, unchanged. (169)

F.4 Low-rank simulability

An efficient oracle is a severe assumption in general; to even out the comparison, we can strictly ignore the
data loading process for both the classical and the quantum models, and strictly compare the architectures
themselves. In this case, Tang’s algorithm [32] that approximates close-to-low-rank matrices with an /2-norm
sampling algorithm becomes the new reference for the classcal SGC.

Namely, the algorithm can approximate a matrix A of rank r and dimension (M x N) in
O(polylog(M, N)poly(r,1/e)). The approximation precision ¢ is defined such that || Aapprox — Al F < €||AllF
bounds the Frobenius norm of the error between the approximation and the exact matrix. Note that
r < min(M, N). More explicitly, we check that the runtime goes as

~ 9 7"16'5 7,.12
Tsampling = O <10g (MN) - max {5‘517 5‘48}> . (170)



The first, log?(MN) factor accounts for the accessing of the data and the second factor is the number of

queries required. The rank and error are assumed to vary much more slowly than the matrix dimensions,

thus the Big-O also excludes single logarithms of r and ¢ in addition to all doubly-logarithmic functions.
The space complexity required by the algorithm is

) Al 8
Ssampling = O (w log“(M N) + max {534, 532}> , (171)

where the first term is the data loading (for w non-zero values of the sampled matrix) and the second is
the auxiliary space required to perform the sampling. In order to make a fair analysis, we exclude the data
structure from the calculation (considered to be as efficient as the quantum oracle of the QSGC).

To find the classically simulable regimes of the QSGC algorithm, we employ Tang’s algorithm as follows:
we find an approximation for the cost

Lysae = Tr(YTAXU(9)), (172)

where X and Y are the loaded input and target feature vectors, presented as (N x C') matrices. The star is
used to show that this cost is the dequantized version of the quantum cost. Considering the slow dependence
C = O(log®(N)) for generality, only the matrix
1 r 4
M=—Y; - Ajx - Xy (173)
Dik
needs to be sampled. Here, pj;; is the probability of choosing nodes j and k when performing the sampling,
which we control.
To find the estimator of M, we assume the data structure in [32] for matrix A. By performing the [2-norm
sampling to find Ajk with probability p;i, we can infer the relevant nodes j and k and thus extract the
feature columns Y; and X;, from similar data structures. Then, we sample the estimator for M, which gives

the result
N

Eest.[M] = > pjM =YTAX. (174)
g k=1

Then, taking the trace of this result with the weight matrix U(8) leads to an estimate of the cost.

Here, we consider € to be a fixed error that only adds an overhead. Note that this overhead may be very
large due to the powers involved. Therefore, in our case, a dequantized version of the QSGC using Tang’s
algorithm would have the following complexities:

Sosae =0(r), (175)
Tosae =0 ([log(N) + O(C) + O(C?)] - r'9%) + 0(C?), (176)

The difference between Eq. 176 and Eq. 170 is that in addition to the search through the data structure,
for each query we also compute the matrix M which gives as O(C') time retrieving the feature vectors and
O(C?) time constructing the matrix. The final O(C?) comes from taking the trace Tr(MU(@)). Given
that the rank is at least O(1), the trace compute can be absorbed into the first term. Therefore, the time
complexity simplifies to

Tosoe = O (log?™ =9 () . r105) (177)

Relation to sparsity. In Lemma 13, we show that for a normalized adjacency matrix with self-loops A
with sparsity s, the rank is lower-bounded by r > N/s. Therefore, we can impose a lower-bound on the
sparsity, s = Q(N/r).



