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1 Introduction

Training parameterised quantum circuits (PQCs) on quantum hardware is bottlenecked by the measurement
cost of gradient estimation, which under the parameter-shift rule scales linearly in the number of trainable
parameters and dominates the total shot budget of training at scale [1]. No analogue of backpropagation
exists for quantum models: all known sub-O(N) approaches require either fault-tolerant circuits [2] (whose
classical memory overhead still scales as in backpropagation) or restricted expressibility [3, 4]. Approximate
estimators shift rather than eliminate the cost: in SPSA [5], the N -dependence re-emerges in the estimator
variance; in random coordinate descent (RCD) [6], convergence slows by O(N).
In this work, we show that SPSA, RCD, and the parameter-shift rule are all special cases of a single framework:
forward gradients [7]. We use this unification to derive a convergence theory and a quantum-native adaptive
optimiser. Our contributions are as follows:

1. Forward gradient framework and convergence. We propose a family of forward gradient
estimators for PQCs, unifying SPSA, RCD, and parameter-shift as limiting cases, and prove convergence
of stochastic quantum forward gradient descent. The convergence analysis identifies the finite-difference
step size ε as the dominant hyperparameter: shot noise is amplified by 1/ε2, and the bias–variance
trade-off induced by ε is empirically more consequential than the choice of V . The analysis is sharp
enough to identify the break-even regime: on convex losses, the V -fold per-step saving is exactly offset
by a V -fold increase in steps, which is precisely why data-driven adaptation of V matters.

2. Forward gradients at scale. We train orthogonal quantum circuits with up to 60 qubits and 1770
parameters on ECG5000 time-series and MNIST image classification, and validate the estimator on
VQE and QAOA. The circuits act entirely within the single-excitation (Hamming-weight-1) subspace
and are provably free of barren plateaus [15]. Across all four problem classes, a fixed V ≪ N forward
gradient estimator reaches the accuracy of the parameter-shift rule at a fraction of the total shot cost,
with the cost saving growing with N .

3. quiver: a quantum-native adaptive optimiser. We prove that measurement noise concentrates
uniformly across random Rademacher directions, a structural property absent from the parameter-shift
setting, which neutralises the per-direction shot-allocation lever that makes iCANS [8] effective. We
derive quiver (Quantum Iterative V-adaptive Estimator Rule), a closed-form joint (V,M) update
that is variance-optimal and saturates the Cramér–Rao lower bound for gradient recovery from a
quantum shot oracle (Theorem 4, arXiv:2606.09734). quiver outperforms iCANS and gCANS [9]
on VQE and QAOA at matched shot budget, including in the regime where the iCANS allocation
collapses to its smin and reduces to fixed-shot parameter-shift.

2 Forward gradient framework

The forward mode of automatic differentiation computes Jacobian-vector products ∇vf = v⊤∇f for a given
direction v, yielding one directional derivative per forward pass without storing intermediate activations.
For classical neural networks, forward gradients have shown backpropagation-competitive performance [7, 10–
12] without the backward lock or memory overhead. Quantum circuits admit no known analogue of
backpropagation, making the forward mode a natural gradient strategy in this setting. Averaging V i.i.d.
random directions yields an unbiased gradient estimator [7]:

∇̃
F
f(θ) =

1

V

V∑
ℓ=1

(
∇vℓf

)
vℓ, vℓ i.i.d., E[v] = 0, E[vv⊤] = IN . (1)

For quantum circuits, each directional derivative is estimated via central finite difference using just two circuit
evaluations: ∇̃ε

vf :=
[
fM (θ+ εv)− fM (θ− εv)

]
/(2ε), where fM is an M -shot estimate. The full estimator
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costs 2VM shots per step, O(V ) independent of N , with no ancilla qubits, mid-circuit measurements, or
controlled gates beyond what parameter-shift already requires.
Table 1 shows the components of the forward gradient framework, in comparison to other estimators. It
also shows adaptive gradient routines such as iCANS which we compare to for our proposed adaptive
forward gradient estimator, quiver (below). The free parameter V continuously interpolates between the
single-direction extreme (SPSA, V = 1) and the full gradient (parameter-shift, V = N).

Table 1: Unified taxonomy of gradient estimators and adaptive optimisers for PQCs.
Method V Directions Per-step shots Adapts

Parameter-shift [13] N basis ej 2NM –
SPSA [5] 1 Rademacher 2M –
RCD [6] 1 Nej 2M –
Forward gradient (this work) tunable Rademacher 2VM –
iCANS [8] N basis ej 2NMj Mj per param
quiver (this work) tunable Rademacher 2VtMt V , M jointly

We prove convergence under standard smoothness assumptions, with an explicit second-moment bound
identifying ε as the dominant hyperparameter: shot noise scales as 1/ε2, and ε = 0.1 is the practical
operating point.

