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Abstract

We present the first analytical and numerical characterization of double descent in parameterized
quantum circuits (PQCs) for regression tasks. By exploiting the Fourier structure of PQC models and the
lazy training approximation, we establish a precise connection between overparameterized gradient descent
on variational parameters, the quantum neural tangent kernel, and the emergence of double descent. Our
results show that the effective model complexity in PQCs is determined by both the number of Fourier
modes and the number of variational parameters, leading to a richer landscape of interpolation regimes
than in classical linear models. Crucially, the position of the second descent depends on correlations
encoded in the circuit Jacobian.

Introduction While classical statistical learning theory predicts an increasing generalization error with
growing model complexity, modern machine learning has profoundly challenged this picture. Belkin et al. [1]
proposed a unified double descent (DD) risk curve, showing that after an initial U-shaped regime, continuing
to increase model complexity beyond an interpolation threshold, the point where the model begins to exactly
fit the training data, causes test error to decrease again. The mechanism behind this second descent is
that in this overparameterized regime the gradient-based optimizer is biased toward the minimum fo-norm
interpolating solution, which tends to be smoother and generalizes better. Despite the rich theoretical
understanding of DD in classical settings [2], the phenomenon has remained largely unexplored in PQCs.
Indeed, Du et al. 3] analytically showed that quantum neural network classifiers built from 2-design circuits
undergo a U-shaped risk curve, explicitly ruling out DD for such models in classification tasks. However, this
negative result is specific to classification losses with 2-design models, while non-Haar-random PQC anséatze
and other tasks have not been systematically investigated. Recent work has begun to probe DD in quantum
kernel methods [4,5], but DD in the PQC parameter optimization setting, where gradient descent (GD) is
used to train variational parameters directly, remains uncharted territory.

Classical double descent from linear regression DD can be analytically understood in the tractable
setting of linear regression, where the interpolation threshold corresponds to the number of parameters
equalling the number of training samples n. We consider supervised learning over & = {(x, y¢)}}_, drawn
i.i.d. from D on X x ), with labels y = f.(x) +¢, ¢ ~ N(0,0%). Given a feature map ¢ : X — R?, we
learn f,(x) = w'¢(x) by minimizing the empirical mean squared error (MSE) L, (w) = &||® w — Y3,
where ® = [¢(x1),...,0(x,)] € R¥*™ and Y € R™. Generalization is measured by the expected risk
R(w) = E(x’y)wp[(w—rqb(x) — y)Q], whose asymptotic value R(7) := limg ;, o0, d/n— R(W) exhibits double
descent as a function of the overparameterization ratio v = d/n [1,2]. The central estimator is the
minimum-norm interpolator
=o'y, ot =(d"®) dify<l, ®T=0"(®D")Lify>1, (1)
the Moore-Penrose pseudoinverse solution, equivalently obtained by minimizing £, (w) with GD from wg = 0.
The risk’s bias-variance decomposition shapes R(7) across three regimes. In the underparameterized regime
(v < 1), bias decreases and variance rises with +, giving a classical U-shaped curve. At the interpolation
threshold (v — 1), ® becomes asymptotically square, its minimum singular value vanishes, the feature
covariance ¥ = Ex[¢(x)p(x) "] becomes ill-conditioned, and variance diverges. In the overparameterized
regime (y > 1), the system is underdetermined and the minimum-norm solution acts as an implicit regularizer,
suppressing noise amplification along small-singular-value directions and driving the second descent. This
confirms that DD stems from the inductive bias of the learning algorithm toward the minimum-norm solution,
not merely from model expressivity.

PQCs as linear regression models Parameterized quantum circuits (PQCs) have emerged as a lead-
ing paradigm for quantum machine learning (QML). A standard PQC model takes the form fp(x) =
(0|U(x,0) O U(x,0)|0), and Schuld et al. [6] showed that such models are naturally expressed as truncated
Fourier series in the input data,



F(x0) =) cul8) € = ¢(x) " e(6), (2)
we
where the accessible frequency set €2 is fixed by the data-encoding gates and the Fourier coefficients ¢,,(6)
are non-trivially determined by the variational parameters 6. This Fourier picture provides a natural basis
for studying the complexity of PQC models: the number of Fourier modes || sets the effective degrees of
freedom accessible to the model which can be seen as a linear regression model with parameters w = ¢(0).

Fourier Analysis and Lazy Training We investigate DD in PQCs trained by GD on a MSE loss. Our
entry point is the Fourier representation Eq. (2]), mapping the learning problem to a form amenable to linear
regression analysis, where the relevant complexity is the number of frequencies |€2| and the interpolation
threshold is |2] = n. A key subtlety distinguishes PQCs from classical linear models: gradient descent
updates the variational parameters 6, not the Fourier coefficients ¢, (6) directly, which depend on 6 in a
highly non-trivial, correlated manner. Here, we initialize the model such that ¢(fp) = 0 and invoke the
lazy training approximation [7]: parameters remain close to initialization throughout training, so the model
output linearizes via a first-order Taylor expansion around 6y:

F(x,0) ~ f(x,00) + ¢(x) T Jo 00 = (x) 760,  d(x) = J, ¢(x) € CP, (3)

where Jo = 0c(0)/00],, € CI*P is the Jacobian at initialization, 60 = 6 — 6y, and f(x,6p) = 0 since
€(90> = 0. In this regime, GD on 6 is equivalent to linear regression via Eq. (1], with effective feature map
¢(x) governed by Jy, connecting PQC training to overparameterized linear regression.

