Efficient Learning of Structured Quantum Circuits
via Pauli Dimensionality and Sparsity

Given black-box access to an unknown unitary process, how efficiently can one reconstruct its action?
This task—known as unitary process tomography—is a central problem in quantum information and
quantum computation. It has been extensively studied over the past several decades under various models and
performance measures (see [20, Section 1.3] for a detailed overview). Recently, Haah, Kothari, O’Donnell,
and Tang [20] established that © (4" /<) queries are both necessary and sufficient to learn an unknown n-qubit
unitary to € accuracy in diamond norm.

A complementary challenge is to identify structured subclasses of unitary channels that admit efficient
learning algorithms in both query complexity and runtime. This direction seeks to characterize which
quantum dynamics are tractable to learn, and is practically relevant for the experimental verification of
quantum devices. Moreover, efficiently learnable circuit classes cannot be pseudorandom, so such algorithms
delineate the boundary of pseudorandomness for quantum circuits, a direction that has received significant
recent attention [7, 11, 30-32, 38]. For these reasons, a growing line of work has identified efficiently
learnable subclasses of quantum circuits, including constant-depth circuits [24], fermionic matchgates [35],
Clifford circuits [29], and other restricted models.

Despite these successes, the existing algorithms appear highly specialized, relying on disparate techniques
tailored to individual circuit classes. This leaves open a basic conceptual question:

Is there a unifying structural reason why so many seemingly different classes admit efficient tomography?

In this work, we answer this question by developing a general framework showing that if a generating set
of Pauli operators remains low-complexity under conjugation by a unitary, then the unitary can be learned
efficiently. This identifies a common structural principle underlying efficient unitary tomography, unifying a
broad range of previous results while extending them to substantially more expressive circuit classes. In
several cases, our framework also yields improved query and time complexity.

We develop a general framework for unitary tomography based on the structure of a unitary’s Pauli
spectrum. Using this framework, we obtain polynomial-time learning algorithms for a broad range of
circuit classes, including O(log log n)-depth circuits, quantum O (log n)-juntas, near-Clifford circuits,
the Clifford hierarchy, fermionic matchgate circuits, and certain compositions thereof. Our results
both unify previous efficient-learning algorithms under a common structural principle and generalize
them to substantially more expressive circuit classes than were previously known.

The Unifying Framework

Our framework studies the action of the unknown unitary U on Pauli operators via conjugation, i.e., the map
P — UTPU. Since the Pauli operators form a basis for all n-qubit operators, this action fully determines U.
In particular, it suffices to understand the action of U on a generating set of Pauli operators. A set G of Pauli
operators is said to generate the Pauli group if every Pauli operator can be written as a product of elements of
G (up to global phase). Our framework shows that if the operators {UTgU : g € G} have low-complexity
Pauli spectra, then U can be learned efficiently.

We consider two natural notions of complexity of the Pauli spectrum. Any unitary U admits a Pauli
expansion U = 3" pcr; vy, zyen ap P, where the coefficients {op} form the Pauli spectrum of U. We say
that U has Pauli dimensionality k if its spectrum is supported on a subgroup G of size 2%, and Pauli sparsity
s if its spectrum is supported on a set .S of size s. These notions can be viewed as quantum analogues of
Fourier dimensionality and sparsity in Boolean function analysis [12].

Let dist,(+,-) denote the diamond distance, i.e., the standard worst-case distance measure between
quantum channels.

Theorem 0.1. Let G be a known generating set of Pauli operators, and let U be an n-qubit unitary such that
for every g € G, the operator Ut gU has Pauli dimensionality k (resp. Pauli sparsity s). Then there is an



algorithm that outputs a unitary V satisfying disto(U, V') < € with probability at least 1 — 0. The algorithm

log(1/6) log(1/9) _
’ gf (resp. poly(s,n) - “£5°2) queries.

uses poly(2¥, n) =
Thus, Theorem 0.1 reduces unitary learning to identifying a generating set G for which {UTgU : g € G}
have low-complexity Pauli spectra. We therefore obtain learning algorithms for broad classes of quantum
circuits by establishing this property.
Among the core technical ingredients underlying Theorem 0.1 are new learning algorithms for learning
unitaries with low-complexity Pauli spectra.

