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Abstract

Principal component analysis (PCA) is traditionally implemented through a covariance
or kernel matrix, leading-eigenvector extraction, and hard rank-k projection. These steps
can be computationally costly in high-dimensional and quantum-data settings, sensitive to
small eigengaps, and unnecessary when downstream tasks only require principal-subspace
scores. Such score-based objectives are important in applications such as anomaly detection,
spectral-energy profiling, and other postselection tasks. To address these needs, we intro-
duce a measurement-based soft PCA framework replacing the hard top-k projector with an
entropy-regularized Fermi–Dirac filter. This filter is the unique optimizer of an entropy-
regularized variational formulation of PCA and converges to the classical PCA projector in
the zero-temperature limit.

This filter has a direct interpretation as a quantum measurement, which naturally sug-
gests a quantum approach. For centered covariance operators represented by quantum
feature states, a single fixed circuit, together with threshold calibration, accesses all optimal
filters for different rank budgets or retained-variance levels without rank-dependent circuit
updates or eigenvector recovery. For new inputs, the same calibrated quantum circuit yields
soft principal subspace scores, spectral energy profiles, and postselected filtered states. The
required centering of both training and test data is performed coherently inside the quan-
tum protocol, which is particularly important for quantum data where no classical feature
vectors or centered Gram matrix are directly available. By reframing PCA as a calibrated
measurement task, this framework bypasses the need for iterative eigenvector extraction and
achieves a dimension-independent sample complexity O(η−2) for normalized fractional-rank
or retained variance scoring at additive accuracy η.
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1 Introduction

Principal component analysis (PCA) is one of the most standard ways to identify dominant
structures and reduce the effective dimension in high-dimensional data [1, 2]. Traditional PCA
pipelines based on eigendecomposition can have several limitations: (i) keeping only the top k
eigenvectors imposes a hard spectral cut-off, so eigenmodes are either fully kept or completely
discarded. Thus small perturbations in the data can change the selected subspace when the
relevant eigengap is small; (ii) PCA requires the covariance matrix and kernel PCA requires the
centered Gram matrix and its eigendecomposition, which can be costly to obtain in big data
settings; (iii) even once the top eigenvectors are recovered, assigning a score to a new data point
requires expensive projection onto the top eigenvectors.

However, many practical applications care more about the final downstream task: how much
of the new input data lies in the dominant covariance directions? This outputs a principal-
subspace score. To answer this question directly, recovering dominant eigenvectors on their
own can be overkill, and by avoiding this one can obviate some of the problems of traditional
PCA above. One of the leading applications where only a final score is needed is anomaly
detection [3–5]. Here if ‘normal’ data live mostly in a leading principal subspace, then a new
input is anomalous if it has low principal-subspace score. Similarly, PCA-subspace scores drive
decision-making in classification tasks where individual subspaces are learned for each class,
and test inputs are classified by comparing their projection scores or canonical angles to these
subspaces [6–8]. In scientific data characterization and quality control, PCA scores are utilized
to summarize dominant spectral or physical patterns, enabling the real-time analysis of complex
processes like material synthesis [9, 10]. Furthermore, in model-order selection, the primary
focus is evaluating how cumulative explained variance changes with the number of retained
components. This effectively determines the minimal information required to represent complex
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systems without losing critical details [11, 12]. All of these tasks rely on extracting principal-
subspace scores rather than solving explicit principal eigenvectors.

To directly solve this score-based PCA problem, a natural approach is to follow the phi-
losophy of the variational characterization of leading eigenvalues [13–15], where the leading
eigenspace can be rephrased as the solution of an optimization problem. For data with covari-
ance matrix C, we can solve a trace-constrained measurement M optimization problem (with
solution M∗)

max
M∈Md

Tr(CM) subject to Tr(M) = k, Md := {M ∈ Herm(Cd) : 0 ⪯M ⪯ 1},

where Tr(CM∗) is the retained covariance energy and M∗ can be shown to be the rank-k
projector with a basic eigengap assumption, associated with traditional PCA that keeps only
the top k eigenvectors. The feasible set Md ∩{M : Tr(M) = k} is the Fantope, the convex hull
of rank-k projectors [16, 17]. Although existing work has used this geometry mainly to impose
sparsity or other structural constraints, here we use it to change the object returned by PCA
itself. Once we get such measurement M∗, for downstream scoring of a normalized input ρ, the
corresponding principal-subspace score is Tr(Mρ) ∈ [0, 1]. This allows us to directly output the
score without needing to recover the eigenvectors.

This measurement perspective is particularly natural from the viewpoint of quantum compu-
tation, where M being Hermitian and constrained to 0 ⪯M ⪯ 1 can directly define a quantum
measurement. Indeed, if the data is either natively quantum or can be embedded into quantum
states, quantum algorithms like Quantum PCA [18] can be used to process the spectral infor-
mation efficiently. In other settings, the covariance matrix operator may be directly available
through state preparation or sampling, while writing down its full matrix or reconstructing its
eigenvectors may be unnecessary [19]. However, when the Fantope optimizer M⋆ is the rank-k
PCA projector, implementing it still amounts to resolving a sharp spectral cutoff. This typically
requires eigenvector recovery by existing quantum approaches, which is overkill for score-based
tasks. Furthermore, quantum implementations face an additional centering issue. For quantum-
native data, or for nonlinear quantum feature maps, there may be no accessible classical feature
vector to subtract and no explicit centered Gram matrix to build. Assuming classical centering
for quantum data would require state tomography or explicit kernel reconstruction. Thus the
question is now how to construct such a measurement so one can measure principal spectral
content directly on new quantum feature states.

We address this problem by softening the measurement optimization itself (adding a reg-
ularization), which is more readily solved and does not suffer from problems associated with
a hard spectral cutoff. We develop a soft PCA measurement primitive based on Fermi–Dirac
filtering [20]. At the variational level, adding Fermi–Dirac entropy to the trace-constrained
PCA objective replaces binary principal component occupations by smooth logistic occupa-
tions. The resulting operator is a temperature-controlled soft filter: finite temperature gives
a stable spectral resolution, while the zero-temperature limit recovers hard PCA whenever the
target eigengap is nonzero. This connects the Fantope view of PCA with the recent framework
of quantum Fermi–Dirac thermal measurements [21].

We further show that this soft PCA filter can be calibrated without iterative quantum
training. A modified thermal measurement moves the scalar chemical potential (arising as a
Lagrange multiplier to the constrained optimization problem) from the data-side Hamiltonian
to a classical threshold on the control position. With a maximally mixed probe, the tail prob-
ability of the position outcome is exactly the normalized trace of the soft filter. A single fixed
circuit therefore produces a position distribution whose quantiles identify the optimal thresh-
olds for all target ranks. The same approach also applies to retained-variance tasks. Classically,
these tasks are usually solved by first estimating the principal spectrum and then finding the
smallest number of components that retains a prescribed fraction of covariance energy. For
this purpose, we introduce a covariance-probe version of the same fixed measurement. The full
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retained-variance profile can also be calibrated from one fixed position distribution, without re-
constructing eigenvectors or eigenvalues. After calibration, the same circuit can be applied to a
centered test state to estimate normalized soft spectral-energy profiles or cumulative principal-
subspace scores. The statistical cost is task dependent. Uniform all-rank calibration has a
worst-case O(d2/η2) sample scaling for trace accuracy η. A single fixed-rank target admits
sharper binomial bounds, while normalized fractional-rank calibration and retained-variance
calibration can achieve complexity O(η−2) independent of d.

Our paper proceeds as follows. Sec. 2 reformulates classical PCA as a trace-constrained
measurement optimization over the Fantope. Sec. 3 softens this projector via Fermi–Dirac
entropy regularization to derive a closed-form filter, and proves its convergence to hard PCA
at low temperatures. Sec. 4 presents the quantum construction: after representing centered
feature covariances directly via quantum states, we deploy a modified thermal measurement.
By moving the chemical potential to a classical position threshold, we achieve a training-free
calibration for any target rank or retained variance, ready for inference on new data. Sec. 5
positions the resulting protocol against existing classical and quantum PCA algorithms and
identifies the downstream tasks where this new framework is favorable. Finally, Sec. 6 discusses
operational implications, statistical costs, limitations, and future directions.

2 Classical PCA as Measurement Optimization

Let x1, . . . ,xN ∈ Rd be classical data points, and let

x̄ :=
1

N

N∑
i=1

xi (2.1)

be their sample mean. Define the centered data

yi := xi − x̄, i = 1, . . . , N, (2.2)

and the sample covariance matrix

C :=
1

N

N∑
i=1

yiy
⊤
i ∈ Rd×d. (2.3)

Suppose that C admits the spectral decomposition

C =
d∑

j=1

λjuju
⊤
j , λ1 ≥ λ2 ≥ · · · ≥ λd ≥ 0, (2.4)

where u1, . . . ,ud form an orthonormal eigenbasis. When some eigenvalues are degenerate (e.g.,
λk = λk+1), the choice of the leading k eigenvectors is not unique. Nevertheless, any valid
selection spans an optimal k-dimensional principal subspace

Uk := span{u1, . . . ,uk}. (2.5)

The orthogonal projector onto Uk is always a rank-k projector, given by

Pk :=

k∑
j=1

uju
⊤
j . (2.6)

For centered data, PCA acts by the filtering map y 7−→ Pky, while for the original data it gives
the rank-k reconstruction x 7−→ x̄+ Pk(x− x̄).

The same PCA projector can also be characterized variationally. We now extend this rep-
resentation to complex spaces for quantum data, and then express it as an optimization form
in terms of quantum measurement operators.
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Proposition 2.1 (Classical PCA as trace-constrained measurement optimization). Let

Md := {M ∈ Herm(Cd) : 0 ⪯M ⪯ 1} (2.7)

denote the set of measurement operators acting on Cd. For generality, suppose that the sample
covariance matrix C ∈ Herm(Cd) has eigenvalues λ1 ≥ · · · ≥ λd. Consider

max
M∈Md

Tr(CM) subject to Tr(M) = k, (2.8)

where k ∈ {1, . . . , d − 1}. Then the set of optimal measurement operators forms a convex set,
whose extreme points are exactly the rank-k orthogonal projectors onto the optimal principal
subspaces of C. Moreover, if the eigengap condition λk > λk+1 holds, the optimizer is unique
and given by

M⋆ = Pk =

k∑
j=1

|uj⟩⟨uj |, (2.9)

where u1, . . . , ud are the orthonormal eigenvectors of C corresponding to the ordered eigenvalues.

Proof. Let

C =

d∑
j=1

λj |uj⟩⟨uj | (2.10)

be the eigendecomposition of C. For any feasible matrix M ∈ Md, we define mj := ⟨uj |M |uj⟩
for each j. From the trace constraint and 0 ⪯M ⪯ 1, these diagonal elements must satisfy

0 ≤ mj ≤ 1,

d∑
j=1

mj = k. (2.11)

We evaluate the objective function by expanding the trace in the eigenbasis of C:

Tr(CM) =
d∑

j=1

λj ⟨uj |M |uj⟩ =
d∑

j=1

λjmj . (2.12)

Since the eigenvalues λj are sorted in non-increasing order, the maximum possible value of this

sum is
∑k

j=1 λj . The optimal solutions for mj form a convex polytope. Its extreme points
correspond to integer assignments mj ∈ {0, 1} where exactly k variables equal 1 (matching the
largest eigenvalues) and the rest are 0.

For any such extreme point assignment, because 0 ⪯ M ⪯ I, the condition ⟨uj |M |uj⟩ = 1
forces |uj⟩ to be an eigenvector of M with eigenvalue 1. Similarly, ⟨uj |M |uj⟩ = 0 implies |uj⟩
is an eigenvector with eigenvalue 0. Thus, any extreme-point optimizer is rigorously determined
as an orthogonal projector onto a k-dimensional principal subspace of C.

Finally, if the eigengap condition λk > λk+1 holds, the optimal assignment is strictly unique:

m1 = · · · = mk = 1, mk+1 = · · · = md = 0. (2.13)

In this case, the convex set of optimizers collapses to a single point, making the optimal operator
strictly unique and given by the projector

M⋆ =
k∑

j=1

|uj⟩⟨uj | = Pk, (2.14)

thus concluding the proof.
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The feasible set Md ∩ {M : Tr(M) = k} is known as the Fantope, the convex hull of rank-k
projectors [16, 17]. Thus, Proposition 2.1 serves as a measurement-operator analogue of Ky
Fan’s maximum principle. In classical machine learning, this framework is primarily studied as
a convex relaxation of PCA to bypass non-convex rank constraints (a perspective that notably
reduces Euclidean reconstruction error, as detailed in Appendix A). For the quantum frame-
work developed in this paper, this Fantope structure plays a far more fundamental role. Any
operator M ∈ Md intrinsically defines a valid quantum measurement effect. Consequently, for
a normalized input quantum state ρ, the quantity Tr(Mρ) directly corresponds to a physically
measurable Born probability in [0, 1] serving as the normalized principal-subspace score.

3 Soft PCA and Fermi–Dirac Filter

We now soften the trace-constrained PCA measurement problem in Eq. (2.8) by adding Fermi–
Dirac entropy regularization. The hard rank-k projector of classical PCA will be replaced by a
temperature-dependent soft filter whose eigenvalues are Fermi–Dirac occupation numbers.