Sublinear rank. In order for this algorithm to gain an advantage over the standard CSGC model, r <«
O(N) is required. Thus, we choose a form r = O(N?), where § € [0,1). Employing the polynomial speed-up
and space reduction case described in Appendix F.3.1, the dominant powers of N in the space and time
complexities are respectively o and 2 — a. Then, equating these with the ones resulting from Eqs. 176 and
175, the conditions for dequantization are

118 < « and 16.58 <2 —a — §, (178)

which means that

. a 2—«w
B < min {11, T7E } . (179)

As « is a controllable parameter, the maximum possible choice of 5 is given when the two functions of «
are equal:'®

Qm  2—apy

11 175
In our previous calculation we assumed that the numbers of ancillas ng,. and n/,. vary with the same
expponent . Even by loosening this assumption and giving different subunitary exponents to both (which
retains the polynomial advantage over the standard CSGC), the maximum possible g is 0.09, which is still
very small. This confirms that by using Tang’s algorithm, the rank of the adjacency matrix must be very
low, r = O(N%%), simply so that 11a < 1. Otherwise, there is no space reduction.

= anp~0.77 = Bmawa ~0.07. (180)

Polylogarithmic rank. In the case where r = O(log”(NV)) for some integer p, the new classical algorithm
gains both exponential space reduction and speed-up compared to the standard CSGC. Compared to the
QSGC which has a necessary trade-off, this is net superior, gaining an overall exponential advantage.

To this end, we conclude that the QSGC architecture is classically simulable for any r = O(N 1/ ) and
loses the advantage entirely for » = O(polylog(N)).

G Helper lemmas

In this section, we define and prove a few lemmas that will be relevant for the detailed gradient analysis
given in Appendix C.

G.1 Sums involving Hamming weights

First, we find the explicit forms for the summations labelled as Hy, Hy, and H] in Section C.6, by defining
the following lemma:

Lemma 8 The following summations over all nonzero bit-strings of length Ny hold:

2Nk -1
Hy = Z 7” N (181)
Sy
Np—2)2Nk=141 .
- S =1 i b#c
Hy = ¢ = (182)

7#0 Hq otherwise,

e s o] o

where w(¥) denotes the Hamming weight of a nonzero bit string 7 of length Ny > 3 and b and c label the
bits inside 5.

=
i
]

18This maximisation condition works because the two functions have opposite monotony.



Proof. For Hy, all strings where 4, = 0 give no contribution, so the sum reduces to

Hy = Z w(,—y‘ll) +1’ (184)

~/!

where 4’ is an (Ng — 1)-bit string equal to 4 with 7 removed. For this sum, we notice that there are (N ’“k_l)

strings that have a Hamming weight w(%) = k. Therefore, the sum can be further simplified to

Ny —1 Np—1 N
1 (Ny—1 1 N 2Nk — 1

H=Y —— ==Y = . 185

! k:0k+1< k > N, &~ (k—1> Ny (185)

The second simplification comes from rearranging terms in the binomial formula (N’“kfl) = w(N’“ ), and

N, \k—1
the final result is derived using Z]kv "o (A,;’“) = 2N,
For Hs, there are two options. If b = ¢, then in Eq. 182, v, = 'yg =, s0 Ho = Hy. If b # ¢, we perform
a similar calculation as done in Eq. 185, after eliminating both bits -, and 7. from the string ¥, resulting
into a new string 4" of length N — 2:

Nj,—2

1 1 (N, —2
H =Y _ _ 186

Next, we write the terms as

() w9 (00) - ()] 1)

which can be verified by writing out the binomial coefficients. Finally, by adding and subtracting terms to

complete the summations >, _, (Z) = 2" and for n = N — 1 and N}, respectively, we obtain

1
~ Ni(Np—1)

(Nj, —2)2Me=1 1

Hy
Ni(N — 1)

[Ne(@M! = 1) = 2™ = N}, —1)] =

(188)

The final expression, Eq. 183, can be approximated using a Taylor expansion. We start with the same
simplification as done in Eq. 185:

1

Ni—
1 [(Ny,—1 w1

H = = 9Nk —1gBi {} , 189

! ;\/k+1< k> Folk+1 (189)

0

where we have normalized by the exponential in order to reach a binomial distribution Bi(V, — 1,1/2) —
hence the summation becomes an expected value.
For this binomial distribution, the mean is y = N ’“271, and the variance is 02 = & ’“471. Thus, an expansion

around the mean of any function f(k),

PR = FOu) + £k = )+ 3 7" )k — )P o+ € (190)
has an expected value
BRI (0] = F(n) + £/ ORIk — )] + 5 £ GBIk — ?) + EPE) (191)

