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Abstract

Principal component analysis (PCA) typically requires eigenvector extraction and hard rank-k
projection, which can be costly and unstable in high-dimensional or quantum settings. For score-
based applications like anomaly detection, we introduce a measurement-based soft PCA framework
that replaces the hard projector with an entropy-regularized Fermi-Dirac filter, converging to the
classical projector in the zero-temperature limit. For generated quantum covariance operators, a
single calibrated circuit accesses all spectral filters without eigenvector recovery or classical center-
ing. The same circuit yields soft scores and spectral profiles for new inputs. This framework achieves
a dimension-independent sample complexity O(n~2) for fractional-rank or retained-variance scoring
at accuracy 7. See arXiv article attached.

1 Introduction

PCA is one of the most standard ways to reduce the effective dimension in high-dimensional data.
Traditional methods for PCA rely on rigid eigendecomposition. These suffer from several key problems:
(i) keeping only the top k eigenvectors imposes a hard spectral cut-off, so eigenmodes are either fully
kept or completely discarded. Thus small perturbations in the data can change the selected subspace
when the relevant eigengap is small; (ii) PCA requires the covariance matrix and kernel PCA requires
the centered Gram matrix and its eigendecomposition, which can be costly in big data settings; (iii)
even once the top eigenvectors are recovered, assigning a score to a new data point requires expensive
projection onto the top eigenvectors.

However, many practical applications primarily require a principal-subspace score—quantifying
how much input data lies in dominant covariance directions. Bypassing explicit eigenvector recovery
avoids traditional PCA bottlenecks while directly serving downstream tasks:

e Anomaly detection: Flagging abnormal inputs that exhibit low projection scores. [1-3]

e Classification: Classifying test inputs by their projection distances to learned class subspaces.
[4-6]

e Scientific quality control: Summarizing dominant physical patterns to monitor real-world
processes, such as material synthesis. [7, §]

e Model-order diagnostics: Evaluating cumulative explained variance to determine optimal
data compression rates. [9, 10].

This distinction is particularly important for quantum data. Quantum PCA can process spectral
information efficiently [11], and in many settings the covariance operator is available through state
preparation or sampling rather than as a classical matrix. Existing approaches nevertheless typically
aim to recover eigenvectors or implement hard spectral projectors. They also face an additional cen-
tering issue: for quantum-native data or nonlinear quantum feature maps, there may be no accessible
classical feature vector to subtract and no explicit centered Gram matrix to build. Our goal is there-
fore to formulate PCA as a calibrated measurement task that directly scores new quantum feature
states, without eigenvector recovery and without assuming classical centering.



2 Measurement-based PCA and quantum covariance

Let C € Herm(CY) be a covariance operator. Classical rank-k PCA can be written as the trace-
constrained measurement optimization
max Tr(CM) subject to Tr(M)=k. (1)
0<M=1
The feasible variable M is already a POVM effect. When the kth eigengap is nonzero, the optimizer
is the usual projector Py = > |u;)Xu;|, and the score of a normalized input state p is Tr(Pgp).

We soften the spectral cut by adding Fermi—Dirac entropy to the same trace-constrained problem.
The unique optimizer is

Mjy, = My = (1+ M=M= m(Mg,) = k. (2)

It C = 75 Ajluj)ujl, then My, = 37.(1+ e=2)/TY =y \u;|. Thus binary PCA occupations are
replaced by smooth logistic weights. Finite temperature regularizes the cut-off, while M7, — Py as
T — 0 whenever \; > A;11. The target object remains a measurement effect, so it can be estimated
by repeated measurement rather than by eigenvector recovery.

For quantum feature states |¢;) = |¢(x;)), define the representation of covariance operator

1 N

_ 1
Co = > () = [m) (il = (ml) = py — [m)ml,  |m) = N > lei). 3)
i=1 i
This has the same nonzero spectrum as the centered kernel-PCA matrix K./N, but is accessed directly
as an operator on the feature Hilbert space.
The two terms in (3) are available coherently. A data-loading unitary prepares |Q) = N=V/2 3 |i)|¢;),
whose feature marginal is py. Applying the inverse uniform-index preparation gives

(UL ®1)|Q) = [0)|m) + | L), (4)

where the index part of | L) is orthogonal to |0). This branch supplies |m)(m| directly. The same branch
centers a test input by an LCU step: from |¢(x)) and (4), postselection prepares an unnormalized
vector proportional to |zx) = |¢(x))—|m). Thus training and inference use the same coherent centering.