Definition 3.1 (Fermi–Dirac entropy). For x ∈ (0, 1), define the scalar binary entropy

h(x) := −x log x− (1− x) log(1− x). (3.1)

We extend h continuously to [0, 1] by setting h(0) = h(1) = 0. For a measurement effect
M ∈ Md, define its Fermi–Dirac entropy:

SFD(M) := Trh(M) = −Tr[M logM ]− Tr[(1−M) log(1−M)]. (3.2)

Equivalently, if m1, . . . ,md ∈ [0, 1] are the eigenvalues of M , then

SFD(M) =
d∑

j=1

h(mj). (3.3)

The entropy-regularized soft PCA problem at temperature T > 0 is

max
M∈Md

Tr(CM) + TSFD(M) subject to Tr(M) = k. (3.4)

The entropy term smooths the sharp rank-k occupation pattern of hard PCA while keeping
the feasible set unchanged. For the trace-constrained problem Eq. (3.4), the dual variable is a
scalar chemical potential µ ∈ R. For later use, define the Hermitian operator

H(µ) := µ1− C. (3.5)

The corresponding Fermi–Dirac filter is

MT,µ :=MT

(
H(µ)

)
:=
(
1+ eH(µ)/T

)−1
=
(
1+ e(µ1−C)/T

)−1
. (3.6)

Proposition 3.2 (Soft PCA as a Fermi–Dirac filter). The regularized problem Eq. (3.4) has a
unique optimizer of the Fermi–Dirac filter form

MT,µ⋆ =
(
1+ e(µ

⋆
1−C)/T

)−1
, (3.7)

where µ⋆ ∈ R is the unique solution of the trace equation

Tr

[(
1+ e(µ1−C)/T

)−1
]
= k. (3.8)
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Equivalently, µ⋆ is the unique minimizer of the scalar dual function

ΦT (µ) := µk + T Tr log
(
1+ e(C−µ1)/T

)
, (3.9)

which is a strictly convex scalar function, and whose derivative and second derivative are

Φ′
T (µ) = k − Tr(MT,µ), Φ′′

T (µ) =
1

T
Tr
[
MT,µ(1−MT,µ)

]
> 0. (3.10)

Proof. For the Lagrange multiplier µ ∈ R, we have the Lagrangian

LT (M,µ) = Tr(CM) + TSFD(M) + µ
(
k − Tr(M)

)
(3.11)

= Tr
(
(C − µ1)M

)
+ TSFD(M) + µk. (3.12)

For fixed µ, the Fréchet derivative with respect to M over the open set 0 ≺M ≺ 1 is

∇MLT (M,µ) = C − µ1+ T
(
log(1−M)− logM

)
. (3.13)

Setting this derivative to zero yields

logM − log(1−M) =
C − µ1

T
, (3.14)

and therefore
M(1−M)−1 = e(C−µ1)/T . (3.15)

Solving for M gives

M =MT,µ =
(
1+ e(µ1−C)/T

)−1
. (3.16)

To obtain the scalar dual objective, substitute MT,µ into the Lagrangian. Equivalently,

diagonalize C =
∑d

j=1 λj |uj⟩⟨uj | and optimize mode by mode, the first two terms of LT (M,µ)
in Eq. (3.12) becomes:

sup
0≤m≤1

[
(λj − µ)m+ T

(
−m logm− (1−m) log(1−m)

)]
= T log

(
1 + e(λj−µ)/T

)
. (3.17)

Summing over j and restoring the µk term gives Eq. (3.9). Differentiating yields

Φ′
T (µ) = k −

d∑
j=1

1

1 + e(µ−λj)/T
= k − Tr(MT,µ), (3.18)

and

Φ′′
T (µ) =

1

T

d∑
j=1

e(µ−λj)/T(
1 + e(µ−λj)/T

)2 =
1

T
Tr
[
MT,µ(1−MT,µ)

]
> 0, (3.19)

which is Eq. (3.10). So ΦT is strictly convex and admits a unique minimizer µ⋆. The first order
condition Φ′

T (µ
⋆) = 0 is exactly the trace equation Eq. (3.8).

From Proposition 3.2, if

C =
d∑

j=1

λj |uj⟩⟨uj |, (3.20)

then

MT,µ =

d∑
j=1

1

1 + e(µ−λj)/T
|uj⟩⟨uj |. (3.21)
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Thus the hard occupation numbers 0 and 1 of classical PCA are replaced by Fermi–Dirac
occupation weights in the interval (0, 1). In particular, for T > 0 and 1 ≤ k ≤ d − 1, the
optimizer MT,µ⋆ is generally not idempotent, and therefore is a soft filter rather than a hard
rank-k projector. We now show that Soft PCA recovers the standard hard projector as the
parameter T vanishes.

Corollary 3.3 (Low-temperature limit). For each T > 0, let

M⋆
T :=MT,µ⋆ (3.22)

denote the unique optimizer of the entropy-regularized soft PCA problem Eq. (3.4), and let vhard
be the optimal value of the hard measurement optimization problem Eq. (2.8). Let h be the scalar
binary entropy defined in Definition 3.1. For every ϵ > 0, if

T ≤ ϵ

d h(k/d)
, (3.23)

then
Tr(CM⋆

T ) ≥ vhard − ϵ. (3.24)

Note that since
k log(d/k) ≤ d h(k/d) ≤ k log(d/k) + k, (3.25)

it follows that for practical scenarios where k = O(1), the sufficient temperature scale in
Eq. (3.23) is O(1/ log d). In addition, if the eigengap condition λk(C) > λk+1(C) holds, then

lim
T→0

M⋆
T = Pk. (3.26)

Proof. Since M⋆
T is feasible for Eq. (2.8), one has

Tr(CM⋆
T ) ≤ vhard. (3.27)

On the other hand, because M⋆
T is an optimizer of Eq. (3.4), we have

vhard ≤ Tr(CM⋆
T ) + TSFD(M

⋆
T ) (3.28)

Now let m1, . . . ,md ∈ [0, 1] be the eigenvalues of M⋆
T . Then

d∑
j=1

mj = Tr(M⋆
T ) = k, SFD(M

⋆
T ) =

d∑
j=1

h(mj). (3.29)

Because h is concave, Jensen’s inequality gives

SFD(M
⋆
T ) ≤ d h

1

d

d∑
j=1

mj

 = d h(k/d). (3.30)

Therefore
vhard ≤ Tr(CM⋆

T ) + T dh(k/d), (3.31)

which proves Eq. (3.24). The bound

k log(d/k) ≤ d h(k/d) ≤ k log(d/k) + k (3.32)

follows from the elementary inequality

x log(1/x) ≤ h(x) ≤ x log(1/x) + x, x ∈ [0, 1]. (3.33)
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Now let T → 0, since the feasible set

{M ∈ Md : Tr(M) = k} (3.34)

is compact and closed, by Eq. (3.27), Eq. (3.28) and continuity of the trace,

lim
T→0

Tr(CM⋆
T ) = vhard, (3.35)

which is the optimal value of Eq. (2.8).
If the eigengap condition λk(C) > λk+1(C) holds, then Proposition 2.1 implies that Eq. (2.8)

has the unique optimizer Pk, and
lim
T→0

M⋆
T = Pk, (3.36)

thus concluding the proof.

4 Quantum Fermi–Dirac Filter for Soft PCA

Section 3 reformulated soft PCA as a trace-constrained Fermi–Dirac optimization, and Ap-
pendix B showed that its classical implementation still requires repeated evaluation of matrix-
valued quantities such as

Tr(MT,µ), MT,µ =
(
1+ e(µ1−C)/T

)−1
, (4.1)

which becomes costly in high dimensions. For dense unstructured covariance operators, di-
rect methods require O(d3) spectral or matrix-function computations, motivating a quantum
implementation in which C is accessed directly as an operator.

We first specify a quantum representation of the covariance operator. We then introduce a
modified thermal measurement that transfers the scalar shift µ1 from the data-side Hamiltonian
to the control side. This leads to a training-free quantile calibration of the optimal soft PCA
filter. Once the optimal soft PCA filter is obtained, the computation of the final score on new
input states can be performed directly.

4.1 Quantum covariance representation

There are two natural settings in which the present formulation is especially well matched
to quantum computation. First, when the data are quantum native, the uncentered second-
moment is already a density operator, meaning the covariance object can be built directly from
quantum states. Second, when classical data are encoded through a quantum feature map

x 7−→ |ϕ(x)⟩ = Uϕ(x) |0⟩ , (4.2)

the corresponding feature-space covariance can be formed directly at the level of quantum states,
without first explicitly constructing a full Gram matrix. In both cases, the protocol operates
on quantum samples and produces calibrated measurement effects that can be applied directly
to new quantum input states.

Proposition 4.1 (Feature-state covariance representation). Let

|ϕi⟩ := |ϕ(xi)⟩ ∈ H, i = 1, . . . , N, (4.3)

be quantum feature states associated with training samples x1, . . . ,xN , and define the empirical
feature-state average

ρ̄ϕ :=
1

N

N∑
i=1

|ϕi⟩⟨ϕi|. (4.4)
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Let

|m⟩ := 1

N

N∑
i=1

|ϕi⟩ (4.5)

be the empirical mean feature vector. Then the centered feature-space covariance operator is

Cϕ :=
1

N

N∑
i=1

(
|ϕi⟩ − |m⟩

)(
⟨ϕi| − ⟨m|

)
= ρ̄ϕ − |m⟩⟨m|. (4.6)

In particular, if the feature data are centered in Hilbert space, i.e. |m⟩ = 0, then Cϕ = ρ̄ϕ.

Proof. Expand the definition:

Cϕ =
1

N

N∑
i=1

(|ϕi⟩⟨ϕi| − |ϕi⟩ ⟨m| − |m⟩ ⟨ϕi|+ |m⟩⟨m|) (4.7)

=
1

N

N∑
i=1

|ϕi⟩⟨ϕi| −

(
1

N

N∑
i=1

|ϕi⟩

)
⟨m| − |m⟩

(
1

N

N∑
i=1

⟨ϕi|

)
+

1

N

N∑
i=1

|m⟩⟨m|. (4.8)

Using

1

N

N∑
i=1

|ϕi⟩ = |m⟩ , 1

N

N∑
i=1

⟨ϕi| = ⟨m| , 1

N

N∑
i=1

|m⟩⟨m| = |m⟩⟨m|, (4.9)

we obtain
Cϕ = ρ̄ϕ − |m⟩⟨m|. (4.10)

The centered case is immediate.

It is important to distinguish the roles of the two terms in

Cϕ = ρ̄ϕ − |m⟩⟨m|. (4.11)

The operator

ρ̄ϕ =
1

N

N∑
i=1

|ϕi⟩⟨ϕi| (4.12)

is a density operator on H, since it is positive semidefinite and has unit trace. In general, it is
a mixed state, rather than a pure state.

By contrast,

|m⟩⟨m|, |m⟩ = 1

N

N∑
i=1

|ϕi⟩ , (4.13)

is a positive semidefinite with rank at most one, but it is not generally a density operator,
because |m⟩ need not be normalized. Indeed,

Tr(|m⟩⟨m|) = ⟨m|m⟩ = α, (4.14)

and typically α ̸= 1.
This form for Cϕ in Eq. (4.11) is especially useful later, because it expresses Cϕ as a linear

combination of quantum states. In the special case α = 0, one simply has |m⟩ = 0 and hence

Cϕ = ρ̄ϕ. (4.15)
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Remark 4.2. To connect Proposition 4.1 with kernel PCA, we now consider the Gram rep-
resentation. In classical kernel PCA, one diagonalizes the centered kernel matrix rather than
the feature-space covariance operator. Let Φ := [ |ϕ1⟩ · · · |ϕN ⟩ ] denote the feature matrix, and
let H := IN − 1

N 11⊤ be the standard centering matrix. Using Proposition 4.1, the centered
covariance operator in quantum feature space can be written compactly as

Cϕ = ρ̄ϕ − |m⟩⟨m| = 1

N
ΦHΦ†. (4.16)

Meanwhile, the empirical kernel matrix is

K = Φ†Φ, (4.17)

and its centered version is
Kc = HKH = HΦ†ΦH. (4.18)

Since the operators ΦHΦ† and HΦ†ΦH have the same nonzero spectrum, it follows that the
nonzero eigenvalues of Cϕ coincide with those of 1

NKc. Therefore, centered quantum feature
states induce exactly the same nonzero principal spectrum as classical kernel PCA, while rep-
resenting this spectrum through the feature-space covariance operator rather than an explicitly
formed Gram matrix. In this sense, Cϕ is the operator-level counterpart of the centered kernel-
PCA matrix [22].

We now describe the state preparation procedures for the two terms in Eq. (4.11) and for
arbitrary centered test input.

Preparation of ρ̄ϕ. Assume access to a data loading unitary

Udata |i⟩ |0⟩ = |i⟩ |ϕi⟩ , i ∈ {1, . . . , N}. (4.19)

Let

|uN ⟩ := 1√
N

N∑
i=1

|i⟩ (4.20)

be the uniform superposition over training indices and define

|Ω⟩ := Udata

(
|uN ⟩ |0⟩

)
=

1√
N

N∑
i=1

|i⟩ |ϕi⟩ . (4.21)

Tracing out the index register yields

Tridx
[
|Ω⟩⟨Ω|

]
=

1

N

N∑
i=1

|ϕi⟩⟨ϕi| = ρ̄ϕ. (4.22)

Hence ρ̄ϕ is obtained by discarding the index register of the purification Eq. (4.21).

