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Abstract. Wigner function learning is a central tool for characterizing continuous variable quantum systems. A
fundamental challenge in this setting is to infer a continuous phase-space function from sparse pointwise measure-
ment data, a task that becomes increasingly demanding as the effective dimension enlarges. Here, we develop a
general machine learning framework to reconstruct Wigner functions directly as continuous functions from sparse
phase-space data. For states with sparse Fock-space or coherent-state representations, such as binomial code states
and cat states, we devise provably efficient regression models whose measurement complexity scales only logarith-
mically with the effective Hilbert-space dimension. For more general states, such as the Gottesman–Kitaev–Preskill
(GKP) states, we design a deep learning model that reconstructs the Wigner function from sparse measurements
and generalizes to arbitrary phase-space resolution. We demonstrate the broad applicability of our framework
on both simulated data and experimental data from a circuit quantum electrodynamic (circuit-QED) system.
Interestingly, on experimental data, we find that our model reconstructs Wigner functions of GKP code states
across multiple rounds of quantum error correction and identifies the dominant error process using significantly
fewer measurements than conventional estimation techniques.

Keywords: Machine Learning of Quantum States · Continuous Variable Systems

1 Introduction

The Wigner function of a continuous-variable (CV) quantum state as a quasi-probability distribution over phase
space provides a complete description of the state equivalent to the density matrix [1]. Recent experimental advances
enable pointwise estimation of their values across phase space, which is now routinely performed in superconducting
circuit-QED [2–6] and trapped-ion systems [7, 8]. Existing protocols [6, 9] for characterizing CV systems often rely on
brute-force sampling on a dense phase-space grid. For a truncated Hilbert space of dimension d, resolving the Wigner
function requires at least d2 distinct phase-space points. As the photon number and effective dimension increase, this
overhead rapidly becomes prohibitive, even for single-mode states. This bottleneck raises the fundamental question:
Can we characterize the entire Wigner function without a dense grid of measurement data?

In this work, we develop a learning-based (data-driven) framework that reconstructs Wigner functions from sparse
pointwise measurements. This setup recasts Wigner-function reconstruction as a classical function-learning problem,
enabling the direct application of a broad range of machine-learning techniques tailored to different classes of quantum
states. As an illustration, we first show that states with a sparse property (in some known basis), such as binomial code
states and cat states, can be learned using Lasso regression models with sample complexity scaling logarithmically
with the effective dimension.

For states with a smoothness property, we develop a deep neural network (DNN) model that represents the Wigner
function as a neural surrogate, enabling evaluation at arbitrary phase-space coordinates. Using experimental data of
GKP code states [4], we demonstrate that the proposed DNN model can accurately reconstruct Wigner functions
across multiple rounds of quantum error correction [10], highlighting its robustness to realistic experimental noise.
Furthermore, the reconstructed Wigner functions can be used to uncover the structure of the code space and the
dominant error subspace in the quantum error-correction experiment. Our results show that the model successfully
identifies the dominant quantum error process from sparse and noisy measurements, a task that conventional estimation
approaches struggle to achieve.
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2 Main Results

Given an unknown CV state ρ and its Wigner function Wρ, our learning protocol constructs a surrogate Ŵη, which
accurately predicts the value of Wρ(α) ∶= 2

π
Tr (ρD(α)(−1)n̂D(−α)) by Ŵη(α) at any phase-space point α ∈ C. The

protocol consists of three main stages: data collection, model implementation and training, and model prediction.
Data collection involves measuring the displaced parity observable D(αi)(−1)n̂D(−αi) at a finite set of phase-

space points {αi}Ni=1. The constructed dataset T ∶= {(αi, yi)}Ni=1 consists of statistical estimates yi of W (αi) at N
distinct phase-space points. The implementation of Ŵη varies with the learning paradigm, depending on the class of
states under consideration. Here, we provide a sparse regression model by judiciously choosing a suitable family of
basis functions. In contrast, DNN models automatically learn suitable feature representations through multiple layers
of linear transformations and nonlinear activation functions. Regardless of the paradigm, the learning model Ŵη is
parameterized by a set of trainable parameters η, which are optimized to minimize the average prediction error over
the training dataset, e.g., the empirical mean squared error R̂T (Ŵη) ∶= 1

N ∑
N
i=1 ∣Ŵη(αi) − yi∣

2
. The optimized learning

model can predict the Wigner function at arbitrary phase-space points that were not measured experimentally, thereby
reconstructing the entire phase-space distribution from a limited number of measurements.

A standard metric in statistical learning to quantify the performance of prediction is the expected risk R(Ŵ ) ∶=
Eα ∣Ŵη(α) −W (α)∣

2
, where α is sampled from the same probability distribution that generates the training data.