Theorem 0.2. Let U be an n-qubit k-Pauli-dimensional (resp. s-Pauli-sparse) unitary. There is an efficient
algorithm that outputs a unitary V satisfying dist, (U, V') < e with high probability using O(2"k /<) (resp.
O(s%/<?)) queries. Moreover, any algorithm requires Q(2¥ /) (resp. Q(s/¢)) queries.

Theorem 0.2 provides the core primitives underlying Theorem 0.1. In particular, the efficiency of the
resulting learning algorithms is governed by the complexity of these subroutines, and improvements to these
primitives directly translate into improved algorithms for all circuit classes captured by our framework. This
gives strong motivation for optimizing the performance of these subroutines.

We make several remarks about Theorems 0.1 and 0.2. For unitaries with Pauli dimensionality k, the
resulting algorithms are time efficient in all cases. For unitaries with Pauli sparsity s, an additional challenge
arises: the learning algorithms produce an operator A approximating U, which must be rounded to a nearby
unitary U.In general, it is unclear how to perform this rounding while preserving sparsity efficiently, and we
leave this as an open problem. Nevertheless, in ??, we identify several natural settings in which this rounding
step can be implemented efficiently. All circuit classes considered in this work fall into these settings, and
hence all of our resulting learning algorithms run in polynomial time.'

Except for an edge case, the algorithm for learning low-Pauli-dimensional unitaries (Theorem 0.2) is
query-optimal.> When k& = 2n, so that the Pauli spectrum has full support, Theorem 0.2 recovers the
©(4™ /) bound of Haah, Kothari, O’Donnell, and Tang [20]. Thus, our result generalizes their optimal
tomography algorithm to a broader setting, interpolating between the worst-case regime of arbitrary unitaries
and structured subclasses that admit faster learning.

Our work fits into a broader theme in quantum estimation: exploiting structure in the Pauli spectrum of
quantum states and circuits. This perspective has led to efficient algorithms for learning and testing quantum
states, channels, and unitary processes [1-6, 10, 13-16, 18, 21, 22, 25, 27, 33, 34, 41], and for quantum
estimation more generally [17, 19]. Our results extend this paradigm to a unified framework for learning
structured quantum circuits.

Finally, a recent work due to Honjani and Heidari [23] study the problem of learning an unknown unitary
that is promised to be e-close to an s-Pauli-sparse unitary, where closeness is measured in the ¢;-distance of
the Pauli coefficients, i;e., two unitaries U = ) papPandV =), fpP are e-closeif ) p|lap — fp| < e.
Their algorithm uses O(s% /%) queries. In contrast, our Theorem 0.2 gives more efficient guarantees in the
setting of exactly s-Pauli-sparse unitary channels.

Applications

Theorem 0.1 yields efficient learning algorithms for a broad range of quantum circuit classes. At first
glance, it may be unclear which circuits satisfy the condition that there exists a generating set G for which
{UTgU : g € G} have low-complexity Pauli spectra. We show that this condition in fact captures a wide
variety of natural and well-studied circuit classes, providing a unifying explanation for many previously
disparate learning results. Moreover, it extends beyond prior work, yielding efficient algorithms for more
expressive classes of circuits than were previously known to be learnable.

'If one only needs to apply a quantum channel close to the unknown unitary, the classical rounding step can be avoided. In
particular, given A, one can approximately implement its polar decomposition using standard techniques, e.g., the algorithm of
Quek and Rebentrost [37]. This is because A is a linear combination of at most s Pauli operators, and thus admits an efficient
block-encoding via the Linear Combination of Unitaries (LCU) framework. See ?? for details.