Preparation of |m⟩. Let UN be any unitary such that UN |0⟩ = |uN ⟩, such as a tensor

product of Hadamard gates. Applying U †
N to the index register of Eq. (4.21) gives

|χm⟩ = (U †
N ⊗ 1) |Ω⟩ = |0⟩ |m⟩+ |⊥⟩ , (4.23)

where the index component of |⊥⟩ is orthogonal to |0⟩, and

α =
∥∥∥(⟨0| ⊗ 1)(U †

N ⊗ 1) |Ω⟩
∥∥∥2 = ⟨m|m⟩ (4.24)
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is exactly the probability of obtaining outcome |0⟩ on the index register. In the algorithms in
this paper, however, we do not need to estimate α in advance. Rather than normalizing the
mean branch and then multiplying it by α, we use the subnormalized branch |m⟩⟨m| directly.
The index |0⟩ acts as an internal selector for the mean term, so the factor α enters automatically
through the branch amplitude.

In practice, when feature-space centering is available in advance, one may work directly with
centered feature states and omit the mean state. If one instead chooses an uncentered PCA
variant, the |m⟩⟨m| term can also be dropped. However, for the centered protocol considered
here, classical zero-mean inputs do not generally imply zero mean in a nonlinear quantum
feature space. Moreover, for quantum-native data, there may be no accessible classical feature
vector whose mean can be subtracted in advance. We therefore use the same subnormalized
mean branch to center new test inputs coherently.

Preparation of a centered input. For a new input x, assume access to a test state prepa-
ration unitary

Ux |0⟩ = |ϕ(x)⟩ . (4.25)

The centered feature vector associated with x is

|zx⟩ := |ϕ(x)⟩ − |m⟩ , νx := ⟨zx|zx⟩ . (4.26)

Using the same subnormalized mean branch |χm⟩ = |0⟩ |m⟩ + |⊥⟩ from Eq. (4.23), one can
prepare the centered input by a simple LCU postselection [23,24]. Prepare

|Ξx⟩ =
1√
2
(|0⟩a |0⟩idx |ϕ(x)⟩+ |1⟩a |χm⟩) , (4.27)

where a is an LCU ancilla. Postselect the ancilla onto

|−⟩a =
|0⟩a − |1⟩a√

2
(4.28)

and the index register onto |0⟩idx. The resulting unnormalized input state is

1

2
(|ϕ(x)⟩ − |m⟩) = 1

2
|zx⟩ . (4.29)

Therefore the success probability of this centered state preparation is

Psucc(x) =
1

4
νx, (4.30)

and, conditioned on success, the prepared state is

|z̃x⟩ =
|zx⟩√
νx
, νx > 0. (4.31)

Again, no prior estimate of α = ⟨m|m⟩ is required, since the subnormalized mean vector |m⟩
is produced directly as a branch amplitude. If νx = 0, then the test input coincides with the
feature-space mean and its unnormalized centered spectral energy is zero.

4.2 Modified quantum thermal measurement

We now describe how the Fermi–Dirac soft filter

MT,µ =
(
1+ e(µ1−C)/T

)−1
(4.32)
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is realized as a quantum measurement. A direct thermal-measurement implementation [21]
would use a Hamiltonian evolution generated by p̂ ⊗ H(µ), where (q̂, p̂) denotes position and
momentum quadratures with [q̂, p̂] = i and

H(µ) = µ1− C. (4.33)

In the quantum setting, we take C = Cϕ. Using Eq. (4.11) we obtain

H(µ) = µ1− ρ̄ϕ + |m⟩⟨m|. (4.34)

Now introduce the maximally mixed state

τmm :=
1

d
. (4.35)

Then
H(µ) = dµ τmm − ρ̄ϕ + |m⟩⟨m|. (4.36)

If the first identity term in Eq. (4.36) was represented within the same state-based Hamilto-
nian simulation, it would inflate the coefficient budget without adding covariance information.
Its coefficient dµ depends on the chemical potential variable µ and scales as O(d), while the
informative covariance terms have coefficients of order one.

Since this term commutes with the covariance terms and acts only as a scalar shift, we move
it to the control side, equivalently to the final position threshold. The data-side evolution then
only needs to implement the covariance operator Cϕ.

Proposition 4.3 (Modified thermal measurement). Fix a temperature decomposition

T = T1T2, T1 > 0, T2 > 0. (4.37)

Let

gT1(q) :=
e−q/T1

T1
(
1 + e−q/T1

)2 , q ∈ R, (4.38)

and define the displaced control qumode state

|ψT1,δ⟩ :=
∫
R

√
gT1(q − δ) |q⟩ dq, δ ∈ R. (4.39)

Consider the following procedure:

1. prepare the control qumode in the state |ψT1,δ⟩;

2. prepare the data register in a probe state ρin;

3. apply the joint evolution
UC := e−ip̂⊗C/T2 ; (4.40)

4. measure the control register in the position basis, obtaining q ∈ R;

5. output 1 if q > β and 0 otherwise, where β ∈ R is a fixed threshold.

Then the resulting binary POVM is (
M̃T,δ,β , 1− M̃T,δ,β

)
, (4.41)

with

M̃T,δ,β =
(
1+ e(((β−δ)T2)1−C)/T

)−1
, (4.42)
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and
Pr(1 | ρin, β, δ) = Tr

[
M̃T,δ,βρin

]
. (4.43)

In particular, if
(β − δ)T2 = µ, (4.44)

then

M̃T,δ,β =
(
1+ e(µ1−C)/T

)−1
=MT,µ. (4.45)

Proof. Let

C =

d∑
j=1

λj |uj⟩⟨uj | (4.46)

be the spectral decomposition of C. Under the evolution UC = e−ip̂⊗C/T2 , each eigenmode |uj⟩
shifts the control position-quadrature distribution by λj/T2. Since the initial control density is
gT1(q − δ), the position density conditioned on |uj⟩ becomes

gT1

(
q − δ − λj

T2

)
. (4.47)

Hence, the acceptance probability of mode j is

mj =

∫ ∞

β
gT1

(
q − δ − λj

T2

)
dq. (4.48)

Using the logistic cumulative distribution function

FT1(x) :=

∫ x

−∞
gT1(q) dq =

1

1 + e−x/T1
, (4.49)

we obtain

mj = 1− FT1

(
β − δ − λj

T2

)
(4.50)

=
1

1 + exp
(
(β−δ)T2−λj

T

) . (4.51)

Therefore

M̃T,δ,β =

d∑
j=1

1

1 + exp
(
(β−δ)T2−λj

T

) |uj⟩⟨uj | = (1+ e(((β−δ)T2)1−C)/T
)−1

, (4.52)

which proves Eq. (4.42). The final statement follows immediately from the condition (4.44).

The data-side quantum evolution Eq. (4.40)

UC = e−ip̂⊗Cϕ/T2 (4.53)

in Proposition 4.3 no longer contains the large uninformative variable term dµ τmm. Meanwhile,
the control qumode position q has a logistic probability density

gT1(q − δ) =
e−(q−δ)/T1

T1
(
1 + e−(q−δ)/T1

)2 =
1

4T1
sech2

(
q − δ

2T1

)
. (4.54)

Equivalently, the idealized position-space wavefunction is

ψT1,δ(q) =
√
gT1(q − δ) =

1

2
√
T1

sech

(
q − δ

2T1

)
, (4.55)
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Control (ψT1, δ)

Data (φin)

Aux Index (idx)

Aux Data (aux)

Prep |Ω
〉

exp(−i∆ p̂⊗ ⊗S)

Discard

Discard

Prep |χm
〉

exp
(
+i∆ p̂⊗ |0

〉〈
0| ⊗S

)
Discard

Discard

Repeat R rounds

Figure 1: Implementation of the Hamiltonian evolution UC ≈ e−ip̂⊗Cϕ/T2 for the
soft PCA. Each round applies two signed selector-swap substeps. The empirical sub-
step prepares |Ω⟩ = N−1/2

∑
i |i⟩ |ϕi⟩ and applies exp(−i∆ p̂⊗ 1⊗ Sdata,aux), thereby gen-

erating +ρ̄ϕ. The mean-subtraction substep prepares |χm⟩ = |0⟩ |m⟩ + |⊥⟩ and applies
exp(+i∆ p̂⊗ |0⟩⟨0| ⊗ Sdata,aux), thereby generating −|m⟩⟨m|. The selector |0⟩⟨0|idx is coherent,
so no index postselection or α-estimation is required during Hamiltonian simulation. Repeating
the two substeps for R rounds yields Eq. (4.40).

so the control state is a smooth, symmetric, bell-shaped non-Gaussian wavepacket with expo-
nentially decaying tails that are broader than Gaussian tails. An approximate finite-energy
realization of this shaped continuous-variable wavepacket is sufficient in practice.

We now describe how to make this Hamiltonian simulation UC = e−ip̂⊗Cϕ/T2 . Recall that
Eq. (4.11) gives the centered feature-space covariance as

Cϕ = ρ̄ϕ − |m⟩⟨m|. (4.56)

The empirical term is realized by the purification |Ω⟩, while the mean term is realized directly
through the subnormalized mean branch

|χm⟩ := (U †
N ⊗ 1) |Ω⟩ = |0⟩ |m⟩+ |⊥⟩ , (4.57)

where the index component of |⊥⟩ is orthogonal to |0⟩. We now instantiate the state-based
Hamiltonian simulation using a deterministic two substep product formula. Since the two
terms in Eq. (4.56) have equal coefficient magnitude, there is no need to randomly sample a
label according to coefficient dependent probabilities. Instead, each simulation round applies
the empirical term and the mean term once, with opposite signs.

Let

∆ :=
1

RT2
, (4.58)

where R is the total number of deterministic simulation rounds. A single round consists of the
following two substeps, as illustrated in Fig 1:

1. Empirical covariance substep. Prepare one auxiliary copy of

|Ω⟩ = 1√
N

N∑
i=1

|i⟩ |ϕi⟩ . (4.59)

Apply the short time swap evolution

exp(−i∆ p̂⊗ 1⊗ Sdata,aux) , (4.60)
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where Sdata,aux swaps the data register with the auxiliary data register and acts trivially
on the index register. After discarding the auxiliary registers, this substep implements
the short time Hamiltonian term +ρ̄ϕ.

2. Mean-subtraction substep. Prepare one auxiliary copy of the subnormalized mean
branch

|χm⟩ = |0⟩ |m⟩+ |⊥⟩ . (4.61)

Apply the following operator which we call the opposite sign selector-swap evolution

exp(+i∆ p̂⊗ |0⟩⟨0| ⊗ Sdata,aux) . (4.62)

The projector |0⟩⟨0| selects only the index |0⟩ branch of Eq. (4.57). Therefore, after
discarding the auxiliary registers, this substep implements the short time Hamiltonian
term −|m⟩⟨m|.

The selector in the second substep is coherent. We do not measure or postselect the index
register during the Hamiltonian simulation. The component |⊥⟩ simply gives no contribution
because it is annihilated by |0⟩⟨0|idx. Thus the same auxiliary index and feature registers can
be reset and reused in each round; no record of the index outcome, and no additional register
storing α is required.

At the effective Hamiltonian level, the empirical substep contributes the Hamiltonian +p̂⊗
ρ̄ϕ, while the mean-subtraction substep contributes −p̂⊗ |m⟩⟨m|. Thus one deterministic round
has the effective first order product form

Uround = exp(+i∆ p̂⊗ |m⟩⟨m|) exp(−i∆ p̂⊗ ρ̄ϕ) , ∆ =
1

RT2
. (4.63)

By the first order Lie-Trotter formula [25,26],

Uround = exp(−i∆ p̂⊗ (ρ̄ϕ − |m⟩⟨m|)) +O(∆2). (4.64)

Since
Cϕ = ρ̄ϕ − |m⟩⟨m|, (4.65)

repeating this deterministic round R times gives

UR
round ≈ exp

(
−i 1

T2
p̂⊗ Cϕ

)
= UC . (4.66)

As a direct specialization of the swap based state exponentiation analysis of [21], for any
simulation error parameter εsim > 0, it suffices to take

R = O

(
1

T 2
2 εsim

)
(4.67)

deterministic simulation rounds, where each round contains two controlled selector-swap sub-
steps.

We have thus provided the complete implementation of the modified thermal measurement
described in Proposition 4.3. We next show that this primitive suffices to calibrate the optimal
soft PCA filters.

16



Control (|ψT1

〉
)

Data (ρin)
ρin = τmm for rank calibration

UC = e−ip̂⊗C/T2

Measure q

Pr(q>βk) = Tr(MT, kρin)

= k/d for rank calibration

Figure 2: Schematic of the quantum soft PCA. A control qumode prepared in |ψT1⟩
and a data register in a generic probe state ρin undergo the joint Hamiltonian evolution UC =
e−ip̂⊗C/T2 . By measuring the position quadrature q of the control qumode and applying a simple
classical threshold rule q > β, the protocol directly evaluates the soft PCA score Tr(MT,βT2ρin).
This unified schematic applies to both the trace-budget calibration phase (e.g. ρin = I/d for
rank calibration) and the downstream inference on new test inputs. A specific implementation
of the quantum circuit is shown in Fig 1, and the detailed rank calibration process is illustrated
in Fig. 3.

