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MOTIVATION

Quantum learning is pivotal for both verifying and extracting information from quantum systems, ad-
dressing the growing demands of quantum technologies while at the same time enabling transformative
applications [1-4]. To date, by far the majority of quantum learning theory has focused on the estimation

of linear properties of quantum states. However, non-linear properties, like the state purity Tr(p?) and
the non-linear expectation value Tr(Opz), play vital roles in quantum simulation for virtual cooling [5, 6],
quantum error mitigation [7-9], and instances of quantum algorithms [10, 11]. Specifically, estimating
Tr(Opz) / Tr( pz) yields estimates of a quantum system at a lower temperature than the physically prepared
thermal state, thereby suppressing potential incoherent noise. Further applications include inferring en-
tropic quantities and the quantum Fisher information of an unknown quantum state [12, 13] and detecting
quantum phases of matter in mixed states [14—16].

Yet, the intrinsic linearity of quantum mechanics renders the estimation of non-linear properties consid-
erably more challenging than that of a linear expectation value Tr(Op) of an observable O. For linear
estimation, directly measuring single state copies in the observable’s eigenbasis has optimal sample com-
plexity in the Hilbert space dimension d. While quantum memory enables entangled measurements across
multiple state copies, such resources only offer exponential advantage in more complex tasks [10, 17-19].
In contrast, when estimating a non-linear property like Tr(Opz), directly applying observable-driven tech-
niques from linear estimation unavoidably requires coherently-controlled quantum memory [20-27] and
renders implementations on quantum devices challenging [24-26].

Existing protocols using only single-copy quantum operations instead resort to general informationally
complete measurements, independent of the observable [28, 29] and post-process tensor products of so-
called classical shadows of the state [30]. On the one hand, these CS-based protocols require O(d) state

copies to accurately estimate Tr(sz) for a Pauli operator P with a high probability. However, current

lower bound of Q(\/g) suggests that they are indeed sub-optimal [10]. On the other hand, the use of
randomized measurement (RM) [2, 17, 18, 31-35] yields a sample complexity of @(v/d) for the special
case of measuring state purity Tr( pZ), which matches the lower bound and is thus optimal. But the case to

estimate Tr(Opz) for a general observable O using only single state copies while maintaining an optimal
sample complexity remains an open question:

How to optimize the sample complexity of estimating Tr(Opz) for a general observable O
with single-copy operations of p only?

Another crucial quantity we care much about while designing practical quantum learning protocols is
the number of experimental settings. Since in most quantum computing platforms, the time overhead of
switching between experimental settings is typically orders of magnitude larger than the duration of a single
measurement shot [36—39], so it is more favorable to fix a setting and perform many repetitions before
changing it. In terms of RM protocols, we want to optimize the number of random unitaries drawn from an
ensemble, or equivalently, the measurement bases. We are thus interested in:

How to optimize the number of random unitaries required for estimating Tr(Opz) for a general
observable O with single-copy operations of p only?

MAIN RESULTS
In this work, we (partially) answer both questions by proposing protocols to measure Tr(0p2) for an

arbitrary O with sample complexity @(1/d) and only O(1) measurement bases. In the case of O being

Pauli operators, local observables, and stabilizer fidelities, we prove that essentially Q(v/d) state copies
are necessary for any single-copy RM protocol, ensuring that our protocol achieves the optimal sample
complexity. Remarkably, it has a square-root improvement in sample complexity and exponentially reduces
the number of measurement settings compared to the prevailing protocols based on classical shadows [30]
while estimating Pauli observables. Our main findings are summarized as follows.


https://journals.aps.org/prxquantum/abstract/10.1103/4rkx-xkwy

Estimating general observables. Our first result is the sample complexity to measure Tr(Opz) using a
protocol that requires random unitaries sampled from a block-diagonal unitary 4-design. We consider an
observable O subject to |O| o < 1 (otherwise, we rescale O according to O/|O| ). The main observation
is that O can be approximately decomposed into the sum of dichotomic observables, with the number of
terms logarithmic to the reciprocal of a given precision.

Lemma 1 (Dichotomic decomposition of general observables, Lemma 3 in the manuscript). For any ob-
servable O satisfying |O| o < 1, one can decompose O as

k
0=3"270,+0,, (1)
=1

where k € N*, each Oy is a dichotomic observable with eigenvalues 1, and | O o <27,

The following theorem provides upper bounds for sample complexity and the number of measurement
bases required of a single-copy RM protocol:

Theorem 1 (Estimating general observables, informal version of Theorem 2 in the manuscript). Let O be
an observable with |O| s < 1 in E((Cd), there exists a single-copy RM protocol (e.g., ORM), such that for

any input state p in a d-dimensional qubit system, it estimates Tr(Opz) to within additive error € with
probability at least 1 — 8, with a sample complexity of

O(max{g, é}logwllog(sl)]). 2)

Specifically, the number of random unitaries required is Ny = O (maX { 1, ﬁ}log (8_1 ))

Our protocol shares several benefits with the RM protocol designed for purity estimation [2, 32]: the
@) (\/3 ) sample complexity and O(1) measurement bases are the same, which both are shown to be optimal
among all single-copy protocols for purity estimation in Ref. [40]. Note that, when the estimation accuracy
is not exponentially small, even a single measurement basis is enough to accurately estimate Tr(Opz).
Besides, there is no need to record which unitary is implemented in the quantum data-obtaining process
since the post-processing function is irrelevant to this information, and this further reduces potential error
in the classical post-processing.

