Local tensor-train surrogates for quantum learning models
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Abstract. A key bottleneck in quantum machine learning is the computational cost of re-
peated quantum circuit evaluations during the inference phase. To address this, we present a
framework for constructing fast, cheap, provably accurate classical tensor-train surrogates of
fully trained quantum machine learning models within local patches of their input data space.
The approach combines Taylor polynomial approximation with a tensor-train (TT) representa-
tion and embeds it in a statistical learning paradigm via empirical risk minimization. In our
analysis, the Taylor-TT construction serves as a deterministic error certificate proving that the
TT hypothesis class contains a good approximation; empirical risk minimization then provably
recovers a surrogate with controlled generalization error and explicit bounds. This translates
into three independently controllable error sources: (i) Taylor truncation error controlled by the
patch radius r and polynomial degree p, (ii) TT approximation error controlled by the bond
dimension x, and (iii) statistical estimation error. While the parameter count scales polynomi-

ally in the number of data dimensions N, i.e., = N(p + 1)x? rather than the naive (p + 1)V,
the worst-case constants inherit an exponential factor through the tensor-product feature norm
during Taylor polynomial embedding onto TT. This cleanly separates representation complexity
from feature-induced constants. Our risk bounds and sample complexity depend explicitly on
the local patch radius r. The arXiv preprint with the complete theory with proofs and numerical
experiments is available at https://arxiv.org/abs/2604.25631.
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1 Significance for quantum technology

Quantum machine learning (QML) models, particularly parametrized quantum circuits, have shown
promise for learning tasks on near-term and fault-tolerant quantum hardware. However, a fundamental
practical challenge lies not in training these models, but in deploying them: every prediction, gradient eval-
uation, sensitivity query, or interpretability analysis requires executing a quantum circuit. Unlike classical
models, which, once trained, can be queried at negligible cost on classical hardware, quantum models impose
a per-query cost in quantum hardware time, energy, and expense that scales with the circuit’s complexity.

Classical surrogates address this: after training on quantum hardware (where potential quantum advan-
tages may be harvested) the trained quantum model is replaced by a classical function that reproduces
its behaviour. Previous work has explored global surrogation, constructing replacements valid across the
entire input domain [Il 2]. We pursue a complementary strategy: local surrogation, building a classical
surrogate valid within a targeted local patch [3] of the input space, extending our prior numerical work [4].
Aside from dequantizing the inference phase, local surrogates are also relevant for post-training tasks such
as interpretability [5], sensitivity analysis, and local optimization, where one cares about model behavior in
a specific neighborhood rather than globally.

2 The framework

We consider a trained quantum model as a black box function g(z) and a local patch B(xg,r) around
a point of interest. We define a learning task as a regression problem, where the learner collects input-
output samples (Xj;,Y;) from the patch (where Y; = ¢g(X;) + ¢; may include measurement noise) and fits a
predictor from a constrained tensor-train (TT) hypothesis class that minimizes the expected squared loss
via empirical risk minimization (ERM) [6l [7]. The hypothesis class Hrr (A, x) consists of functions of the
form hy(x) = (A, ®(&)), where @ is a degree-p tensor-product feature map, & = (x — zp)/r are normalized
coordinates, and A is a tensor constrained to have tensor-train (TT) rank at most x and Frobenius norm
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at most A. The theoretical backbone of our framework is a deterministic error certificate constructed via
Taylor approximation and TT representation. For this, we construct the degree-p Taylor polynomial of
g at xg. After expressing this polynomial using a factorial feature map and embedding the total-degree
coefficients into a (p + 1)V box tensor A, we apply the TT-SVD decomposition [8] to obtain a rank-y
approximation A,. The resulting predictor ha, satisfies, for all z € B(zo, ),

]g(a:) - hA (37)’ < ey 10r<7ﬂ7p> + KNHA* - AxHF = Edet~
X Y.

Taylor truncation TT approximation

Here K =~ 1.51 is a Bessel constant arising from the feature norm bound and the TT approximation error
depends on the singular value decay of the tensor’s unfoldings and can be driven to zero by increasing x. The
predictor h 4, lives inside the hypothesis class Hrr(A, x). This acts as an existence proof for the richness of
the hypothesis class providing guarantees that the TT hypothesis class contains a good approximation to g
within Fge, and that ERM can converge onto it. In practice, the learner does not need to compute Taylor
coefficients or perform TT-SVD. With the existence of a good hypothesis established, the statistical analysis
proceeds by using standard theoretical machine learning tools to bound the population/true risk. We use
uniform convergence [9] of empirical risk to population risk to show that the ERM solution generalizes i.e.
low training error implies low generalization error. The key steps in our analytical proof are:

1. We bound the pseudo-dimension of the Hpr(A, x) to quantify the hypothesis class complexity. Lever-
aging tensor-network parameter counting results [10], the pseudo-dimension scales as dog = O(N(p +
1)x%log N) i.e. polynomially in the input dimension N, the polynomial degree p, and the bond di-
mension Y, in contrast to the exponential (p + 1)V scaling of an unconstrained polynomial model.

2. Pseudo-dimension control yields uniform convergence: with high probability over the training sample,
the empirical risk of every hypothesis in the class is close to its population risk simultaneously. This
is a standard result in statistical learning theory, applied here to the TT-constrained class [IT], [12].

3. Combining these, the ERM solution h satisfies, with probability > 1 — §, the population risk R(ﬁ)
(expected squared error on unseen points) is bounded as:

R(h) < Eiy + An(9),

where A, (6) — 0 as n — co. The certificate Eﬁet enters as an upper bound on the best achievable risk
in the class; ERM finds a hypothesis at most A,, worse.

An important subtlety is that while the parameter count deg scales polynomially, the worst-case constants
in the bounds inherit an exponential factor K~ through the tensor-product feature norm. As a consequence,
the sample complexity scales as K*V, which could be improved upon in future work by utilizing more efficient
TT constructions. This separates representation complexity (polynomial via TT structure) from feature-
induced constants (exponential via the embedding), clarifying precisely where the curse of dimensionality
enters.

In summary, we propose a model agnostic analytical framework for local TT surrogates wherein the total
approximation error decomposes into three transparent sources, each independently controllable:

e Polynomial truncation error, controlled by the patch radius r» and polynomial degree p;
o Tensor compression error, controlled by the TT bond dimension y;
e Statistical estimation error, arising when the surrogate is learned from finite noisy samples.

Neither the deterministic approximation component nor the statistical component alone suffices: the
Taylor-TT certificate without ERM gives no learning algorithm, and ERM without the certificate gives no
guarantee that the hypothesis class is rich enough. The final learned surrogate is a TT-format function but is
not the certificate predictor. ERM is free to find any predictor in the hypothesis class, and may outperform
the certificate. The resulting surrogate can be evaluated, differentiated, and integrated at negligible classical
cost.



Numerical experiments on quantum convolutional neural networks trained on real-world datasets validate
the theoretical predictions while using the Taylor-TT certificate as a warm start. An arXiv preprint present-
ing the complete framework, all proofs, and numerical experiments is available at https://arxiv.org/abs/2604.25631..
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