4.3 Training-free soft PCA filter

With the control-side displacement fixed to δ = 0, the parameter µ is no longer embedded in
the data-side Hamiltonian. Instead, it is absorbed directly into the classical post-measurement
threshold. Following Proposition 4.3, we prepare the control qumode state

|ψT1⟩ = |ψT1,0⟩ =
∫
R

√
gT1(q) |q⟩ dq, gT1(q) =

e−q/T1

T1(1 + e−q/T1)2
. (4.68)

With this fixed control state, all filters in the family

MT,µ =
(
1+ e(µ1−C)/T

)−1
(4.69)

are generated by the same fixed quantum evolution

UC = e−ip̂⊗C/T2 , (4.70)

and differ only by the classical threshold

β = µ/T2. (4.71)

For any probe state ρin, the circuit

|ψT1⟩ ⊗ ρin
UC=e−ip̂⊗C/T2

−−−−−−−−−−→ measure q (4.72)

followed by the classical rule q > β implements

Pr(q > β | ρin) = Tr(MT,βT2ρin) . (4.73)

Thus the circuit can be used to estimate Tr(MT,βT2ρin) for any input state ρin. When the
probe state is chosen as ρin = τmm = 1/d for rank calibration, the entire one-parameter family
{Tr(MT,µ)}µ∈R is encoded in the single position distribution produced by this fixed quantum
circuit. A lightweight schematic of this fixed measurement primitive is shown in Fig. 2. We
now delve into the details.

In the rank calibration case, if C =
∑

j λj |uj⟩⟨uj |, the output position density is

fC(q) =
1

d

d∑
j=1

gT1

(
q − λj

T2

)
. (4.74)
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Figure 3: Training-free calibration of optimal soft PCA filters via quantile mapping.
(a) The tail probability 1−FC(β) decreases in a staircase-like manner. The optimal thresholds
β⋆k are found strictly at the quantiles k/d. (b) The corresponding physical position density
fC(q) (solid line), composed of distinct eigenmode peaks (dashed gray lines). The thresholds
vertically partition the measured distribution into adjacent quantile windows, which implement
the soft spectral components DT,k. When the relevant eigengaps are large and the peaks are
well separated, the thresholds tend to lie in low-density valleys, making the selected filter robust
to small threshold perturbations.

Therefore, the peaks in the physical position distribution are centered at λj/T2, while their
width is determined by the control input distribution gT1 , equivalently by the parameter T1. In
eigenvalue units the corresponding smoothing scale is T = T1T2.

Moreover, the optimal soft PCA filter for any legal trace budget k ∈ {1, . . . , d − 1} can
be obtained directly by a classical quantile-selection post-processing step, rather than by an
iterative training. Let FC denote the cumulative distribution function of the position outcome
produced by the fixed circuit Eq. (4.70) with probe state τmm, namely

FC(β) := Pr(q ≤ β | τmm). (4.75)

Then, by Proposition 4.3, for every β ∈ R,

1− FC(β) = Tr
(
MT,βT2τmm

)
=

1

d
Tr
(
MT,βT2

)
. (4.76)

We get the following training-free optimal soft PCA filter as a calibration for all possible k
which is demonstrated in Fig. 3:

Theorem 4.4 (Training-free soft PCA filter calibration). Fix δ = 0 in Proposition 4.3. For
each legal trace budget k ∈ {1, . . . , d− 1}, let

M⋆
T,k :=

(
1+ e(µ

⋆
k1−C)/T

)−1
(4.77)
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be the unique soft PCA optimizer characterized by Tr(M⋆
T,k) = k. Then the corresponding

threshold β⋆k := µ⋆k/T2 is the unique solution of

1− FC(β) =
k

d
, (4.78)

and
M⋆

T,k = M̃T,β⋆
k
. (4.79)

Hence the optimal soft PCA filter for every target rank k is obtained by classical quantile selec-
tion from the same fixed circuit position distribution, without any iterative quantum training or
rank-dependent quantum circuit update.

Moreover, let q1, . . . , qS be S independent position samples from the same fixed circuit, and

F̂S(β) :=
1

S

S∑
s=1

1{qs ≤ β} (4.80)

be the empirical cumulative distribution function. To guarantee that the empirical soft filter
M̂⋆

T,k satisfies a trace error bound

sup
k∈{1,...,d−1}

∣∣∣Tr(M̂⋆
T,k)− k

∣∣∣ ≤ η (4.81)

with probability at least 1 − δfail, it suffices to require a CDF estimation accuracy of η/d and
then requires a sample complexity of

S ≥ d2

2η2
log

2

δfail
, (4.82)

Proof. For each k, let µ⋆k be the unique solution of

Tr(MT,µ) = k. (4.83)

Setting
β⋆k = µ⋆k/T2, (4.84)

Eq. (4.76) gives

1− FC(β
⋆
k) =

1

d
Tr(MT,µ⋆

k
) =

k

d
, (4.85)

so β⋆k satisfies Eq. (4.78). Proposition 4.3 then implies

M̃T,β⋆
k
=MT,µ⋆

k
=M⋆

T,k. (4.86)

Uniqueness follows from the strict monotonicity of µ 7→ Tr(MT,µ).
For the empirical statement, apply the Dvoretzky-Kiefer-Wolfowitz inequality with Massart’s

sharp constant [27,28] to the empirical CDF F̂S :

Pr

(
sup
β∈R

|F̂S(β)− FC(β)| > η/d

)
≤ 2e−2Sη2/d2 . (4.87)

This yields the stated sample complexity bound.

The rank calibration procedure corresponding to Theorem 4.4 is summarized in Algorithm 1.
It outputs a collection of classical thresholds. Once a threshold βk is stored, the corresponding
soft filter is deployed by rerunning the same fixed thermal measurement circuit and accepting
the event q > βk. Thus all rank dependence is confined to classical post-processing of the
measured position variable.
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Algorithm 1 Rank calibration by empirical quantiles

Inputs: Fixed circuit UC = e−ip̂⊗C/T2 , maximally mixed probe τmm = 1/d, number of samples
S, and requested ranks k ∈ {1, . . . , d− 1}.

1: Run the fixed circuit UC with probe τmm for S shots and record the position outcomes
q1, . . . , qS .

2: Form the empirical CDF

F̂S(β) :=
1

S

S∑
s=1

1{qs ≤ β}.

3: for each requested rank k do
4: Set

β̂k := inf

{
β ∈ R : F̂S(β) ≥ 1− k

d

}
.

5: end for
6: return Calibrated thresholds {β̂k}.

Remark 4.5. Here the protocol for the training-free soft PCA filter is in fact very closely related
to the Power of One Qumode model [29], where the Hamiltonian in the Power of Qumode model
is here replaced by that of the covariance matrix C. When using the input state 1/d and ancilla
squeezed state input, one is also able to recover the eigenvalues of C by studying the location of
the minima of the probability distribution of the output position measurements, with eigenvalue
resolution determined by the amount of squeezing in the input qumode ancilla state.

Proposition 4.6 (Task-dependent sampling for a fixed target rank). The all-k guarantee in
Theorem 4.4 is a uniform CDF guarantee. If, instead, one targets a single fixed rank K, the
relevant tail probability is

rK :=
K

d
. (4.88)

To obtain an O(1) accuracy in the trace budget, one must estimate this tail probability to ac-
curacy O(1/d). A Bernstein-type binomial concentration bound [30] gives the following sharper
sufficient sample complexity: for trace accuracy η > 0 and failure probability δfail, it is sufficient
to take

S ≥
(
2K(d−K)

η2
+

2d

3η

)
log

2

δfail
. (4.89)

Thus, up to constants and logarithmic factors,

S = O

(
K(d−K)

η2
+
d

η

)
. (4.90)

In particular:

i. if K = O(1), then S = Õ(d);

ii. if K ≈ d/2, then S = Õ(d2), matching the worst case all-k scaling;

iii. if only the normalized rank fraction K/d is required to constant accuracy, then the required
probability accuracy is O(1), and the sampling cost is O(1).

Proof. For a fixed threshold β, the event {q > β} is Bernoulli with success probability

GC(β) := 1− FC(β). (4.91)

At the population rank-K threshold, GC(β
⋆
K) = K/d = rK . A trace error η corresponds to a

tail-probability error

ϵq =
η

d
. (4.92)
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For Bernoulli samples with variance rK(1− rK) = K(d−K)/d2, Bernstein’s inequality gives

Pr
(
|ĜS − rK | > ϵq

)
≤ 2 exp

(
−

Sϵ2q
2rK(1− rK) + 2ϵq/3

)
. (4.93)

Substituting rK = K/d and ϵq = η/d yields Eq. (4.89).

The distinction between Theorem 4.4 and Proposition 4.6 is purely statistical and task
dependent. The quantum circuit is unchanged. The d2 factor in the all-k bound is not caused
by the Fermi–Dirac filter itself, but by the normalization

Pr(q > β | τmm) =
1

d
Tr(MT,βT2). (4.94)

Thus a constant additive error in the unnormalized trace requires an O(1/d) additive error in
a probability.

While Theorem 4.4 controls the uniform CDF error, bounding the Euclidean distance of the
threshold parameter |β̂k−β⋆k| is both mathematically ill-conditioned and physically unnecessary.
Operationally, the primary object of interest is not the coordinate β, but the selected soft filter
M̂T,k := M

T,β̂kT2
. Since all filters MT,βT2 are functions of the same operator C, any two such

filters commute and are ordered by the scalar threshold β. Hence, for two thresholds β, β′, the
difference MT,βT2 −MT,β′T2 has a fixed sign and

∥MT,βT2 −MT,β′T2∥1 =
∣∣Tr(MT,βT2)− Tr(MT,β′T2)

∣∣ . (4.95)

Therefore, on the event supβ |F̂S(β)− FC(β)| ≤ η/d, the empirically selected filter satisfies

∥M̂T,k −M⋆
T,k∥1 ≤ η (4.96)

Consequently, the error in any downstream unnormalized score Tr(M̂T,kρin) is bounded by

η, completely independent of the numerical fluctuation of β̂k.
This distinction is crucial in the highly favorable large eigengap regime. A large spectral

gap λk − λk+1 creates a near-zero “probability valley” in the position density fC(q). While
this flat region causes the empirical coordinate β̂k to be statistically ill-conditioned and exhibit
high variance, any threshold drifting within this spectral gap does not cross new eigenvalue
shells. This explains why operator-level calibration can remain stable even when the numerical
threshold coordinate itself has high variance.

Corollary 4.7 (Task-dependent quantum sampling complexity). Each position sample from
the fixed circuit UC requires

O

(
1

T 2
2 εsim

)
(4.97)

controlled selector-swap substeps. Therefore:

i. All-k trace calibration. To determine the entire nested rank ladder with uniform trace
accuracy η and failure probability at most δfail, it suffices to use

O

(
d2

T 2
2 εsim η

2
log

2

δfail

)
(4.98)

controlled selector-swap substeps (see Eq. (4.62)).

ii. Single fixed-rank calibration. For one fixed target rank K, the sharper binomial bound
gives

O

(
1

T 2
2 εsim

[
K(d−K)

η2
+
d

η

]
log

2

δfail

)
(4.99)

controlled selector-swap substeps.
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iii. Fractional rank calibration. If the task only requires the normalized trace fraction K/d
to additive accuracy η, then the required probability accuracy is O(η), and the sampling
contribution becomes

O

(
1

T 2
2 εsim η

2
log

2

δfail

)
. (4.100)

Multiplying these bounds by the gate cost per selector-swap micro-step gives the corresponding
gate complexity.

Proof. The first item combines the DKW sample complexity in Eq. (4.87) with the cost of one
simulated thermal measurement sample. The second item combines Proposition 4.6 with the
same per-sample simulation cost. The third item is the standard Bernoulli/Hoeffding scaling
for estimating a probability to constant additive accuracy.

Although Theorem 4.4 provides the thresholds for all k simultaneously, quantitative approx-
imation to the hard rank-k spectrum is a per-k statement. For each k, the entropy argument
gives

0 ≤ v
(k)
hard − Tr(CM⋆

T,k) ≤ T dh(k/d), (4.101)

while under the low temperature local eigengap condition λk(C) > µ⋆k > λk+1(C),

εT,k := ∥M⋆
T,k − Pk∥op ≤ e−gT,k/T , gT,k := min{λk(C)− µ⋆k, µ

⋆
k − λk+1(C)}. (4.102)

Therefore, a temperature chosen to give a prescribed accuracy for one target rank K does
not automatically provide the same guarantee for all larger or smaller k. The all-k profile is
always available, but only those ranks for which both T dh(k/d) and e−gT,k/T are sufficiently
small admit a certified approximation to the corresponding hard PCA spectrum.

The thresholds β⋆k are strictly decreasing in k. Hence the filters are nested:

0 ⪯M⋆
T,1 ⪯M⋆

T,2 ⪯ · · · ⪯M⋆
T,d−1 ⪯ 1. (4.103)

Define

M⋆
T,0 := 0, M⋆

T,d := 1, DT,k :=M⋆
T,k −M⋆

T,k−1, k = 1, . . . , d. (4.104)

Then

DT,k ⪰ 0, Tr(DT,k) = 1,

d∑
k=1

DT,k = 1. (4.105)

Thus {DT,k}dk=1 forms a soft spectral resolution of the covariance operator C. At low temper-
ature, each DT,k concentrates around the corresponding principal component.