Here, ¢ is the error of the Taylor expansion. The first moment vanishes (as well as all odd moments in the
error, EBY(k — 11)21]). Furthermore, the second moment is simply the variance; therefore

BRI/ (D) = f(u) + 5" (n)o* + EPE]. (192)



In our case, the function analyzed is f(k) = (k + 1)~/2, so calculating the derivatives leads to

. B 2 3v2 N, —1 _35
EBif(1 1 1)"1/2] = N, 2 1

where the O(V, —5/2 ) term comes from the error. By also involving a large-Nj approximation, we reach the
desired result for Hj. g

For the use of binomial formulas and that of the expected value of the Taylor expansion for Hj, we
recommend reading [52] and [53], respectively. We also show some approximations necessary for the final
formula in the following lemma:

Lemma 9 The following relations hold:

(H)? 1

-2
H} 1
Car— “an, oW ) (195)
Hy — H), 1
L2 +O(N?). (196)

N.(2Ns —1) ~ 2N?2

Proof. Following the previous lemma, we use Eq. 183 to calculate

2
2 [N (1-ah) + O(Nﬁ')}

(H7)* _
(2Nk —1)2 (2Nk —1)2
2
:i []\2% (1 - 811\@) + O(N;?)| + O(exp(—Ny))
1

where in the first line we neglected the “1” term adding an exponentially small error, and then reduced to
O(N,?). The following relation is computed as
H} (Ny, —2)2V=1 11

2Nk — 1 Np(Np — 1)(2Vk — 1)

. Ne-2
N, (Ve — 1) + O(exp(—Ng))
1 1-2N*
2N, 1-N!
1 2 1
) (o)
1
=5 + O (198)

Finally, Eq. 196 is calculated as follows:

Sl o)

Nk(QNk — 1) Ni | N 2N},
1
1

Thus the three asymptotes are derived. O



G.2 Constraining the alternating sum in the expected variance

Here we prove that by adding a very loose constraint, we can force the summation in Eq. 92 to always be
positive. We do this in the following lemma:

Lemma 10 For {S%}s given in Eq. 67 and for some ansatz U(0) defined in Eq. 35, the map Wy — VAW
flips the sign of
Y (D) @Re(Sy) — = Y (=) @Re(SY). (200)

&e{0,1}P &e{0,1}P

Proof. When mapping Wy — VW), = W, the unitary matrix Dg transforms as

1
Dz =[] va" Wy
n=D

= VEPWp .. Vi Wagr - VAW - I Wl . VW,

= VEPWp o VN Wy - VAW - VI Wl .. VW

= VEPWp .. Va  Wasr - VW - VT WL L VT

=Da, (201)

where @ has all bits equal to those of &, except for oy := ay @ 1. Therefore,
Re(S%) — Re(S%), (202)
and the sum

Y DY DRe(Sh) = Y (~1)"DRe(Sy)

ae{0,1}P ae{0,1}P
= ) (—1)"@®IRe(SY)
a'e{0,1}P
=— > (-1)"Re(Sy). (203)
o’€{0,1}P

Here we first applied the map, thus obtaining Re(S%), then explicitly rewrote & in terms of &'. Flipping one
bit is a bijection, so the sum maintains its range. Finally, after extracting the additional —1 factor, we can
relabel the summation index with @, hence proving the lemma. U

Therefore, if our summation is negative, we can pick any of the W, gates (or any odd number of them,
for that matter) and multiply them by its associated Vy, in order to make the sum positive. Note that, by
applying the map W) — W), the S§ summation in the variance is unchanged.