3 Forward gradients at scale
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Figure 1: Forward gradients across four problem domains at
matched per-step shot budget B = 1, 000. Mean ±1σ over three
random seeds plotted against total shots used. (a) QAOA MaxCut,
n = 16, N = 99, (b) VQE TFIM, n = 10, N = 160. (c) ECG5000,
n = 60, N = 1, 770. (d) MNIST, n = 50, N = 1,225. In every panel,
forward gradients with V ≪ N match or exceed the best available
baseline; the advantage over SPSA and RCD widens with N .

We train Hamming-weight-preserv-
ing orthogonal quantum circuits [4,
14] on ECG5000 (n up to 60, N
up to 1,770) and MNIST (n up to
50, N up to 1,225), and validate
on VQE TFIM and QAOA Max-
Cut, comparing against parameter-
shift, SPSA, and RCD at a matched
per-step budget of B = 1, 000
shots (see Figure 1). Each circuit
acts within the n-dimensional single-
excitation subspace [15], eliminat-
ing barren plateaus by construction.
Across all four domains, a fixed
V ≪ N matches or exceeds the
best available baseline; the advan-
tage over SPSA and RCD widens
with N . At the largest ECG sys-
tem size, parameter-shift requires
N -fold more shots per step; forward
gradients with V ≪ N match the
exact-gradient baseline at fixed cost.
A monotonically decaying V -schedule outperforms both fixed-V endpoints at matched total shot budget,
motivating data-driven adaptation of V and M .

4 quiver: quantum-native adaptive optimisation

To show that forward gradients truly outperform parameter-shift in terms of measurement resources, we
must compare to quantum-native optimisers which adaptively regulate the number of measurements during
training, for example iCANS [8] and its extensions. The natural analogue of iCANS for forward gradients
would allocate shots non-uniformly across directions in proportion to per-direction signal and noise. We prove
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that this lever is neutralised by a concentration-of-measure phenomenon: measurement noise concentrates
uniformly across random Rademacher directions, because each direction vℓ perturbs all N parameters
simultaneously with i.i.d. components, removing the per-gate variance structure that iCANS exploits. This
is a quantum-native phenomenon absent in the classical setting, where forward gradients incur no shot noise.
We verify this empirically across VQE and QAOA at up to N ∼ 103: normalised per-direction variances
cluster within ±10% of their mean at all system sizes.
With per-direction shot allocation neutralised, the remaining lever is the joint pair (V,M). Minimising total
per-step cost 2VM subject to a target estimator accuracy τ2 and a minimum per-direction shot count Mmin

yields a closed-form solution:

V ⋆
t =

(N − 1 + α) ĝ2t
τ2

, M⋆
t =

N σ̂2
t

α ĝ2t
, (2)

where ĝ2t and σ̂2
t are exponential moving averages of the squared gradient norm and mean per-direction

measurement variance, updated at no extra measurement cost. As gradient norms decay, V ⋆
t shrinks and

M⋆
t grows. The joint rule requires no knowledge of the Lipschitz constant L, in contrast to iCANS whose

shot rule contains an Lη prefactor that pins the allocation to smin whenever Lη ≪ 1, reducing it to plain
parameter-shift.
We show that Rademacher directions uniquely minimise the estimator second moment at fixed V , and that
the allocation of (2) saturates the Cramér–Rao lower bound for gradient recovery from a quantum shot
oracle up to (N − 1 + α)/N → 1 as N → ∞, reaching within 1.5% of the information-theoretic optimum at
N ≥ 80 parameters.
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Figure 2: quiver outperforms iCANS and gCANS across the
(N, η) regime crossover. VQE TFIM n = 10, matched 5× 106-shot
budget, over three random seeds. (a) N = 80, η = 0.05 (Lη ≈ 0.95),
(b) N = 160, η = 0.003 (Lη ≈ 0.06).

In Figure 2, we show quiver out-
performs iCANS and gCANS [9]
at matched shot budget on both
VQE TFIM and QAOA MaxCut.
At (N = 80, η = 0.05), where
iCANS and gCANS can fully adapt,
quiver still reaches a lower final
energy error. At (N = 160, η =
0.003), the Lη-dependent prefactor
pins the iCANS and gCANS allo-
cations at smin and both reduce to
plain parameter-shift with identical
loss trajectories; quiver maintains
a clear margin. The same ordering
holds across a broader N sweep on
VQE TFIM and on QAOA MaxCut
at every N tested.

5 Discussion

Forward-gradient estimators replace the fixed O(N) shot overhead of parameter-shift with a tunable V , and
quiver adapts V and M jointly from exponential moving averages of gradient norm and shot noise. The
estimators require no ancillas, no mid-circuit measurements, and no modification to existing gate sets; the V
circuit jobs per step are independent and parallelisable. quiver applies to any variational algorithm whose
loss is linear in circuit expectation values.
Full paper (including convergence proofs, quiver derivation, and extended experimental results) available at
arXiv:2606.09734.
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