As for classical models, DD depends on the feature covariance matrix, here & = Ey [é(x) q}(x)T] =J, Jo €
RP*Pwhich is set by the Jacobian, generally correlated, possibly rank-deficient, and input-independent
as a structural consequence of Fourier feature orthogonality under uniform inputs. Setting 6y = 0, the
overparameterized solution 8 = T (®0T) 1Y (with ® € C™*P the effective feature map for the training set)
gives the prediction formula

F(Xtest, 0) = d(xpest) @ (PP )Y = K (xpest, X) K (X, X)71Y, (4)

with K = K(xi,%;) := $(x)T$(x') the Quantum Neural Tangent Kernel (QNTK) [8], linking the DD
mechanism to existing QNTK diagnostics and motivating the analysis of double descent under lazy training [9)].

Two complexity regimes The lazy training picture reveals two regimes controlled by the interplay between
the number of variational parameters p, the number of Fourier modes |€2|, and the number of training samples
n. The effective model complexity is set by the smaller of p and || (the rank of Jy), unlike classical models
where these coincide since w is trained directly. This gives two regimes:

e Frequency-limited regime (p > |2|): the Fourier spectrum saturates before the parameter count does,
so the model behaves analogously to classical linear regression with d = || degrees of freedom.

o Parameter-limited regime (p < |Q]): parameters are exhausted before all Fourier modes can be
independently controlled, giving d = p degrees of freedom. This is the regime typically expected in
practice, since |{2| can scale exponentially in the number of qubits.

Under the lazy training assumption, we derive an analytic bias-variance decomposition of the test error that
tracks the DD curve through both regimes, showing the role played by Jy. The initialization protocol is
essential: the Fourier coefficients must vanish at initialization, ¢, (6y) = 0 Vw € €, requiring 6y = 0 along
with other design choices. This mimics the classical zero-initialization protocol selecting the minimum-norm
interpolant in the overparameterized regime. A different initialization can instead inflate the bias term,
potentially masking the variance behaviour.

Observable dependence of lazy training Our framework critically depends on the validity of lazy training,
which requires the Jacobian J to be approximately Lipschitz, i.e., stable throughout optimization. Ref. [7]
already noted that this validity is strongly sensitive to the choice of observable: for global observables acting
on all qubits, J varies substantially during training, breaking the assumption, while for local observables
acting on single qubits, lazy training is expected to hold. This allows the DD curve to be forecast before
training, and its features characterized via the effective covariance matrix >. In particular, the interpolation

threshold can be estimated empirically by monitoring its rank: when rank(3) = n, the model is at threshold.
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Figure 1: Comparison of PQCs trained with GD and its lazy approximation (Left panel) Training and test
MSE as a function of degrees of freedom min(p, |2|) for n = 25 training samples. The curves are averaged over 15
independent noisy datasets. Panels (a) to (d) show the local observable case, while panels (e) to (h) show the global
observable case. The first two columns show the p < || case, while third and fourth the p > || case. (Right panel)
Position of the interpolation threshold v* for different numbers of qubits. Both comparison panels include gradient
descent and the lazy linearized prediction for qubit numbers 1 to 4.

Correlations in Jy, and hence in the effective feature map, can slow the growth of rank(X), effectively shifting
the threshold’s position.

Numerical results Fig. [1| confirms our theoretical predictions on a synthetic noisy dataset y = fi(x) +¢
with 25 training and 200 test samples. The circuits alternate data encoding and trainable layers: each
layer applies RY encodings on all qubits, then single qubit RX/RZ rotations and nearest neighbor CRX
entanglers, with readout via Pauli Y (local or global). For the global observable, a pre-layer of RX(—m/2)
gates on all but one qubit ensures ¢(fp) = 0 and Jy # 0. Varying the number of layers and gates in the
encoding and variational ansatz controls both p and |2|. We compare PQCs trained with GD against the
lazy approximation obtained via inversion (Eq. ) For local observables, the lazy theory well approximates
the full DD curve of test MSE (panels (b), (d)) and the shifted interpolation point across qubit numbers,
indicating that Jacobian statistics near initialization already capture most of the relevant learning geometry;
past the interpolation threshold the two curves overlap, confirming Eq. . For global observables (panels (f),
(h)), this picture breaks down: the lazy approximation predicts a DD peak at v* = d/n = 1, while GD shows
a shifted threshold, indicating that correlations change during training and the linearized approximation
fails. This is detailed further in the right panels: for local observables the threshold shifts away from v =1
and is well captured by the lazy approximation, while for global observables the lazy model stays pinned at
v =1 and GD exhibits a clear qubit dependent shift. Here v* is defined as the point where rank(X) > n
for the linearized model, and as the point where the training MSE falls below 1073 for GD. The training
MSE plots (panels (a), (c), (e), (g)) show the same pattern: agreement between linearized and GD values for
local observables, while for global observables the linearized train MSE drops to 0 at v = 1. This gap partly
reflects our convergence criterion: to limit computational cost, GD training was stopped at 2.5 - 10° epochs,
gradient norm below 1072°, or training loss below 1 - 1073, While our approach generalizes to any number
of qubits, we limited experiments to a few qubits to keep runtimes reasonable across settings.

Conclusions While the zero-initialization protocol combined with the lazy training assumption yields
classically simulable models , this framework opens a path toward understanding double descent in
parameterized quantum circuits. Future work may eventually combine these findings with encodings that
offer computational advantages. The introduced analytical approach to double descent in PQCs provides a
useful testbed for understanding overparameterized learning beyond classical settings.
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