Fragmentation is Efficiently Learnable by Quantum Neural Networks
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Quantum algorithms are known to outperform the best known classical algorithms on many computational problems
exhibiting some sort of algebraic structure [1-4]. A significant research direction today is focused on trying to
understand whether the unique advantages offered by quantum computers can help in machine learning tasks and
whether quantum neural networks (QNNSs) can be superior to classical methods. Classical neural networks are known
to behave like Gaussian processes in the asymptotic limit [5], which provides theoretical guarantees on their efficient
trainability in a wide range of applications. On the other hand, QNNs are known to have poorly-behaved loss
landscapes. They are often dominated by barren plateaus [6-8], which generally prevent gradients from being estimated
efficiently, and poor local minima, which generally prevent gradient descent from reaching the global optimum [9-11].
While there do exist settings where QNNs are efficient to train via gradient descent—such as when they have many
symmetries [12-18]—in these settings there often also exist efficient classical simulation algorithms that render the
use of a quantum computer for the task unnecessary outside of potentially an initial data acquisition phase [19-21].

Recent work [22] formulated the Jordan Algebraic Wishart System (JAWS) framework, which is the first full theo-
retical characterization of QNN loss landscapes that provides the conditions under which they can become efficiently
trainable using gradient descent. In this work, we use these tools to formally demonstrate a specific setting where
QNNs can in fact be efficiently trained to solve a physically motivated problem for which no efficient classical simu-
lation algorithm is known. Our approach is to showcase a setting where the QNN has a high-dimensional symmetry
group but, crucially, the end-user does not know what that group is and—to the best of our knowledge—has no
efficient strategy for learning it. While we have no formal reduction connecting this problem to standard complexity
theoretic conjectures, at a high level, this resembles other problems conjectured to be difficult for classical algorithms,
including the hidden subgroup problem [23] and the state hidden subgroup problem [24].

I. HILBERT SPACE FRAGMENTATION

The problem that we study in this work is that of classifying states in systems which exhibit Hilbert space frag-
mentation [25-27], a well-studied barrier to ergodicity in quantum many-body systems conceptually similar to the
better-known quantum many-body scarring phenomenon [28-30].

We let L be the problem size—physically known as the system size—which we will later take to be large. For each
L, one is given a set S of Hamiltonians acting on a Hilbert space H with a tensor product structure H = ®iL:1 Hi. S
is constructed such that all Hamiltonians H € S take the form H = Z?ll cih;, where all ¢; € R and the h; are local
operators, i.e., h; acts nontrivially only on an L-independent number of tensor product factors ;. Furthermore, m
only grows at most polynomially quickly with L.

Let A= (hy,...,h,,) be the associative algebra generated by these operators under addition and matrix multipli-
cation. Let C be the commutant algebra, consisting of all operators in £(H) that commute with all elements of A.
By the Von Neumann bicommutant theorem [31], we know that A and C are each other’s centralizers, and we can
decompose the Hilbert space as:

A
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where each ’HE\A) is an irreducible representation of A and each ,Hg\c) is an irreducible representation of C. Let

Ny = dim (’HE\A)) ,N{ = dim (’HE\C)). In this decomposition, each ’HE\A) is called a Krylov subspace of the system,

preserved by the action of Hamiltonians constructed from the generators hq,..., h,,. Each of these subspaces has
N{ degenerate copies. The representation in # of any operator A € A can be written (in a slight abuse of notation
identifying the operator with its representation) in the form:

A
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That is, any such operator acts as the identity on the “multiplicity labels” in ’HE\C), meaning that it acts identically

on each of the N} degenerate Krylov subspaces isomorphic to ”Hg\A).

The phenomenon of Hilbert space fragmentation is said to occur when the total multiplicity, >, Ny, is exponential
in the system size L [32]. We are interested in the stronger condition where the dimension of 4 is polynomial in the
system size. If a system does not have this property, we may be able to restrict to a subspace H' that does, replacing
A with some potentially smaller A’ as a function of L.

While this construction may seem ad hoc and technical, surprisingly the phenomenon of Hilbert space fragmentation
occurs in many quantum systems. It underlies the ergodicity breaking of the Temperley—Lieb model [33], the t-J,
model [34], and the Pair-Flip model [32].

One can also define an orthonormal basis of H respecting the decomposition of A into Krylov subspaces [32]. In
analogy with the terminology for permutation-invariant quantum systems [35], we can construct a Schur basis for H’

as a set of states |\, gx,px) = |A, ¢r) @ |A, pa) such that the states |A, ¢\) form an orthonormal basis for HE\A) and the
states |A, py) form an orthonormal basis for ’Hg\c).

