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Abstract. We develop coherent-state propagation, a computational framework for simulating bosonic
systems. We focus on bosonic circuits composed of displaced linear optics augmented by Kerr nonlinearities,
a universal model of bosonic quantum computation that is also physically motivated by driven Bose—
Hubbard dynamics. The method works in the Schrédinger picture, representing the evolving state as a
sparse superposition of coherent states. We develop approximation strategies that keep the simulation
cost tractable in physically relevant regimes, notably when the number of Kerr gates is small or the Kerr
nonlinearities are weak, and prove rigorous guarantees for both observable estimation and sampling. In
particular, bosonic circuits with logarithmically many Kerr gates admit quasi-polynomial-time classical
simulation with exponentially small error in trace distance. We further identify a weak-nonlinearity regime
in which the runtime is polynomial for arbitrarily small constant precision. We complement these results
with numerical benchmarks on the Bose-Hubbard model with all-to-all connectivity. Finally, we discuss
applications to quantum machine learning, where coherent-state propagation extends the capabilities of
classically trainable Bosonic Born Machines by incorporating controlled non-Gaussian nonlinearities.
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Bosonic degrees of freedom are native to many physi-
cal systems, including phonons, photonic and cavity lat-
tices, superconducting resonators, and ultracold gases.
In these platforms, bosonic models describe nonlinear
response, coherent transport, Josephson dynamics, and
driven Bose-Hubbard physics. Practical methods for
simulating interacting bosons are therefore of broad rele-
vance: they enable quantitative modelling across a wide
range of experimental platforms, while also providing a
natural arena in which to delineate the boundary between
classical and quantum computational power.

Resource-sensitive classical simulation asks what dy-
namical features control the cost of representing, prop-
agating, and measuring a quantum state. For qubits,
stabilizer dynamics give an efficiently simulable baseline,
while simulation overhead is often tied to non-Clifford
structure [1-3]. Propagation-based methods give a com-
plementary viewpoint: Pauli propagation tracks observ-
ables through a circuit and truncates the growing Pauli
expansion when it remains sparse [4, 5], with related
Majorana-propagation ideas for fermions [6,7]. These
approaches suggest a useful principle: choose a represen-
tation adapted to a tractable baseline, propagate in that
representation, and quantify when the generated nonclas-
sical structure remains controlled.

For continuous-variable bosonic systems, Gaussian
states, Gaussian operations, and Gaussian measurements
are efficiently simulable [8], while non-Gaussianity is
required for universal continuous-variable computation.
Existing classical methods approaching non-Gaussianity
include quasiprobability techniques, and displacement
propagation in noisy circuits [9-11]. By contrast, meth-
ods for noiseless bosonic circuits with dynamically gener-
ated non-Gaussianity remain less developed. This raises
the key question: how much dynamically generated
bosonic non-Gaussianity can be tolerated while
retaining controlled classical simulation?

We study circuits built from displaced pagsive linear
optics and local Kerr nonlinearities K, = e**" , as shown
in Fig. 1. This architecture is universal for continuous-

variable computation in the energy-cutoff sense [12,13].
Displaced passive linear optics map coherent states to co-
herent states, while Kerr gates are the only operations
that branch the coherent-state representation, making
the model well suited for isolating the simulation cost
of non-Gaussianity.

We develop coherent-state propagation, a
Schrédinger-picture framework that represents the
evolving state as a sparse superposition of multimode
coherent-product states. The method updates coherent
amplitudes exactly under displaced passive linear optics
and approximates Kerr branching through controlled
coherent-state reconstructions.

Main results:

e Framework: we develop an end-to-end coherent-
state propagation for DPLO+Kerr circuits.

e Theoretical guarantees: in regimes with few
Kerr gates or weak non-Gaussianity we provide
polynomial (quasi-poly) complexity guarantees.

e Readout: we derive readout costs for observables
estimation and quadrature sampling.

e Numerics: the theoretical guarantees are sup-
ported by numerical benchmarks on driven Bose—
Hubbard dynamics against MPS and Fock simula-
tion.

e Applications: our methods broaden the scope of
classically trainable Bosonic Born Machines [14],
by extending Gaussian models to weakly nonlinear
non-Gaussian regimes.