2A Pauli subgroup of order 2* admits a canonical generating set {z1,...,%a, 21, ..., Zatb} With 2a + b = k. The additional
factor of k in the O(2Fk/e) query complexity of Theorem 0.2 arises only in the regime a = o(log b). In all other regimes, our
algorithm is query optimal. Whether this factor is necessary remains open.



We illustrate this with representative examples and defer full details to the main paper. In particular,
Theorem 0.1 recovers prior results on learning arbitrary unitaries [20], the Clifford hierarchy [29], near-
Clifford circuits [26, 28], shallow circuits [24], fermionic matchgate circuits [35], the matchgate hierarchy [9],
and quantum juntas [6]. Here, “near-Clifford” refers to circuits consisting of Clifford gates together with
O(log n) non-Clifford single-qubit gates, and a quantum k-junta is a unitary acting nontrivially on only % of
n qubits.

Importantly, prior works relied on techniques tailored to each circuit class. In contrast, all of these
results arise as direct consequences of Theorem 0.1, showing that the low-complexity Pauli spectra condition
provides a unifying principle for efficient unitary learning.

Quantum k-juntas An n-qubit quantum k-junta is a unitary that acts nontrivially on only k of the n qubits.
We obtain a query-optimal learning algorithm for quantum k-juntas.

Corollary 0.3. Let U be an n-qubit quantum k-junta. Given query access to U, there is a time-efficient
algorithm that outputs V' satisfying dist,(U, V') < e with probability at least 1 — § using O( % log%> queries.

This query complexity is optimal up to constant factors.

Our result yields exponential improvements in both query and time complexity over prior work. Com-
pared to [6], we improve the query complexity quadratically in € while achieving the stronger guarantee of
learning in diamond distance. The algorithm of [24] relies on enumerating all k-local Pauli operators and is
therefore efficient only when k£ = O(1), whereas our algorithm remains efficient for £ = O(logn).

Compositions of shallow and near-Clifford circuits Prior work gives efficient learning algorithms for
constant-depth circuits [24] and for Clifford circuits with a small number of non-Clifford gates [28], but
these techniques do not extend to their composition.

Using Theorem 0.1, we obtain a unified algorithm that improves on both prior works and extends to
compositions of shallow and near-Clifford circuits.

Theorem 0.4. Let U be an n-qubit unitary of the form U = QC or U = CQ, where Q) is a depth-d
circuit and C'is a Clifford circuit augmented with t single-qubit non-Clifford gates. Then U can be learned
efficiently for d = O(loglogn) and t = O(logn).

This is the first result that simultaneously handles shallow and near-Clifford circuits, unifying the
techniques developed for these settings. Our algorithm is efficient for d = O(loglogn) and ¢t = O(logn),
which are both provably optimal. In particular, we show that any algorithm requires exponential dependence
on ¢ and doubly exponential dependence on d.

Our algorithm remains efficient for depth O(log log n) circuits, whereas [24] can only learn constant-
depth circuits. Similarly, [28] handles only Clifford circuits augmented with 1" gates, whereas our algorithm
applies to arbitrary single-qubit gates. We note that the class of unitaries covered by Theorem 0.4 includes
the first level of the recently introduced Magic Hierarchy [36].

Compositions of fermionic matchgates and Clifford circuits. Fermionic matchgates correspond to
fermionic Gaussian unitaries under the Jordan—Wigner transformation [39, 40]. Prior work gives efficient
learning algorithms for fermionic matchgate circuits [8, 35].

Using Theorem 0.1, we extend these results to compositions with Clifford circuits, analogous to Theo-
rem 0.4.

Theorem 0.5. Let U be an n-qubit unitary of the form U = FC or U = CF, where F is a fermionic
matchgate circuit and C'is a Clifford circuit. Then U can be learned efficiently using queries O(n” /?) and
time O(n®/<?).

This shows that our framework extends beyond shallow circuits and juntas to other structured models
such as fermionic systems, and continues to apply even under composition with Clifford operations.
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