II. THE CLASSIFICATION TASK

Given a quantum state that is a basis state promised to be in the Schur basis with respect to a Hilbert space
fragmented system, we would like to perform some kind of quantum measurement to determine which state exactly
it is, ignoring the degeneracy. In some special settings—such as when the system is permutation invariant, and one is
interested in the associated Schur basis of that Krylov decomposition—this can be done efficiently using a quantum
algorithm known as the Schur transform [35]. However, generally, we know only the generators h, ..., h,,. Instead,
we hope in effect to learn the Schur transform associated with S, assuming we are also given copies of Schur basis
states |\, qx, pa). Specifically, we want to learn a transformation U such that
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Here, we have added an ancillary register of n, qubits with Hilbert space of dimension N, = 2"+ and initialized it in
the computational basis state |0). We also use the notation |\, gx) to label bit strings encoded in the computational
basis labeling A and ¢y. Note that here we are ambivalent to the multiplicity label py; there are exponentially many
such labels, and we cannot hope to learn them efficiently. Instead, we also require that our network gemeralizes its
classification of any |X, gx,pa) given training examples of |\, gx, py) for py not necessarily equal to p). We call this
problem fragment classification.

III. THE QNN ANSATZ

The quantum learning algorithm we construct will be a wvariational quantum algorithm [36]. Here, one hopes to
learn a unitary U by tuning parameters of a variational ansatz constructed using exponentials of local operators. The
variational parameters of the ansatz are then tuned using a gradient-based optimizer to minimize some loss function.

Suppose that we have a dataset D = {(|z), Oy)}ze[nm of size M < N, where each |z) is of the form |\, gz, px) ® |0)
and the corresponding objective observable is

O, = —Idy ®|X, gx) (A, qal- (4)

We assume we are given at most one example x for any given A, gy pair—we will see in Theorem 1 that we do not
require an example for each pjy.
We construct our randomized QNN ansatz parameterized by 6 = (61,...,6,) € R? as follows:
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where we select t1,...,tp,t',t" i.i.d. uniformly from [0, 7] for some fixed T, we let H be a Hamiltonian on the system
and the ancillary register:

~
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and we let A be a local operator block-diagonal in the Schur basis, which we assume without loss of generality is
positive semidefinite to simplify our analysis—we can just take it to be a large multiple of the identity added to
h ® IdNa .

For the purposes of our analysis, we make the physically realistic assumption that the coefficients in Equation (6)
are chosen in such a way that the Hamiltonian obeys the full Eigenstate Thermalization Hypothesis (ETH) [37] in
each Krylov subspace.

We can then use gradient descent to find optimal values of the parameters 6 to minimize the loss function:

M
Ue) = +; > (=|U0)0.U(6) |z). (7)
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The training process is illustrated in Figure 1.
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FIG. 1: Diagram of our QNN training process. We are given a dataset of Schur basis states and randomly sample a
QNN ansatz architecture and an initial vector of parameters. We then compile the QNN into a quantum circuit and
repeatedly run on the input states to estimate the gradient of the loss function, which is then used to adjust the
parameters.

|z) =

IV. MAIN RESULTS

The first result establishes that the algebraic structure of the system allows our QNN construction to generalize to
states of the form |\, ¢, py) for py not present in the training dataset.

Theorem 1. If we take the (exponential-size) dataset D’ consisting of every Schur basis state |, gx,px) for A, qa
present in D, the loss {p/(0) with respect to that dataset is upper-bounded as {p/(0) < max, , £2(0).

Next, we formally establish the standard conditions for QNN trainability [21, 22]. The first condition is the absence
of barren plateaus: in the asymptotic limit of large system size, the distribution of the loss landscape over the random
initialization of the QNN architecture converges to one where the derivatives only decay polynomially with the system
size, thus allowing the gradient to be efficiently estimated on a quantum computer in polynomial time. We formally
prove this in the following theorem:

Theorem 2. We can, up to a vanishing error in Lévy-Prokhorov metric, approximate the distribution of the gradient

of the loss function V{ as some VI where
||| = —L1—
[Hv H } - (pOW(L))' )

The second condition is the absence of poor local minima. When the number of parameters p is sufficiently large, the
loss landscape enters an overparameterized regime where all spurious local minima disappear, and the only remaining
minima are degenerate, existing on some submanifold of the parameter space. We follow the approach of Larocca
et al. [38] and show the Hessian is not full-rank in order to demonstrate a lack of poor local minima. The value of
p needed for this to occur is only polynomially large in the system size, making the QNN in the overparameterized
phase efficiently implementable on a quantum computer.

Theorem 3. For some p = O(poly(L)), the Hessian matriz Hess at any value of 6 (where Hess; ; = 0,0;£(0)) does
not have full rank.
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