Operationally, the operators DT,k are obtained by resolving the position outcome into ad-
jacent quantile bins. Let

W1 := (β⋆1 ,∞), (4.106)

Wk := (β⋆k, β
⋆
k−1], k = 2, . . . , d− 1, (4.107)

and
Wd := (−∞, β⋆d−1]. (4.108)

Then the window event q ∈Wk implements the POVM effect DT,k.

Proposition 4.8 (Soft filters and component states from window-conditioned outputs). Let
the probe state be the maximally mixed state τmm = 1/d. For a measurable position window
W ⊆ R, let E(W ) be its associated POVM effect. Whenever Tr(E(W )) > 0, the postselected
data-register state conditioned on q ∈W is

ρout|W =
E(W )

Tr(E(W ))
. (4.109)

In particular, this framework prepares the following states:
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1. For the position window Wk, the associated POVM effect is E(Wk) = DT,k, and the
bin-conditioned output state is exactly the soft component state:

ρout|Wk
= DT,k. (4.110)

2. For the cumulative tail windowW≤K := (β⋆K ,∞), the associated POVM effect is E(W≤K) =
M⋆

T,K , and the tail-conditioned output state is the normalized cumulative soft filter:

ρout|W≤K
=

1

K
M⋆

T,K . (4.111)

Proof. Recall that the measurement instrument corresponding to a window W is defined as
IW (ρ) :=

∫
W KqρK

†
q dq, where the Kraus operators are

Kq = ⟨q|UC |ψT1⟩ =
d∑

i=1

√
gT1

(
q − λi

T2

)
|ui⟩⟨ui|. (4.112)

Since Kq is Hermitian and diagonal in the eigenbasis of C, the POVM effect associated with W

is exactly E(W ) =
∫
W K†

qKq dq =
∫
W K2

q dq.
Evaluating the instrument on the maximally mixed state τmm = 1/d, we find

IW (τmm) =

∫
W
Kq

1

d
Kq dq =

1

d

∫
W
K2

q dq =
1

d
E(W ). (4.113)

The probability of obtaining a measurement outcome q ∈W is therefore

Pr(q ∈W | τmm) = Tr[IW (τmm)] =
1

d
Tr(E(W )). (4.114)

Normalizing the postselected state yields the general relation in Eq. (4.109):

ρout|W =
IW (τmm)

Tr[IW (τmm)]
=

E(W )

Tr(E(W ))
. (4.115)

Applying this general relation to the specific windows yields the remaining claims: For the
position window Wk, we have E(Wk) = DT,k by definition. Since Tr(DT,k) = 1, the success
probability is 1/d, and the conditioned state is ρout|Wk

= DT,k.
For the cumulative tail windowW≤K , the POVM effect is the cumulative soft filter E(W≤K) =

M⋆
T,K . Since Tr(M⋆

T,K) = K, the success probability is K/d, yielding the conditioned state
ρout|W≤K

=M⋆
T,K/K.

The operator DT,k should be interpreted as the k-th soft principal component state. At
finite temperature it need not be rank one. In the nondegenerate low temperature regime, DT,k

concentrates around the usual k-th principal eigenspace. More precisely, assume

λ1 > λ2 > · · · > λK+1. (4.116)

For k = 1, . . . ,K, let
∆T,k := εT,k + εT,k−1, εT,0 := 0. (4.117)

Then
∥DT,k − |uk⟩⟨uk|∥op ≤ ∆T,k. (4.118)

Thus, as T → 0 under a fixed eigengap, the window-conditioned component stateDT,k converges
in operator norm to the rank-one principal projector |uk⟩⟨uk|.

Consequently, for any normalized input state ρin,

|Tr(DT,kρin)− Tr(|uk⟩⟨uk|ρin)| ≤ ∆T,k. (4.119)

Thus, if a classical description is needed, it can be obtained by tomography of the window-
conditioned output states DT,k and M⋆

T,K/K, respectively.
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4.4 Normalized retained variance calibration

The maximally mixed probe used in Theorem 4.4 calibrates the trace of the soft filter. A sec-
ond natural probe gives the retained variance calibration directly. This is closer to the classical
explained-variance criterion often used for selecting the number of principal components. A
covariance-weighted probe would estimate the retained variance fraction directly, so this formu-
lation avoids the 1/d trace-conversion factor that appears in rank calibration. Let

VC := Tr(C), ρC :=
C

VC
. (4.120)

We get the normalized covariance probe ρC using the LCU centered-input preparation described
in Section 4.1. Indeed, sampling i uniformly and postselecting the centered branch

|zi⟩ := |ϕi⟩ − |m⟩ (4.121)

produces, conditioned on success, the mixed state

1

VC

1

N

N∑
i=1

|zi⟩⟨zi| =
Cϕ

VC
= ρC . (4.122)

Because the procedure conditions on the successful centered LCU branch, VC need not be known
classically.

Run the same quantum evolution circuit

UC = e−ip̂⊗C/T2 (4.123)

with input probe ρC , and define the tail function

GC(β) := Pr(q > β | ρC). (4.124)

By Proposition 4.3,
GC(β) = Tr(ρCMT,βT2) . (4.125)

Thus GC(β) is exactly the normalized retained covariance energy of the soft filter selected by
threshold β.

Remark 4.9. For the unnormalized target Tr(CMT,βT2), recall that the centered LCU prepara-
tion success probability is

Psucc =
1

4
Tr(C) =

VC
4
, (4.126)

and the conditioned state is ρC = C/VC . Hence the joint probability

Pr(q > β) =
VC
4

Tr(ρCMT,βT2) =
1

4
Tr(CMT,βT2). (4.127)

This can also be used as a calibration target if needed.

In parallel, the maximally mixed probe gives

Pr(q > β | τmm) =
1

d
Tr(MT,βT2). (4.128)

Together, the maximally mixed scan and covariance-probe scan produce the two quantities
needed to describe the soft explained-variance profile:

β 7−→ (Tr(MT,βT2), Tr(ρCMT,βT2)) . (4.129)
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Algorithm 2 Retained-variance calibration by empirical tail probabilities

Inputs: Fixed circuit UC = e−ip̂⊗C/T2 , covariance probe ρC = C/VC , number of successful
probe samples S, and requested levels ϑ ∈ (0, 1).

1: Run the fixed circuit UC with probe ρC for S successful shots and record the position
outcomes q1, . . . , qS .

2: Form the empirical tail function

ĜC(β) :=
1

S

S∑
s=1

1{qs > β}.

3: for each requested retained-variance level ϑ do
4: Set

β̂ϑ := inf
{
β ∈ R : ĜC(β) ≤ ϑ

}
.

5: end for
6: return Calibrated thresholds {β̂ϑ}.

For a target normalized variance level ϑ ∈ (0, 1), the threshold βϑ is determined by

GC(βϑ) = ϑ, (4.130)

and the associated variance-indexed soft filter is

MT,ϑ :=MT,βϑT2 . (4.131)

This filter is also the trace-constrained soft PCA optimizer for the soft trace budget kT (ϑ) =
Tr(MT,ϑ). Hence the covariance-probe scan does not introduce a different finite-temperature
optimization problem; it selects a point on the same trace-constrained soft PCA solution path,
indexed by retained variance rather than by trace.

The corresponding empirical retained-variance calibration is given in Algorithm 2. As in the
rank case, the algorithm only returns thresholds; deployment again uses the same fixed circuit
with the tail rule q > βϑ.

Proposition 4.10 (Sample complexity of the retained variance scan). Let q1, . . . , qS be in-
dependent position samples obtained from the fixed circuit with probe ρC , and let ĜC be the
empirical tail function. To guarantee

sup
β∈R

∣∣∣ĜC(β)−GC(β)
∣∣∣ ≤ η (4.132)

with probability at least 1− δ, it suffices to take

S ≥ 1

2η2
log

2

δ
. (4.133)

Consequently, the entire retained variance profile, and in particular the threshold for any target
ϑ ∈ (0, 1), is calibrated with dimension-independent successful-sample complexity O(η−2). If
raw centered-LCU preparation attempts are counted, the expected number of attempts is larger
by the factor 4/VC .

Proof. The claim follows directly from the Dvoretzky–Kiefer–Wolfowitz inequality applied to
the position samples from the covariance-probe distribution. Since the retained variance tail is
a Born probability, no 1/d trace conversion is needed.
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Proposition 4.11 (Low-temperature explained-variance limit). Let

Cϕ =

d∑
j=1

λj |uj⟩⟨uj |, λ1 ≥ λ2 ≥ · · · ≥ λd > 0, (4.134)

be the spectral decomposition on the support of Cϕ, and set

VC := Tr(Cϕ) =

d∑
j=1

λj , ρC :=
Cϕ

VC
. (4.135)

Define

EK :=

∑K
j=1 λj

VC
, E0 := 0. (4.136)

For a target ϑ ∈ (0, 1), let
Kϑ := min{K : EK ≥ ϑ}, (4.137)

and define

aϑ :=
ϑ− EKϑ−1

EKϑ
− EKϑ−1

=
ϑVC −

∑Kϑ−1
j=1 λj

λKϑ

∈ (0, 1]. (4.138)

Let MT,ϑ =MT,µT
, where µT is determined by

Tr(ρCMT,µT
) = ϑ. (4.139)

Assume that the critical eigenvalue λKϑ
is simple. Then, as T → 0,

MT,ϑ −→Mϑ := PKϑ−1 + aϑ|uKϑ
⟩⟨uKϑ

|, (4.140)

where

PKϑ−1 :=

Kϑ−1∑
j=1

|uj⟩⟨uj |. (4.141)

The limiting filter satisfies
Tr(ρCMϑ) = ϑ (4.142)

and solves the minimum-trace retained-variance problem

min
0⪯M⪯1

Tr(M) subject to Tr(ρCM) ≥ ϑ. (4.143)

If the output is restricted to orthogonal projectors, the smallest feasible principal subspace is
PKϑ

.

Proof. Write

MT,µ =

d∑
j=1

mj(T, µ)|uj⟩⟨uj |, mj(T, µ) =
1

1 + e(µ−λj)/T
. (4.144)

The covariance-probe condition is

d∑
j=1

λj
VC

mj(T, µT ) = ϑ. (4.145)

For every T > 0, the left-hand side is continuous and strictly decreasing in µT , so µT is unique.
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As T → 0, the logistic occupations approach step occupations. Since ϑ ∈ (EKϑ−1, EKϑ
],

the modes j < Kϑ become fully occupied and the modes j > Kϑ become unoccupied. The
remaining occupation is fixed by the constraint:

mKϑ
(T, µT ) −→ aϑ. (4.146)

This proves Eq. (4.140).
It remains to identify the limiting variational problem. By pinching any feasible M in the

eigenbasis of Cϕ, one obtains a diagonal feasible operator with the same values of Tr(M) and
Tr(ρCM). Thus the problem reduces to

min
0≤mj≤1

d∑
j=1

mj subject to

d∑
j=1

λj
VC

mj ≥ ϑ. (4.147)

Because the weights λj/VC are ordered nonincreasingly, the optimal solution fills the largest
weights first. Hence

mj = 1 (j < Kϑ), mKϑ
= aϑ, mj = 0 (j > Kϑ), (4.148)

which gives exactlyMϑ. IfM is restricted to projectors, the fractional occupation is not allowed,
and the smallest feasible projector is PKϑ

.

The covariance-probe scan is a variance-indexed view of the same trace-constrained path
MT,µ. It is distinct from the finite-temperature fixed-variance variational problem in Ap-
pendix C, whose optimizer has the form

Mvar
λ =

(
1+ e(1−λCϕ)/T

′
)−1

. (4.149)

For fixed T ′, changing λ rescales the covariance operator and generally requires a λ-dependent
evolution, or equivalently a change in effective temperature. We therefore use the trace-
constrained path as the main algorithmic setting and keep the fixed-variance formulation as
an appendix variant. Using bisection search, this calibration for a given target variance level
γvar costs S = O( log(1/ηvar)

η2var
) samples at additive accuracy ηvar according to Proposition C.3.

These two approaches agree in the low-temperature explained-variance limit: both recover
the minimum-trace fractional filter in Eq. (4.140), and when restricted to projectors, the same
smallest principal subspace PKϑ

.

4.5 Quantum soft PCA inference

After calibration, inference on new input states uses the same fixed thermal measurement circuit

UC = e−ip̂⊗Cϕ/T2 . (4.150)

The calibration stage may provide thresholds in two useful forms. A rank-indexed threshold
β⋆K selects the soft filter

M⋆
T,K =MT,β⋆

KT2 , Tr(M⋆
T,K) = K, (4.151)

whereas a variance-indexed threshold β⋆ϑ selects

M⋆
T,ϑ =MT,β⋆

ϑT2 , Tr(ρCM
⋆
T,ϑ) = ϑ, (4.152)

where ϑ ∈ (0, 1) is the normalized retained-variance level on the training covariance.
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It is useful to write both cases with a generic calibrated label ℓ:

βℓ =

{
β⋆K , ℓ = K,

β⋆ϑ, ℓ = ϑ,
MT,ℓ :=MT,βℓT2 . (4.153)

Thus ℓ specifies how the threshold was calibrated, while the deployment measurement itself is
always the same tail event q > βℓ.