G.3 Curse of dimensionality

The curse of dimensionality, first mentioned by Richard Bellman in 1957 [54], is a phenomenon that occurs
in many areas of computational and data science [55-57]. In our case, we formally define it as a vanishingly
small overlap between two random states as their Hilbert space dimension increases:

Lemma 11 For two random n-qubit states |) and |p), their overlap (modulus squared) averages to

1
Exl (614} ) = o1 (204)
Proof. By mapping state |¢)) = Uy, |0) to |0) with some gate UJL, the state |¢) becomes |¢') = UJ) |p). As
such, the inner product becomes

(Bl0) = (|UpUL ) = (¢]0), (205)



where |¢') is random. By writing the amplitudes of |¢/) = >_. ¢; |i) in the standard basis, we have | (¢/|0) |> =
|co|?. Finally, the state considered is randomly selected from an isotropic distribution, so

Ex[lcol’] = Exflcil’]

27L
1
= o Y Bl
i=1

2’ﬂ
1
= |2 W]
i=1
1
which completes the proof. O

G.4 Calculating the R values

Here we provide a derivation for the R values used in Appendix D.1:

Lemma 12 For the RH’ R/\, ]A%V, and R| defined in Eqs. 115, 116, 117, and 118 respectively, the bounds
for weighted k-reqular graphs are the following:

(N—1)* <R < N(N —1) (207)
0<Rrn<N-—1 (208)
0<R,<N-1 (209)
1<R <N. (210)

We recall that N is the number of nodes.

Proof. First, we recall that for a k-regular graph, k+1 = D;; = > j lelj Therefore, the normalized version
reads ) /L;j = 1.

In this case, we begin with R|. For the upper bound we take the square of a sum to be larger than the
sum of squared terms:

2
R‘:Z/ﬁjgz Z/Lj :ZIZN. (211)
(2%} (2 ] 7

The lower bound is done via the Cauchy-Schwarz inequality:

. R 1 [ SN . il 1 o . 1 . N
R|:ZA§]~:Z; ZlA?j M1 ZZ&ZIAMZSZZAUZS' (212)
i, J’ J'= v g

i j'= §'=1 i

Here, s; is the sparsity of row ¢ and the s is the row sparsity of matrix A. The worst case is when s = N,
SO R‘ > 1.
The other R values only inherit the bounds from ]:2|, the other terms being calculated precisely. In R,

the first term is
> AAy=>" (Z Aij> (Z Ak]) => 1-1=N. (213)
i k j

1,5,k J
Therefore, by subtracting the bounds of R‘, we obtain the desired bounds for R,. Thanks to the symmetry
of A, the same bounds hold for Ry.



Finally, by rewriting Eq. 115 in terms of Eqgs. 116 and 117, we have

RH = Z Aij Z Akl -2 Z Angk] —I—R| (214)
,J

1,7,k

~~

=N =N N

Plugging in the bounds for R‘ gives the desired bounds. ]

G.5 Rank-sparsity relation

Here we prove that the normalized adjacency matrix with self-loops Aof a graph has a high rank only if
it is sparse.

Lemma 13 For a graph, the normalized adjacency matriz with self-loops A is defined as given in Appendiz

A. Then, its rank v depends on its dimension N and sparsity s by the bound

N
r> . (215)

S

Proof.  First, A = DY2AD"1/2 where D are invertible operators. Its rank is the dimension of the
image of A, which we denote by rank(A) = dim(im(A)). Therefore, by mapping im(A) — im(D'/2A) with
the bijection D2 to the left, we preserve the rank. Because transposition also preserves both rank and
invertibility, applying invertible operators to the right also preserves the rank. Therefore,

rank(A) = rank(D'/?(AD'?)) = rank(AD'/?) = rank((AD"/?)T)
= rank((DV?)T . AT) = rank(A") = rank(4) = r. (216)

Here, we expanded fl, then reduced the bijection to the left, transposed, reduced the new bijection to the
left, and transposed again, in this order, to reach r. .
We now start from the Cauchy-Schwarz inequality applied on the sum of the eigenvalues \; of A:

<; Ai - 1)2 < (; 1) : (; A?) , (217)

however, the LHS is simply the squared trace Tr(fl) = N, and the sum over squared eigenvalues can be
further bounded by

,
D A =Tr(A?) ZAUAJZ = ZAQ <N -s, (218)
i=1

which counts the maximum number of ones present in the matrix. Therefore, the Eq. 217 leads to

N?’<r.-N-s = r>N/s (219)

So a sparse graph has high rank 7. O
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