1 Algorithm

We now describe the simulation data and update rules.
Coherent-state propagation follows the wavefunction in a
moving phase-space expansion that branches at nonlinear
Kerr updates. For a single bosonic mode, a coherent state
is

|a)y = D()|0), D(a) = exp(aa’ —a*a). (1)
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Fig. 1: Circuit architecture. The input is a finite superposition of multimode coherent—groduct states. Each

layer applies a displaced passive linear-optical unitary followed by a local Kerr gate K, = e

KN

, which branches the

coherent-state representation. A final Gaussian unitary maps the propagated branches to Gaussian components.
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Fig. 2: Benchmark. Six-mode all-to-all driven Bose-Hubbard model, with X; the position quadrature. (a) (X X)
trajectory and absolute error for branch cutoff § = 2'? and finite-Fourier order M = 3. (b) Relative error of (X2) at
T =1 versus S, for different M. (c) Same for (X¢X;). Here M is the finite-Fourier Kerr parameter: one local Kerr

update uses 2M phase-orbit coherent states.
For an m-mode amplitude vector a; = (a,(cl), e
we use the product coherent state

m
o) = R la).
j=1

Coherent-state propagation stores the state as

N
|¢> = Z Ck|ak>7
k=1

where the simulation data are the coefficients Cj and
amplitudes aj. The main bookkeeping variable is the

number N of branches: if NV remains moderate, overlaps,
observables, and sampling distributions can be evaluated
from coherent- or Gaussian-state matrix elements.

A circuit layer consists of a displaced passive linear-
optical unitary followed by a local Kerr gate, as in Fig. 1.
The displaced linear step maps each amplitude vector by
an affine update

of

),

(2)

(3)

ay, = e Tlay +~(t),

(4)

so the coherent-product form is preserved. The Kerr gate

()
is the only step that changes a single incoming coher-
ent component into a superposition. For arbitrary Kerr
strength, its action on a coherent state is reconstructed
on a phase orbit,

). ©

with coefficients obtained from a discrete Fourier trans-

K, = exp(irn?)

r
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form of the Kerr phases. The required local reconstruc-
tion size scales as

Np = |0‘|2 + O(log(1/ekerr)) - (7)

The full algorithm propagates a list of coherent
branches through the circuit

L L
U=Uc[[U° =Us [[UL. U0, (8
/=1 /=1

after which the final Gaussian unitary maps each surviv-
ing coherent branch to a Gaussian component.

2 QML application

We clarify here how coherent-state propagation applies

to quantum machine learning by extending the classically
trainable Bosonic Born Machines [14].
Problem statement. Given samples from a target dis-
tribution p(zx), with « € {0,1}"™, train a Bosonic CV
state p,, whose measured distribution reproduces the tar-
get:

Tr(puwMz) ,
argmin L(p, qw) ,

Guw ()

_ 9)
where M, = ®;n:1 Mg) is a product of local measure-
ments. The model focuses on two binary coarse grainings

of Fock-basis outcomes. Parity readout is defined by
oo

> 2n)(2nf; MY =T — MEY,
n=0

whereas threshold readout is defined by
Mg" = 10)(0;  M{" =T~ Mg".

My (10)

(11)



Classical learning. In the original paper [14] the ansatz
prepares a parameterized Gaussian state using interfer-
ometers, squeezing, and displacements. Its mean vector
and covariance matrix can therefore be propagated classi-
cally, allowing L and its gradients to be evaluated without
quantum-hardware calls.