For a new input x, prepare the centered feature vector

|zx⟩ := |ϕ(x)⟩ − |m⟩ , νx := ⟨zx|zx⟩ , (4.154)

using the LCU centered-input preparation described in Section 4.1. Conditioned on successful
preparation, the data register contains

|z̃x⟩ =
|zx⟩√
νx
, νx > 0. (4.155)

If νx = 0, then the input coincides with the feature-space mean, and all unnormalized centered
spectral scores are zero.

Using the normalized centered input as the probe,

ρin = |z̃x⟩⟨z̃x|, (4.156)

the calibrated tail event gives

Pr(q > βℓ | |z̃x⟩⟨z̃x|) = Tr(MT,ℓ|z̃x⟩⟨z̃x|) =
sT,ℓ(x)

νx
, (4.157)

where
sT,ℓ(x) := ⟨zx|MT,ℓ |zx⟩ . (4.158)

Accordingly,

s̄T,ℓ(x) :=
sT,ℓ(x)

νx
(4.159)

is the normalized soft principal score of the test input with respect to the calibrated filter MT,ℓ.
When ℓ = K, this is the soft rank-K principal-subspace score. When ℓ = ϑ, this is the score
obtained from the filter selected to retain training covariance fraction ϑ. The residual scores
are

1− s̄T,ℓ(x) (4.160)

in the normalized case and
νx − sT,ℓ(x) (4.161)

in the unnormalized case.
The rank-indexed calibration also gives a soft spectral energy profile. For the rank ladder,

define
M⋆

T,0 := 0, M⋆
T,d := 1, DT,k :=M⋆

T,k −M⋆
T,k−1. (4.162)

The corresponding windows are

W1 = (β⋆1 ,∞), Wk = (β⋆k, β
⋆
k−1], k = 2, . . . , d− 1, Wd = (−∞, β⋆d−1]. (4.163)

For the normalized centered input, the measured window probability is

Pr(q ∈Wk | |z̃x⟩⟨z̃x|) = Tr(DT,k|z̃x⟩⟨z̃x|) =
⟨zx|DT,k |zx⟩

νx
. (4.164)
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Thus the normalized soft spectral energy profile is

πT,k(x) := Pr(q ∈Wk | |z̃x⟩⟨z̃x|) =
eT,k(x)

νx
, eT,k(x) := ⟨zx|DT,k |zx⟩ . (4.165)

Since
d∑

k=1

DT,k = 1, (4.166)

the profile satisfies

πT,k(x) ≥ 0,
d∑

k=1

πT,k(x) = 1. (4.167)

For a rank budget K, the cumulative score is recovered as

s̄T,K(x) =
K∑
k=1

πT,k(x), sT,K(x) =
K∑
k=1

eT,k(x). (4.168)

For a variance-indexed threshold ℓ = ϑ, the tail score s̄T,ϑ(x) in Eq. (4.159) is defined directly
by the calibrated threshold βϑ; it need not coincide with a sum over an integer number of
rank-indexed bins.

In practice, one may use the unpostselected centered LCU state |Ξx⟩ directly and jointly
measure the LCU success registers and the position q. Since the centered success branch has
probability νx/4, the joint probabilities yield the unnormalized quantities:

Pr(success, q ∈Wk | |Ξx⟩⟨Ξx|) =
1

4
⟨zx|DT,k |zx⟩ =

1

4
eT,k(x), (4.169)

and for any calibrated tail label ℓ,

Pr(success, q > βℓ | |Ξx⟩⟨Ξx|) =
1

4
⟨zx|MT,ℓ |zx⟩ =

1

4
sT,ℓ(x). (4.170)

The normalized score can therefore be obtained as the conditional probability

s̄T,ℓ(x) =
Pr(success, q > βℓ | |Ξx⟩⟨Ξx|)

Pr(success | |Ξx⟩⟨Ξx|)
. (4.171)

Thus deployment only requires centered-input preparation, the fixed evolution UC , and classical
binning or thresholding of the measured position outcome. No rank-dependent circuit update
or further optimization is required at deployment time.

To interpret the measured profile, write

Cϕ =

d∑
i=1

λi|ui⟩⟨ui|, |z̃x⟩ =
d∑

i=1

ci(x) |ui⟩ . (4.172)

In the nondegenerate low-temperature regime, the rank-indexed soft component effects approach
the rank-one principal projectors. More precisely, using Eq. (4.118)

∥DT,k − |uk⟩⟨uk|∥op ≤ εT,k + εT,k−1, (4.173)

we obtain ∣∣πT,k(x)− |ck(x)|2
∣∣ ≤ εT,k + εT,k−1. (4.174)

Equivalently, ∣∣eT,k(x)− νx|ck(x)|2
∣∣ ≤ νx (εT,k + εT,k−1) . (4.175)

29



Hence the bin probabilities recover the centered PCA spectral energy decomposition in the
low-temperature limit.

For a variance-indexed threshold, the low-temperature limit has the explained-variance in-
terpretation of Proposition 4.11. In particular, if

MT,ϑ −→Mϑ = PKϑ−1 + aϑ|uKϑ
⟩⟨uKϑ

|, (4.176)

then

s̄T,ϑ(x) −→
Kϑ−1∑
i=1

|ci(x)|2 + aϑ|cKϑ
(x)|2. (4.177)

If one restricts to projector-valued PCA subspaces, the corresponding smallest principal sub-
space is PKϑ

, and the limiting score is

Kϑ∑
i=1

|ci(x)|2. (4.178)

Finally, for completeness, we record the data-register state produced by the thermal mea-
surement circuit when the input-as-probe mode is used. The position-outcome Kraus density
is given as

Kq =
d∑

i=1

√
gT1

(
q − λi

T2

)
|ui⟩⟨ui|. (4.179)

For a position window W , the postselected state is

ρout|W =
IW (ρin)

Tr(E(W )ρin)
, (4.180)

where

IW (ρ) =

∫
W
KqρK

†
q dq, E(W ) =

∫
W
K†

qKq dq. (4.181)

For a calibrated tail window
W>ℓ := (βℓ,∞), (4.182)

and ρin = |z̃x⟩⟨z̃x|, this becomes

ρout|ℓ =

∫∞
βℓ
Kq|z̃x⟩⟨z̃x|K†

q dq

Tr(MT,ℓ|z̃x⟩⟨z̃x|)
=

∑d
i,j=1 Γ

(ℓ)
ij ci(x)cj(x) |ui⟩ ⟨uj |∑d
i=1m

(ℓ)
i |ci(x)|2

, (4.183)

where

Γ
(ℓ)
ij :=

∫ ∞

βℓ

√
gT1

(
q − λi

T2

)
gT1

(
q − λj

T2

)
dq, (4.184)

and

m
(ℓ)
i = Γ

(ℓ)
ii =

1

1 + exp
(
βℓT2−λi

T

) . (4.185)

Therefore the diagonal weights are updated as

⟨ui|ρout|ℓ|ui⟩ =
m

(ℓ)
i |ci(x)|2∑d

j=1m
(ℓ)
j |cj(x)|2

. (4.186)

The off-diagonal entries are weighted by window-overlap factors depending on pairs of eigenval-
ues. Therefore, the accepted branch is a measurement-induced soft spectral filter of the input.
It should not be viewed as the coherent action of MT,ℓ on the input vector, nor identified with
a coherent low-dimensional PCA encoding.
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Remark 4.12. The protocol recovers soft principal-subspace scores and squared spectral ener-
gies. It does not recover the relative signs or phases of the principal coefficients ci(x). Conse-
quently, it does not directly yield the coherent vector-valued PCA reconstruction

K∑
i=1

ci(x) |ui⟩ . (4.187)

Obtaining such a reconstruction would require additional phase-sensitive subroutines.

5 Comparison with Existing PCA Methods

A meaningful comparison between PCA algorithms must first specify the downstream task,
because different algorithms produce structurally different outputs. Existing classical and
quantum PCA protocols generally target explicit spectral reconstruction: they return prin-
cipal eigenvectors, approximated eigenstates, or coherent spectral projectors. Our protocol
instead produces the entropy-regularized, measurement-based analog of such low-rank objects:
a soft filter family {M⋆

T,k}
d−1
k=1, the associated soft spectral-component POVM {DT,k}dk=1, or the

retained-variance profiles {M⋆
T,ϑ}ϑ. These objects are accessed not as classical matrices to multi-

ply classical vectors, but as quantum-measurement effects acting on quantum input states. The
natural deliverables are scalar scores Tr(M⋆

T,kρin), retained-variance test scores Tr(M
⋆
T,ϑρin), and

postselected quantum states. Direct cost comparison with other PCA algorithms is meaningful
on tasks that all algorithms can solve in their native outputs, such as principal-subspace scoring,
cumulative-variance estimation, and postselection. It is qualitative on tasks targeting outputs,
such as eigenvector lists or coherent reconstructions, for which our protocol would require an
additional tomographic step. Table 1 summarizes the resulting comparison.

Classical PCA. Given a centered data matrix of N samples in d dimensions, direct singular-
value decomposition has cost O(Ndmin(N, d)) [31]. Truncated decompositions to the top-K
subspace are usually computed by Krylov methods, such as Lanczos or subspace iteration, at
cost O(NdK log(1/ϵ)/

√
∆K), where ∆K = λK − λK+1 is the spectral gap [32]. Randomized

SVD reduces this to O(Nd logK +(N + d)K2) [33]. Streaming and stochastic algorithms, such
as Oja’s rule and matrix-stochastic-gradient methods, lower the per-update cost to O(dK) at
the price of multiple passes over the data [34, 35]. In all cases, the output is an explicit set of
K classical d-dimensional vectors or an explicit subspace estimate. Subsequent scoring of a test
point y ∈ Rd then incurs an additional O(dK) matrix-vector cost. The same issue appears for
retained-variance or model-order diagnostics. In classical PCA, the explained-variance curve is
normally computed from the principal spectrum:

K 7−→
∑K

j=1 λj∑d
j=1 λj

. (5.1)

Thus, even if the downstream task only asks for the smallest subspace retaining a prescribed
variance fraction, the standard route first computes or approximates the leading spectral data.

Quantum PCA. Lloyd, Mohseni, and Rebentrost [18] introduced quantum PCA by simu-
lating e−iρt from O(t2/ϵ) copies of the density operator ρ = C/Tr(C) and applying quantum
phase estimation to read out eigenphases on principal eigenvectors, at total query cost polyno-
mial in the effective rank R of ρ, the condition number κ, and the inverse accuracy 1/ϵ. This is
typically reported as Õ(R2κ2/ϵ3) in regimes where these parameters are well controlled. Block-
encoding and QSVT methods [36] project onto top-K subspaces using Õ(Kκ/∆K) queries to
a covariance block encoding, with polylogarithmic dependence on d when QRAM-like access
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Algorithm Output Cost
Direct comparison
with this work?

Classical SVD /
Krylov [31,32]

Eigenvectors {uj} O(Ndmin(N, d)) to Õ(NdK)
No: different output
type

Randomized
SVD [33]

Eigenvectors {uj} Õ(NdK)
No: different output
type

Streaming / on-
line PCA [34,35]

Eigenvectors {uj} O(dK) per update
No: different output
type

Lloyd qPCA +
QPE [18]

Quantum eigenstates
|uj⟩, eigenvalue esti-
mates

Õ(R2κ2/ϵ3) copies Yes: on scoring tasks

QSVT-based
PCA [36]

Coherent rank-K
projector on quantum
state

Õ(Kκ/∆K) queries
Yes: on scoring / pro-
jection tasks

Variational
qPCA [37]

Quantum eigenstates
via ansatz

No general guarantee
Partial: depends on
convergence

Tang dequantiza-
tion [38,39]

Classical analog of
qPCA outputs

Õ(poly(K, 1/ϵ, κ))

No: requires classical
sample-and-query ac-
cess

This work
Soft score Tr(M⋆

T,kρin),
Tr(M⋆

T,ϑρin) or postse-
lected state

S = O(1/η2) to O(d2/η2)

samples + Õ(1) per query
—

Table 1: Cost comparison across PCA algorithms. The Õ(·) notation hides poly-logarithmic
factors. The “Direct comparison” column indicates whether a task exists for which both algo-
rithms can produce the same operational output, allowing head-to-head cost comparison. For
algorithms targeting eigenvector lists, comparison with this work requires either a tomographic
step (cancelling the sample-complexity advantage) or a restriction to scoring tasks.

is granted. Variational quantum PCA [37] diagonalizes a parameterized ansatz against C via
gradient-based optimization, and currently lacks general complexity guarantees. Tang’s de-
quantization results [38, 39] establish that whenever such oracle access is granted to a classical
algorithm with sample-and-query data structures, top-K PCA can be performed in classical
time Õ(poly(K, 1/ϵ, κ)), independent of d. The figures quoted here should be read as indicative
scalings rather than tight bounds, since the precise complexity depends on the oracle model,
normalization, spectral gap, and success-probability assumptions. All of these protocols tar-
get spectral information: eigenvectors, eigenstates, eigenvalues, or coherent spectral projectors.
They can therefore be used to derive principal scores and retained-variance diagnostics, but
generally only after resolving a spectral object.