Our observable-driven protocol optimizes its procedure utilizing the preknowledge of the observable O.
Thus, while estimating non-linear properties, it shows advantages in sample complexity and the number
of measurement bases compared to other prevailing single-copy RM protocols, including the non-linear
estimator based on classical shadows [30]. Furthermore, when O is a local (which has a support of O(1)
size) or a Pauli observable, the sample complexity (’)(\/3 ) achieved by our protocol is provably optimal
with the system dimension d [10, 41].

Estimating local observables and Pauli observables using Clifford circuit. Although our proposed ORM
protocol applies to a general observable and achieves the optimal sample complexity in many cases, its prac-
tical application faces challenges. In the special case of estimating local Pauli observables, the difficulties
could be significantly eased by implementing Clifford gates and performing a mid-circuit measurement.

Lemma 2 (Estimating traceless dichotomic observables with Clifford circuit, Lemma 4 in the manuscript).
Let O be a traceless dichotomic observable, i.e., the dimensions of its two eigenspaces are d,,d_ =d[2 =
2" there exists a single-copy RM protocotol using Clifford circuit and mid-circuit measurements, such
that for any input n-qubit state p with n > 3, it estimates Tr(Opz) to additive error € with probability at
least 1 -8, with a sample complexity of

o (glog(S_l)). 3)

Specifically, the number of repetitions is T = (’)(log(S - )), the number of random unitaries per repetition
isNy=0 (Ei2 ), and the number of measurements per unitary is Ny = O (\/3 )



Utilizing the Pauli sampling technique [42, 43], the non-linear expectation values of a wide range of

observables can be estimated using efficient circuit implementation schemes while maintaining the (9(\/3 )
sample complexity, which is again optimal for the local observables and Pauli observables [10, 41].

Theorem 2 (Estimating observables via Pauli sampling and block-diagonal Clifford gates, Theorem 3 in the
manuscript). Let O be an observable that admits a Pauli decomposition of K terms, there exists a single-

copy RM protocol, such that for any input state p in a d-dimensional qubit system, it estimates Tr(Opz) to
additive error € with probability at least 1 - 0, with an expected sample complexity of

2
O(Knonzlog( 51)), "

Vde?

Estimating many low-rank observables. For the specific cases of low-rank observables (i.e., rank (O) =

O(1)), the classical shadow protocol has the same sample complexity of O (\/c_z’ ) as ORM. Thanks to the

use of the median-of-means estimator in post-processing, the classical shadow protocol has the favorable
logarithmic scaling in simultaneously estimating multiple non-linear quantities, while it scales linearly for
ORM. Our third result is the BRM protocol, which has the same sample complexity as the classical shadow
but exponentially reduces the number of measurement bases while estimating many low-rank observables.

Theorem 3 (Estimating many low-rank observables, informal version of Theorem 4 in the manuscript). Let
{0}, be a collection of observables satisfying Tr(O%,) =O(1) for all i, there exists a single-copy RM
protocol (e.g., BRM), such that for an input state p in a d-dimension system, it simultaneously estimates all
quantities Tr (Ompz) to additive error at most € > 0 with probability at least 1 — 8, with a sample complexity

of O (\/38_2 log(% ) ) Specifically, the number of random unitaries required is Ny = O (8_2).

Summary. Our proposed protocols, both ORM and BRM, remarkably reduce the number of required mea-
surement bases to a constant number, compared to the exponentially many with system size in classical
shadow. When O is a local or Pauli observable, the sample complexity achieved by ORM using a Clifford
circuit is theoretically optimal among all single-copy RM protocols. BRM also shares the favorable scaling
in simultaneously estimating multiple observables with classical shadow.

Samol lexity | M b Rand " Information Estimating M
ample complexity| Measurement bases| Random unitary |" . unitary? |independent observables
Classical Shadow [30]| O (\/dTr(Oz)) o <\/dTr(02)) Unitary 3-design Yes O (logM)
. Block-diagonal

ORM (this work) O(Vd) o(1) unitary 4-design No O (M)

ORM for local O . .
or Pauli O (this work) (@] (\/3 ) (optimal) o) Clifford No OM)

BRM (this work) O (\ /dTr(Oz)) 0(1) Unitary 6-design Yes O (logM)

TABLE I: The comparison of different protocols in estimating Tr(Opz) with constant additive error and
failure probability.

DISCUSSION

Our work proposes several single-copy protocols for the estimation of non-linear properties in the form of
Tr(Opz). We prove the optimality of sample complexity for all Pauli observables, matching the complex-
ity bounds and thus closing a gap in the literature of quantum learning theory. Furthermore, our protocols
remarkably reduce the number of measurement bases required to reach the same precision compared to
prevailing RM protocols. The protocols are presented in an implementable form and have several potential
applications, including quantum error mitigation and quantum virtual cooling. We believe our work will be
of interest to both theorists studying quantum learning, simulation, and many-body physics, and experimen-
talists implementing quantum protocols in near-term quantum platforms. We hope it fits well in the topic of
“Theoretical foundations of quantum learning” for QTML 2026.
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