Quantum deployment. After optimization, w, speci-
fies a photonic circuit that is suggested to be run on hard-
ware to sample from ¢,,, . The potential quantum advan-
tage lies in this sampling step: in the relevant Gaussian-
boson-sampling regimes, producing samples from the un-
derlying photonic distribution is believed to be classically
hard for POVMs (10), (11). Thus training is classical,
but generation is delegated to the photonic device.
Coherent-state generalization. Coherent-state prop-
agation suggests a route from Gaussian to controlled
small-non-Gaussian bosonic Born machines. In the Gaus-
sian model, classical trainability comes from propagating
only the mean vector and covariance matrix, but this also
restricts the ansatz to Gaussian states. We propose to re-
place this backend by coherent-state propagation, so that
Kerr nonlinearities from the Gaussian+Kerr architecture
of [15] can be included while retaining a classical descrip-
tion in the regimes of Theorems 1 and 2. This is promis-
ing because Kerr gates add a non-Gaussian resource and
increase the expressivity of the learned distribution. The
measurement part remains compatible with the same
learning objective: parity and threshold readouts only
require coherent-state matrix elements («|MZ|5), which
have closed analytical forms. Hence the operator-string
expectations entering L can still be evaluated classically,
and the trained model can be deployed with the same
even/odd or click/no-click photonic measurements.

3 Main Guarantees

The cost is governed by the number of retained co-
herent branches and by the local coherent amplitudes
before Kerr updates. The next two theorems formalize
two regimes: arbitrary Kerr strength with few nonlinear
layers, and weak Kerr strength with branch truncation.

Let

A= ()2, 12
max max o, | (12)

This is the largest local mean photon number on the Kerr
mode among the coherent branches encountered during
propagation.

Theorem 1 (Circuits with few Kerr layers) Let
[10) be a superposition of Ny = poly(m) coherent states
and let |¢p) = Ultg), where U is the circuit defined
in Eq. (8). For any € > 0, coherent-state propagation
outputs a state |¢)) such that

1) = ), < e (13)
in time I
O(Lm3 +m? (A + log(L/e)) ) . (14)
Consequently, for circuits with L = O(logm) layers:

1. if A = poly(m) and € = exp(—O(m)), then the
simulation runs in quasi-polynomial time,

mO(log m); (15)

2. if A= O(logm) and € = 1/ poly(m), then the sim-
ulation runs in almost-polynomial time,

mO(log log m). (16)

This result gives the general resource scaling: at
fixed coherent energy scale, the overhead is controlled by
the number of nonlinear branch-generating layers and by
the local accuracy required at each Kerr reconstruction.

Theorem 2 (Circuits with small nonlinearity)

Let |1o) be a superposition of Ny = poly(m) coherent
states and let 1)) = Uly), where U is the circuit defined
in Eq. (8). Assume the strength of the Kerr gates is
upper bounded by

K < 7 (17)

(1+A2)7
for a sufficiently small constant 0.

Then, for every ¢ € (0,1), coherent-state propagation
with a small-angle truncation scheme outputs a state |¢)
such that

1) = [}, < O@) +e, (18)

with runtime
t= O(Lm3 +m2L HO(lOg(l/E») . (19)

In particular, for constant €, the runtime is polynomial
in m and L.

The weak-nonlinearity guarantee is closely aligned
with short-time Trotterized dynamics. The small branch
in the two-term Kerr approximation can be pruned sys-
tematically, replacing a binary tree by O(NyL?) retained
terms for fixed s, analogous in spirit to small-angle qubit
simulation [16].

After the final Gaussian layer, the output has the form
[Yout) = >_; Cj|Gj). The readout guarantees cover poly-
nomial quadrature observables

n
0= (0X1" P 1 ;P X97) . (20)
r=1

with cost O(N2(m?3+mnm?)). We can also sample rotated
quadratures

Xy = X cos + Psin6. (21)
Sampling Ngpot outcomes costs O(N?m?log(l/e) +
Nshot Nmz)

4 Numerical Experiments

We validate coherent-state propagation on the driven
Bose-Hubbard model in the rotating frame,

How =T (aj&j n aja) —AY ay

(i9)
n % an n Z (QaT + Qa) .

The hopping, detuning, and drive terms form the DPLO
part, while the onsite interaction gives local Kerr evo-
lution [17-20]. For the six-mode all-to-all system in
Fig. 2, we compare against matrix-product-state refer-
ence data [21,22]. The agreement and cutoff trends sup-
port the central picture: coherent-state propagation is
effective when weak Kerr steps generate an organized,
tunable coherent-state expansion.

(22)
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