3 Training-free calibration

The soft filter can be implemented by a thermal measurement. Prepare a continuous-variable control
state with logistic position density g7, (¢), apply the fixed data-side evolution

Ue =e 2%/ T =TT, (5)
and measure the control position g. Accepting the outcome when ¢ >  implements the effect
]ijw = (1+ e(ﬁTz]l—C’d))/T)fl. (6)

The chemical potential is therefore u = 75, controlled by the classical threshold rather than by a
rank-dependent circuit. The same Ug is used for every target rank and every inference query. In
the access model induced by (3), Uc can be simulated by alternating short swap steps for p, with
selector-swap steps for |m)(m|.

Rank calibration uses the maximally mixed state 7y, = 1/d. Then

Fo(By) =1—Pr(q < B | Tam) = Tr(Mr0,57mm) = ™" Te(Mrgr,). (7)



Thus the optimal trace-k threshold is the empirical quantile satisfying Fo(8;) = k/d, and M7, =

MT:O@Z‘ One sampled position distribution calibrates all ranks and requires no hybrid optimization.

Retained-variance calibration is analogous. If Vo = Tr(Cy) > 0, prepare the covariance probe
pc = Cy/Vc by uniformly sampling a training feature state, coherently centering it, and conditioning
on success. With Go(8) = Pr(q > B | pc), a target retained covariance fraction ¥ is selected by
Gc(B}) = v. No classical estimate of Vi is required.

4 Inference outputs and cost

After calibration, apply the same measurement to a centered test state |2x) = |2x)/y/Vx. For a rank
or retained-variance label £ € {K, v}, with calibrated threshold 3/, define M7, = Mr grr,. The soft
score and residual anomaly score are

Sre(x) = Tr(MF [5G, 1 sre(x). (8)

Using the unpostselected LCU-centered input instead gives unnormalized energies directly from joint
success-and-position probabilities.

Rank-indexed thresholds also define a soft spectral profile. Set M%,o = 0, Mr} g = 1, and
Dry = My, — M7y, ;. Then {DT,k}zzl is a POVM; at low temperature it concentrates on the
ordinary principal eigenspaces. The measured window probabilities k(%) = Tr(Drk|2x)(2x|) form a
normalized soft spectral energy profile, and the cumulative rank-K score is >, - p 77 5(X).

The sampling cost depends on the requested output. A uniform all-rank trace guarantee carries
a d? factor through the empirical CDF. For a fixed rank the binomial bound is sharper. For normal-
ized rank fractions or retained-variance profiles to additive accuracy 7, the sampling contribution is
O(n~21log(1/6¢11)), independent of d; covariance-probe attempts acquire the centered-branch overhead.
Each sample uses the same simulated evolution (5).

5 Advantages over Existing Approaches
Our PCA framework provides several distinct operational advantages for downstream scoring tasks:

e Scoring Complexity: Classical Krylov methods require 6(N dK) to extract eigenvectors plus
O(dK) for each test score. QPE-based qPCA requires 6(R2/<;2 /€3) copies and repeated phase
estimation per query. Our protocol bypasses reconstruction, evaluating the soft score via a single
calibrated measurement with dimension-independent sample complexity O(n~2) for fractional-
rank or retained-variance tasks.

e Multi-Rank Calibration: QSVT-based PCA requires 6(K k/AK) queries and must recompile
the singular-value polynomial for each target rank K. Variational qPCA requires separate opti-
mization loops per rank. Conversely, our protocol extracts all rank-dependent filters { M7, Z;}

from a single fixed evolution Ug and one classical CDF, requiring no circuit recompilation.

e Operator-Level Kernel: By representing the covariance matrix directly as a linear combi-
nation of quantum states, the protocol mitigates the ©(N?) quantum measurement overhead
required to construct a full empirical Gram matrix in standard quantum kernel workflows.

e Coherent Centering: The framework incorporates data centering into the quantum evolution
via a subnormalized mean branch. This avoids explicit classical mean-vector subtraction or
Gram matrix centering, facilitating PCA on quantum-native data and nonlinear feature maps
where classical mean estimation is strictly prohibitive.
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