Where the proposed framework sits. Our protocol replaces spectral reconstruction with
a single calibrated measurement. After fixing the evolution UC = e−ip̂⊗Cϕ/T2 , the optimal
thresholds are recovered via classical quantile lookup, yielding a total cost breakdown of:

(i) one-time calibration: O(d2/η2) samples for a uniform all-rank unnormalized trace guarantee;
O(K(d−K)/η2) for one fixed rank; O(η−2) for normalized fractional trace calibration (The-
orem 4.4, Proposition 4.6) and for the full retained-variance profile (If raw centered-LCU
attempts rather than successful covariance-probe samples are counted, the retained-variance
cost is multiplied by 4/Tr(Cϕ), Proposition 4.10);

(ii) per-sample quantum cost: Õ(1/(T 2
2 εsim)) selector-swap micro-steps for the Hamiltonian sim-

ulation (Corollary 4.7);

(iii) per-input deployment: one thermal measurement on the test state, with no further training
or recompilation.
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This profile is best matched to the following regimes:

• Score-based Tasks on Quantum Inputs. For downstream evaluations like anomaly scoring
or subspace projection, our protocol produces the required scalar directly. This bypasses
the structural overhead of classical PCA (explicit vectors) and eigenspectral qPCA (phase
estimation), rendering the deployment cost entirely independent of the target rank K.

• Dimension-Independent Normalized Profiling. With the maximally mixed or covariance
probe, the protocol natively learns normalized soft trace fractions or retained-variance pro-
files as direct Born probabilities. This achieves additive accuracy η with O(η−2) samples,
sidestepping the standard requirement to first diagonalize the spectrum to compute ex-
plained variance.

• Training-Free Multi-Target Deployment. Unlike variational qPCA which necessitates a sep-
arate optimization loop, or QSVT which requires recompiling singular-value polynomials for
different K, our single empirical distribution calibrates the entire rank-indexed or variance-
indexed filter ladder simultaneously. Subsequent queries simply adjust a classical threshold.

• Operator-Level Quantum-Kernel PCA. In standard quantum-kernel workflows, forming the
classical Gram matrix requires Θ(N2) pairwise quantum evaluations. Our framework avoids
this bottleneck. Because the nonzero spectrum of Cϕ coincides with that of the centered
kernel matrix Kc/N (Remark 4.2), the protocol accesses the kernel-PCA spectrum strictly
at the operator level without computing or storing individual matrix entries.

• Native Quantum Centering. Classical preprocessing and standard kernel PCA require ex-
plicit mean subtraction. When data are quantum-native or nonlinearly embedded, classical
centering may be ill-defined or inaccessible. Our protocol integrates centering natively into
the state preparation step (via the subnormalized mean branch |χm⟩), maintaining the entire
procedure within the quantum access model without demanding state tomography.

The framework is, conversely, not advantageous when an explicit classical list of principal
eigenvectors is required, since extracting such vectors from the postselected soft component
states DT,k requires tomography that cancels the quantum-native sample-complexity benefit.
Similarly, the covariance-probe scan gives the retained-variance profile directly, but it does not
by itself give a classical eigenspectrum. Comparisons with dequantized classical PCA [38, 39]
are also delicate: dequantization assumes structured classical sample-and-query access to the
data matrix, while our protocol operates on quantum input states that may be produced by a
quantum process, where no such classical handle exists.

6 Discussion and Outlook

The main observation in this work is that, for score-based tasks, PCA can be treated as a
measurement problem rather than an eigenvector-recovery problem. This reformulation is nat-
urally compatible with quantum computation, where 0 ⪯ M ⪯ 1 is a measurement effect and
Tr(Mρ) is a Born probability. Adding Fermi–Dirac entropy replaces the hard projector with
a unique soft filter whose occupations vary smoothly between zero and one. Finite tempera-
ture smooths the spectral cutoff, while the zero-temperature limit recovers hard PCA under a
nonzero eigengap.

This distinction is operationally important for quantum data. The protocol does not need
to output a classical list of principal eigenvectors. Instead, rank-dependent soft PCA filters are
selected by changing only a classical position threshold after one fixed thermal measurement
circuit. These thresholds are calibrated by quantiles of a single position distribution, rather
than by a rank-dependent hybrid optimization loop. An additional operational advantage is
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that centering is not delegated to a classical preprocessing stage. The empirical mean branch
state is prepared coherently. It centers the training covariance and each test input during
inference. This is especially relevant for quantum-native data and nonlinear quantum feature
maps, where the feature-space mean may not be available as a classical vector.

The cost of the resource depends on the task. Uniform calibration of all ranks requires
estimating a full cumulative distribution and carries the worst case d2-type sampling factor.
For one fixed target rank K, the sampling cost is smaller and scales with the binomial variance
of the corresponding tail probability. For normalized fraction-rank or retained-variance targets,
the statistical cost of sampling can be independent of d. Thus, the protocol is most useful when
the downstream task consumes soft scores, residual scores, or postselected quantum states,
rather than a full classical eigendecomposition.

Likewise, obtaining a classical description of the soft component operators DT,k requires
tomography of the window conditioned output states, which can remove the advantage when a
full classical model is required. The method is therefore best viewed as a quantum scoring and
filtering primitive, not as a general purpose replacement for classical PCA diagonalization.

Several directions remain open. The Hamiltonian simulation UC = e−ip̂⊗C/T2 used here
could be replaced by block encoding or quantum singular value transformation implementations
when stronger access to the covariance operator is available. The temperature could also be
chosen adaptively according to the observed spectral gaps or downstream anomaly detection
performance. More broadly, the soft component POVM {DT,k} suggests a measurement-based
analogue of spectral feature extraction, where principal components are not accessed as explicitly
reconstructed vectors.
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A Reconstruction error of fractional Fantope optimizers

Viewing the trace constraint as a convex relaxation over the Fantope provides a natural frame-
work for analyzing the data reconstruction error. For a centered random data vector y with
covariance C, applying the measurement operator M ∈ Md as a linear filter yields the recon-
struction ŷ =My. The expected mean-squared reconstruction error is given by

E∥y −My∥2 = E
[
y†(1−M)†(1−M)y

]
(A.1)

= Tr
(
(1−M)†(1−M)C

)
(A.2)

= Tr(C)− 2ReTr(CM) + Tr(CM †M). (A.3)

For the measurement effects considered in the main text, M =M †, and hence

E(M) = Tr(C)− 2Tr(CM) + Tr(CM2). (A.4)

For a rank-k projector Pk, the strict algebraic property P 2
k = Pk holds. Substituting this

into Eq. (A.4), the classical PCA reconstruction error is

E(Pk) = Tr(C)− Tr(CPk). (A.5)

When the boundary eigengap closes (λk = λk+1), the hard trace-constrained problem may
admit fractional Fantope optimizers. For such M⋆, one has M⋆2 ⪯ M⋆, with strict inequality
on the fractional eigenspaces. If C has positive weight on those fractional eigenspaces, then
Tr(CM⋆2) < Tr(CM⋆). Because both the fractional M⋆ and the projector Pk attain the
same maximal linear variance Tr(CM⋆) = Tr(CPk) =

∑k
j=1 λj , the reconstruction error of

the fractional solution satisfies

E(M⋆) = Tr(C)− 2Tr(CM⋆) + Tr(CM⋆2) < Tr(C)− Tr(CM⋆) = E(Pk). (A.6)

Under the relaxed linear filtering objective, fractional Fantope optimizers may reduce Eu-
clidean shrinkage error, but they no longer represent rank-k reconstructions. This arises because
the trace constraint Tr(M) = k relaxes the strict rank constraint rank(M) = k. The fractional
solution distributes its spectrum across more than k dimensions (rank(M⋆) > k), providing a
‘soft’ filtering that reduces the Euclidean error.

B Classical Optimization Algorithms for Soft PCA

Recall that we have the strictly convex one-dimensional dual function Eq. (3.9)

ΦT (µ) = µk + T Tr log
(
1+ e(C−µ1)/T

)
. (B.1)

corresponding to the soft PCA in Proposition 3.2 with its derivative and second derivative
Eq. (3.10)

Φ′
T (µ) = k − Tr(MT,µ), Φ′′

T (µ) =
1

T
Tr
[
MT,µ(1−MT,µ)

]
. (B.2)

Since

0 ≤ x(1− x) ≤ 1

4
for all x ∈ [0, 1], (B.3)

we obtain the global smoothness bound

0 < Φ′′
T (µ) ≤

d

4T
for all µ ∈ R. (B.4)
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Thus ΦT is a strictly convex LT -smooth function with

LT :=
d

4T
(B.5)

where LT defines a Lipschitz constant for the gradient.
It is convenient to introduce an interval for the optima µ⋆. Define

µ := λd(C) + T log
d− k

k
, µ := λ1(C) + T log

d− k

k
, (B.6)

and set
IT := [µ, µ]. (B.7)

Then µ⋆ ∈ IT . Indeed, the trace function

ψT (µ) := Tr(MT,µ) =
d∑

j=1

1

1 + e(µ−λj(C))/T
(B.8)

is strictly decreasing, and one checks that

ψT (µ) ≥ k, ψT (µ) ≤ k. (B.9)

As such, the standard gradient descent methods can be applied to minimize the objective in
Eq. (3.9) with respect to µ, guaranteeing first order or quadratic convergence to the global
minimum, which we provide as Algorithm 3 and Algorithm 4.

Algorithm 3 first order gradient descent of the soft PCA

Inputs: Desired error ϵ > 0, Temperature T = ϵ
d h(k/d) , iteration number N , step size η ∈

(0, 1/LT ), initialization µ0 ∈ IT
1: for t = 0, 1, . . . , N − 1 do
2: Compute the gradient

gt := Φ′
T (µt) = k − Tr(MT,µt).

3: Update
µt+1 := ΠIT

(
µt − ηgt

)
,

where ΠIT denotes projection onto the interval IT .
4: end for
5: return µN and the corresponding soft filter MT,µN

.

Theorem B.1 (first order convergence and iteration complexity). Let {µt}t≥0 be generated by
Algorithm 3 with initialization µ0 ∈ IT and the canonical step size η = 1/LT . Then µt ∈ IT for
all t, and the objective error after N iterations is bounded by

ΦT (µN )− ΦT (µ
⋆) ≤

d
(
λ1(C)− λd(C)

)2
8TN

. (B.10)

Consequently, to achieve an ϵ-accurate optimization ΦT (µN ) − ΦT (µ
⋆) ≤ ϵ under the optimal

temperature choice T ≤ ϵ/
(
d h(k/d)

)
(from Corollary 3.3), it is sufficient to run the algorithm

for

N ≥
dk log(d/k)

(
λ1(C)− λd(C)

)2
8ϵ2

(B.11)

iterations.
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Proof. By the standard convergence analysis of gradient descent for LT -smooth functions, the
error after N iterations with step size η is bounded by

ΦT (µN )− ΦT (µ
⋆) ≤ |µ0 − µ⋆|2

2ηN
. (B.12)

Substituting the canonical step size η = 1/LT = 4T/d, we obtain

ΦT (µN )− ΦT (µ
⋆) ≤ d

8TN
|µ0 − µ⋆|2. (B.13)

Since both the initialization µ0 and the optimum µ⋆ are confined within the interval IT , their
maximum possible distance is strictly bounded by the spectral spread of the covariance matrix:

|µ0 − µ⋆| ≤ λ1(C)− λd(C). (B.14)

Plugging this uniform estimate into the error bound directly yields Eq. (B.10).
To guarantee an error of at most ϵ, we rearrange Eq. (B.10) to solve for N , which requires

N ≥
d
(
λ1(C)− λd(C)

)2
8Tϵ

. (B.15)

Substituting the temperature upper bound T ≤ ϵ
d h(k/d) into Eq. (B.15), it is sufficient to take

N ≥
d2h(k/d)

(
λ1(C)− λd(C)

)2
8ϵ2

. (B.16)

Finally, applying Eq. (3.25), we arrive at the final iteration complexity bound in Eq. (B.11).

Algorithm 4 second order Newton method of the soft PCA

Inputs: Desired error ϵ > 0, Temperature T = ϵ
d h(k/d) , iteration number N , initialization

µ0 ∈ IT
1: for t = 0, 1, . . . , N − 1 do
2: Compute

gt := Φ′
T (µt) = k − Tr(MT,µt),

and

ht := Φ′′
T (µt) =

1

T
Tr
[
MT,µt(1−MT,µt)

]
.

3: Perform the Newton update

µt+1 := ΠIT

(
µt −

gt
ht

)
.

4: end for
5: return µN and the corresponding soft filter MT,µN

.

Theorem B.2 (Local quadratic convergence and complexity). Let {µt}t≥0 be generated by
Algorithm 4. Fix a compact interval J ⊆ IT containing µ⋆, and define the local strict convexity
bound

mT := min
µ∈J

Φ′′
T (µ) > 0. (B.17)

Leveraging the algebraic properties of the Fermi–Dirac operator, the third derivative admits a
global uniform bound |Φ′′′

T (µ)| ≤
d

4T 2 . Then there exists ρT > 0 such that whenever |µ0−µ⋆| ≤ ρT
and all iterates remain in J , the parameter error decays quadratically:

|µt+1 − µ⋆| ≤ d

8T 2mT
|µt − µ⋆|2. (B.18)
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Consequently, within this local neighborhood, reaching an ϵ-accurate parameter estimation |µN−
µ⋆| ≤ ϵ requires an iteration complexity of only

N = O

(
log log

1

ϵ

)
. (B.19)

Proof. For the unprojected Newton step µ̃t+1 := µt − Φ′
T (µt)/Φ

′′
T (µt), a standard second order

Taylor expansion for the strictly convex scalar function ΦT yields the error bound |µ̃t+1−µ⋆| ≤
max |Φ′′′

T |
2mT

|µt − µ⋆|2. By evaluating the exact third derivative, we have

|Φ′′′
T (µ)| =

1

T 2

∣∣Tr[MT,µ(I −MT,µ)(I − 2MT,µ)
]∣∣.

