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Abstract. Quantum Signal Processing (QSP) generates univariate polynomials but is limited by
high circuit depth and parameter cost owing to its parity constraints. We introduce Weighted QSP
(WQSP), where a weight function modifies the signal operator, recovering QSP as the unit-weight
case. Non-trivial integer weights yield a pruned QSP with significant reduction of parameter count
vis-a-vis circuit depth, achieving competitive polynomial approximation error with fewer resources.
Generic weights admit error bounds and can yield exact approximation in many cases. We analyze
WQSP from deterministic and quantum neural network viewpoints, showing it retains QSP-level
expressivity with improved efficiency.
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1 Introduction

Recent developments in theoretical quantum computing have revealed a unifying perspective in
which many quantum algorithms can be interpreted as realizing spectral transformations of the
form f(H), where H is a Hamiltonian operator [10,[14]. Several frameworks have been developed for
such transformations, including phase-estimation-based methods, linear combinations of unitaries
(LCU) [2,/5], and Quantum Signal Processing (QSP)[L0}14]. QSP is particularly powerful because it
realizes polynomial transformations of eigenvalues encoded in a unitary using compact single-qubit
control sequences with minimal ancilla overhead. It was later generalized by Quantum Singular
Value Transformation (QSVT) [10], where QSP appears as a special case. Nevertheless, QSP
remains attractive due to its simplicity and its experimental demonstration on noisy trapped-ion
devices [3, [12], with applications in Hamiltonian simulation and sampling [15] 6] [13], [14].

While effective, QSP has two main limitations. First, it imposes parity restrictions on realizable
polynomial classes, requiring decomposition into even and odd sectors. Second, high-degree QSP
requires many phase parameters growing linearly with the degree of the polynomial it approxi-
mates, which along with the parity constraint, results in two QSP-circuits with high depth and
an increased overall parameter cost for approximating high-degree generic polynomial without a
fixed parity. Although existence is guaranteed [14], constructing these phase parameters efficiently
remains difficult, motivating numerical and iterative synthesis methods [10} 9, [4, [1T], 16} &, [7, 1.
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In this work, we introduce Weighted Quantum Signal Processing (WQSP), a structured ex-
tension of QSP in which fixed weights are incorporated into signal operators. Standard QSP is
recovered in the trivial unit-weight case. For other integer weights, WQSP behaves as a pruned
variant of QSP, exposing parameter redundancy and reducing circuit depth and parameter count
while preserving approximation accuracy. For general weights, we derive approximation bounds
quantifying compression—error trade-offs. Overall, WQSP provides a compact framework for ap-
proximation with QSP-level expressivity but reduced resource requirements.

2  Weighted Quantum Signal Processing

In this section, we provide a mathematical overview of WQSP. Let w = (w1, ..., w)T € R* and
x = cosf. We define WQSP as U;Vv?sp(x) = (H?Zl R.(¢;) exp(iwj60$)> R.(¢o). For w; = 1Vj,

this reduces to QSP. Restricting w € NF(weights are greater than 1) yields a pruned version of
QSP, where setting selected ¢; = 0 merges adjacent signal operators into U(z)"7 and removes
intermediate R, rotations.

: 2
Similar to QSP, WQSP admits the block form Uzvv?SP(:c) = { P(z) iQ(z)V1—a

iQ(z)" P(z)*
P(z) =Y, cry, €T (2),Q(z) = Y, cr, drsin0e' U, _y (z), T,(x) = cos(rf), Up_1 = Sigr(lrg), and
Rw = {Z’;zl Inpwp! | mp € {£1}}, with ¢, linear in ®.,. For integer r, P(x) reduces to a Chebyshev
expansion, showing that suitable weights can realize polynomials beyond standard QSP structure.

We give deterministic and learning-based constructions. In the deterministic case, the error is
bounded by ||c|| and vanishes as ||c|| — 0. In particular, the error becomes

, Where

D2 < 200(|c]3 + C(p)*).-
Error
where, C(p) := supp <, r(z)| where r(z) := arccos(z) — 5 + z, and p = [Wellx for W =

(V2H)®*=1P such that P is a permutation and H is the Hadamard gate.
For a learning problem, we solve the following:

min | P(x) — Re({0] U™ @(x) [0))]| L = min \/ / 1 (P(2) = Re((0] Uy ¥ (@) |o>>)2 dz.

The learning approach optimizes ®, for WQSP, revealing parameter redundancy in QSP. For degree
d polynomials, standard QSP uses ©(d) parameters and depth, while WQSP with w; = 277! (or
w; = j) achieves comparable accuracy using k = O(logd) (or k = O(v/d)) parameters.

3 Results

We illustrate the key properties of the WQSP framework through polynomial approximation. We
show that QSP can be pruned into shallower circuits, achieving linear to exponential reductions in
parameters without significant performance loss.
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Figure 2: WQSP fitting of a real 7th degree target polynomial (fixed odd parity) with different
weight partitions whose coefficients are randomly generated. In and the weight partitions
are respectively (3,2,1,1) and (1,1,1,1,1,1,1,1) (standard-QSP) whose weight vector lengths are
5 and 8 respectively. We observe that the QSP case produces an error of a similar order compared
to [2al which provides appreciable parameter reduction. In we see that the weight vector length
is equal to the coefficient vector length of our degree 7 target polynomial (4 coefficients for fixed
odd parity) and thus such a setup captures the degrees of freedom necessary to approximate the
target polynomial.
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Figure 1: WQSP fitting error across all partitions for a real degree-14 (lal) and degree-10
polynomial. Polynomial coefficients were generated by uniformly sampling from [—1/8,1/8] and
[—1/6,1/6] respectively (for polynomial normalization), and approximated using WQSP. Phase
parameters were optimized using the Levenberg—Marquardt method with 20 random restarts, and
the solution achieving the lowest approximation error was reported.

Conclusion. We introduce WQSP, a weighted extension of QSP that reduces circuit depth and
parameter count from linear to exponential scales, and enables efficient polynomial approximation
through N—weighted constructions with different weight partitions of the target polynomial degree.
It achieves QSP-level expressivity with fewer resources and admits high-quality learning-based
implementations for univariate polynomial approximation.
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