Since the eigenvalues of (I − 2MT,µ) are strictly bounded in [−1, 1], this magnitude is bounded
by 1

T Φ
′′
T (µ), which is globally upper-bounded by d

4T 2 . Substituting this explicit bound yields

|µ̃t+1 − µ⋆| ≤ d
8T 2mT

|µt − µ⋆|2. Furthermore, since µ⋆ ∈ IT , the Euclidean projection ΠIT is

non-expansive. Thus, |µt+1 − µ⋆| ≤ |µ̃t+1 − µ⋆|, fully preserving the quadratic decay. The
O(log log(1/ϵ)) complexity follows directly from recursively applying this bound.

C Fixed-Variance Soft PCA

C.1 Optimizer for the fixed-variance soft PCA

The main text studies the trace-constrained soft PCA problem

max
0⪯M⪯1

Tr(CM) + TSFD(M) subject to Tr(M) = k. (C.1)

There is a dual operational formulation in which one prescribes the amount of covariance energy
to be retained and asks for the most compact soft filter. Let C ⪰ 0, VC := Tr(C) > 0, and fix
a target variance level

γvar ∈ (0, VC). (C.2)

Consider
min

M∈Md

Tr(M)− T ′SFD(M) subject to Tr(CM) = γvar, (C.3)

where T ′ > 0 is the entropy scale for this fixed-variance problem.

Proposition C.1 (Fixed-variance soft PCA has Fermi–Dirac form). The optimizer of Eq. (C.3)
is unique and is given by

Mvar
λ =

(
1+ e(1−λC)/T ′

)−1
, (C.4)

where the scalar multiplier λ ∈ R is uniquely determined by

Tr(CMvar
λ ) = γvar. (C.5)

Moreover, whenever λ > 0, the same optimizer can be written as a member of the Fermi–Dirac
soft PCA family:

Mvar
λ =

(
1+ e(µeff1−C)/Teff

)−1
, µeff =

1

λ
, Teff =

T ′

λ
. (C.6)

Thus the trace-constrained and fixed-variance formulations select filters from the same two-
parameter Fermi–Dirac family.
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Proof. Introduce a Lagrange multiplier λ ∈ R for the variance constraint and define

L(M,λ) = Tr(M)− T ′SFD(M) + λ
(
γvar − Tr(CM)

)
. (C.7)

On the open operator interval 0 ≺M ≺ 1, the Fréchet derivative is

∇ML(M,λ) = 1− T ′(log(1−M)− logM
)
− λC. (C.8)

Setting this derivative to zero gives

T ′(logM − log(1−M)
)
= λC − 1. (C.9)

Equivalently,
M(1−M)−1 = e(λC−1)/T ′

. (C.10)

Solving for M yields Eq. (C.4).
To see uniqueness of the multiplier, diagonalize

C =

d∑
j=1

cj |uj⟩⟨uj |, cj ≥ 0. (C.11)

Then

Mvar
λ =

d∑
j=1

1

1 + e(1−λcj)/T ′ |uj⟩⟨uj |. (C.12)

Define

A(λ) := Tr(CMvar
λ ) =

d∑
j=1

cj

1 + e(1−λcj)/T ′ . (C.13)

A direct differentiation gives

A′(λ) =
1

T ′

d∑
j=1

c2jmj(λ)
(
1−mj(λ)

)
, (C.14)

where

mj(λ) =
1

1 + e(1−λcj)/T ′ . (C.15)

Hence A′(λ) > 0 whenever C ̸= 0. Moreover,

lim
λ→−∞

A(λ) = 0, lim
λ→+∞

A(λ) = Tr(C) = VC . (C.16)

Thus for every γvar ∈ (0, VC), there is a unique λ satisfying Eq. (C.5).
Finally, if λ > 0, then

1− λC

T ′ =
µeff1− C

Teff
, µeff =

1

λ
, Teff =

T ′

λ
. (C.17)

Substituting this identity into Eq. (C.4) gives Eq. (C.6).

In the trace-constrained formulation, one usually fixes the effective temperature T and varies
only the chemical potential µ. In the fixed-variance formulation Eq. (C.3), fixing T ′ and varying
the variance multiplier λ changes both effective parameters:

µeff =
1

λ
, Teff =

T ′

λ
. (C.18)
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Therefore, the two formulations are identical at the level of the Fermi–Dirac filter family, but
not necessarily along the same fixed-temperature one-parameter slice unless the entropy scale T ′

is co-tuned with λ. Since the fixed-variance entropy scale T ′ is a rigid hyperparameter defining
the regularization strength, the multiplier λ dynamically scales the effective spectrum of the
covariance operator. This spectral scaling requires active quantum simulation and cannot be
bypassed via a static classical threshold shift. In practice, the operating point for a prescribed
variance level is obtained by a one-dimensional bisection search over the Lagrange multiplier λ.
We now proceed to a detailed elaboration.

C.2 Bisection calibration using a covariance probe

The trace-constrained calibration in Section 4 uses the maximally mixed probe τmm = 1/d, for
which

Pr(q > β | τmm) =
1

d
Tr(MT,βT2). (C.19)

Thus an O(1) additive error in the unnormalized trace requires an O(1/d) probability accuracy.
For the fixed-variance formulation this dilution can be avoided by probing the covariance itself.

Let

VC := Tr(Cϕ) = 1− α, ρC :=
Cϕ

VC
, (C.20)

assuming VC > 0. Although VC need not be known classically, the state ρC is prepared automat-
ically by the centered LCU preparation described in Eq. (4.122). The total success probability
of this preparation is VC/4, up to the constant factor from the LCU normalization. Following
the thermal measurement scheme of Proposition 4.3, we get the thermal measurement for the
fixed-variance filter.

Proposition C.2 (Measurement mapping for the fixed-variance filter). Let

VC := Tr(Cϕ) = 1− α, ρC :=
Cϕ

VC
, (C.21)

and assume VC > 0. Set the control parameters to

T1 =
T ′

T2
, β =

1

T2
. (C.22)

For any λ ∈ R, perform the modified thermal measurement with the scaled data-side evolution

UC(λ) = e−ip̂⊗(λCϕ)/T2 (C.23)

on the successfully prepared covariance probe ρC . Then the conditional acceptance probability
satisfies

pcond(λ) := Pr(q > β | ρC , λ) = Tr(ρCM
var
λ ) =

Tr(CϕM
var
λ )

VC
, (C.24)

where

Mvar
λ =

(
1+ e(1−λCϕ)/T

′
)−1

. (C.25)

Thus the normalized retained variance constraint

Tr(ρCM
var
λ ) = ϑvar, ϑvar ∈ (0, 1), (C.26)

is exactly the scalar probability equation

pcond(λ) = ϑvar. (C.27)
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Moreover, using the unpostselected centered LCU preparation, the joint probability of suc-
cessfully preparing the centered covariance branch and accepting the thermal measurement is

pjoint(λ) := Pr(LCU success, q > β | λ) = 1

4
Tr(CϕM

var
λ ). (C.28)

Therefore the unnormalized retained variance constraint

Tr(CϕM
var
λ ) = γvar, γvar ∈ (0, VC), (C.29)

can equivalently be tested by the raw joint-probability equation

pjoint(λ) =
γvar
4
. (C.30)

Proof. By Proposition 4.3, applying the modified thermal measurement with data operator λCϕ

gives the measurement effect (
1+ e(βT21−λCϕ)/(T1T2)

)−1
. (C.31)

Using β = 1/T2 and T1T2 = T ′, this becomes(
1+ e(1−λCϕ)/T

′
)−1

=Mvar
λ . (C.32)

Taking the expectation of this effect on the normalized covariance probe ρC = Cϕ/VC gives
Eq. (C.24).

For the joint-probability statement, recall that the centered LCU preparation success prob-
ability is

Psucc =
1

4
Tr(Cϕ) =

VC
4
, (C.33)

and the conditioned state is ρC = Cϕ/VC . Hence

pjoint(λ) = Psucc Pr(q > β | ρC , λ) =
VC
4

Tr(ρCM
var
λ ) =

1

4
Tr(CϕM

var
λ ), (C.34)

which proves Eq. (C.28).

Since
d

dλ
Tr(CϕM

var
λ ) =

1

T ′ Tr
[
C2
ϕM

var
λ (1−Mvar

λ )
]
≥ 0, (C.35)

and the derivative is strictly positive on the support of Cϕ, both pcond(λ) and pjoint(λ) are
monotone increasing functions of λ. Moreover,

lim
λ→−∞

pcond(λ) = 0, lim
λ→+∞

pcond(λ) = 1. (C.36)

Therefore, for every normalized target ϑvar ∈ (0, 1), there is a unique multiplier λ⋆ satisfying

pcond(λ
⋆) = ϑvar. (C.37)

Equivalently, for every feasible unnormalized target γvar ∈ (0, VC), the same multiplier can be
identified from

pjoint(λ
⋆) =

γvar
4
. (C.38)

Thus λ⋆ can be found by a one-dimensional classical bisection search.
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Proposition C.3 (Sample complexity for fixed-variance calibration). Fix a bounded bisection
interval containing λ⋆, and suppose

|λ| ≤ Λ (C.39)

throughout the search.
For the normalized retained variance target ϑvar, to obtain∣∣∣Tr(ρCMvar

λ̂
)− ϑvar

∣∣∣ ≤ ηvar (C.40)

with failure probability at most δ, it suffices to use

Ssucc = O

(
log(1/ηvar)

η2var
log

log(1/ηvar)

δ

)
(C.41)

successful covariance-probe samples. This bound is independent of both the feature dimension d
and the unknown normalization VC = 1−α. If one instead counts raw centered-LCU preparation
attempts, then the expected number of raw attempts is larger by the preparation factor 1/Psucc =
Θ(1/VC), giving

Sraw = O

(
1

1− α

log(1/ηvar)

η2var
log

log(1/ηvar)

δ

)
. (C.42)

For the unnormalized retained variance target γvar, one may instead estimate the raw joint
probability pjoint(λ). To obtain ∣∣∣Tr(CϕM

var
λ̂

)− γvar

∣∣∣ ≤ ηvar, (C.43)

it suffices to estimate pjoint(λ) to additive accuracy ηvar/4. Thus the raw-shot sample complexity
is

Sabs = O

(
log(1/ηvar)

η2var
log

log(1/ηvar)

δ

)
, (C.44)

with no additional division by 1 − α. In this case the unknown normalization is absorbed into
the joint Born probability itself.

Proof. For the normalized target, each successful covariance-probe sample produces a Bernoulli
random variable with mean

pcond(λ) = Tr(ρCM
var
λ ). (C.45)

Hoeffding’s inequality implies that

O

(
1

η2var
log

Niter

δ

)
(C.46)

successful samples per bisection step estimate this probability to additive accuracy O(ηvar),
uniformly over Niter bisection steps by a union bound. Since the search is one-dimensional and
monotone, a bounded-interval bisection requires

Niter = O(log(1/ηvar)) (C.47)

steps, up to constants depending on the chosen interval and the local slope of pcond. Multiplying
the per-step cost by Niter gives Eq. (C.41). The raw LCU bound Eq. (C.42) follows from the
centered-branch success probability

Psucc =
1

4
VC =

1

4
(1− α). (C.48)

For the unnormalized target, Eq. (C.28) gives

pjoint(λ) =
1

4
Tr(CϕM

var
λ ). (C.49)
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Therefore an additive error ηvar/4 in estimating pjoint gives an additive error ηvar in the unnor-
malized retained variance. Applying the same Hoeffding and union-bound argument to the raw
Bernoulli event

{LCU success, q > β} (C.50)

gives Eq. (C.44).

The normalized target

ϑvar = Tr(ρCM
var
λ ) =

Tr(CϕM
var
λ )

Tr(Cϕ)
(C.51)

is usually the more practical explained-variance criterion, because it is a fraction in (0, 1) and
does not require prior knowledge of α = ⟨m|m⟩ or VC = Tr(Cϕ). The algorithm estimates this
quantity directly as the conditional probability

pcond(λ) = ϑvar. (C.52)

The unnormalized target
γvar = Tr(CϕM

var
λ ) (C.53)

is also accessible without estimating α: it is encoded in the raw joint probability

pjoint(λ) = γvar/4. (C.54)

Thus the two targets differ only by whether one conditions on successful covariance-probe prepa-
ration. Conditioning gives the normalized explained-variance fraction, while the unconditioned
joint event gives the absolute retained covariance weight.

Finally, for circuit implementation, the complexity also needs to include the per-sample
quantum cost Õ(1/(T 2

2 εsim)), requiring selector-swap substeps for the Hamiltonian simulation
according to Corollary 4.7.
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