In a sense, we recast the problem as a probably approximately correct (PAC)-learning problem where the concept
class consists of Wigner functions obeying prescribed structural properties. This perspective suggests a route toward
constructing efficient machine learning algorithms directly at the Wigner-function level, tailored to different classes
of CV quantum states. In the following, we apply this formalism to states with sparse properties and smoothness
properties using sparse regression models and DNN models, respectively.

2.1 Learning Wigner functions with sparse properties

Many physically relevant CV quantum states admit sparse representations in some suitable basis. Here, we leverage the
sparse nature of Lasso regression to achieve improved sample complexity for two types of sparse single-mode CV states.
The first comprises states sparse in the Fock support presented in Theorem 1, with binomial code states serving as the
canonical example. The second consists of states sparse in coherent-state support presented in Theorem 2, exemplified
by cat states. Both types of sparsely supported states have been extensively studied and experimentally implemented
with wide applications, including quantum error correction and quantum metrology [2, 5, 11, 12].

The implementation of the regression model follows the learning protocol above. Specifically, the training points
{αi}Ni=1 are sampled from a distribution D. These points are mapped to continuous functions on the phase space based
on the assumption on the target state. The learning model Ŵη is thus a linear function in this high dimensional space.
Finally, the coefficients η are obtained by solving the Lasso regression problem:

min
η

R̂T (Ŵη) subject to ∥η∥1 ≤ t. (1)

The performance of the model is evaluated by R(Ŵ ) where α ∼ D and we write Ŵ instead of Ŵη.
For CV states that are sparse in the Fock basis, the feature map is given by generalized Laguerre polynomials,

which are the Wigner function of the Fock states operator ∣n⟩⟨m∣. With this feature map, we show that the sample
complexity scales polynomially with the sparsity and logarithmically with the effective dimension.

Theorem 1 (Sparse Fock support). Let the target state be ρ = ∑d−1
n,m=0 ρmn∣m⟩⟨n∣ and satisfy ∑d−1

n,m=0 1{ρmn ≠ 0} ≤
s2. For any ϵ > 0 and 1/2 > δ > 0, suppose that every training data pair in T satisfies ∣W (αi) − yi∣ ≤

√
ϵ/4 with

probability at least 1− δ′ where δ′ = δ/N . Let Ŵ be the regression model obtained by solving Eq. (1) with R̂T (Ŵ ) ≤ ϵ/2.
Then a training data of size N = O ( s4

ϵ2
log d

δ
) suffices to achieve R(Ŵ ) ≤ ϵ for any distribution D with probability at

least 1 − 2δ.

For sparsely supported states in the coherent state basis, we use the Gabor frame as the feature map, which
structurally resembles the Wigner function of the operator ∣α⟩⟨β∣, and obtain an analogous sample complexity bound.

Theorem 2 (Sparse coherent state support). Let the target state be ∣ψ⟩ = ∑s
i=1 ai∣αi⟩ where ∣αi⟩ denotes a

coherent state, with ∣αi∣ ≤ R and ∣αj −αℓ∣ ≥∆α for all distinct j, ℓ ∈ [s]. Then, set κ = 1−(s−1)e− 1
2∆

2
α and let Ŵ be the

regression model obtained by solving Eq. (1). For any ϵ > 0 and 1/2 > δ > 0, when all training data pairs in T satisfy
∣W (αi) − yi∣ ≤

√
ϵ/4, with probability at least 1 − δ′ where δ′ = δ/N , a training data of size N = Õ ( s4

ϵ2κ4 log
R
δ
) suffices

to achieve R(Ŵ ) ≤ ϵ for any distribution D with probability at least 1 − 2δ.
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Together, Theorems 1 and 2 reveal a clear separation between dense-grid tomography and structure-aware Wigner-
function surrogates when the state is sparse, i.e., s = O(1). Conventional Wigner tomography requires at least d2

phase-space points to characterize a state, whereas the proposed surrogates Ŵη exploit the sparse support of the
target CV state and reduce the sample complexity to O(s4 log d) for sparse Fock-support states and Õ(s4κ−4 logR)
for sparse coherent-support states.

2.2 Learning Wigner functions with smooth structures

Another important class of CV states is characterized by Wigner functions that vary smoothly over phase space.
For such states, nearby phase-space points are strongly correlated, so reconstructing the Wigner function from sparse
pointwise measurements is analogous to image super-resolution. Motivated by neural implicit representations in com-
puter vision [15, 16], we develop a DNN model that learns a continuous Wigner-function representation directly from
sparse measurements and can be queried at arbitrary phase-space points.

The key idea is to represent the Wigner function as a coordinate-dependent neural function. This is natural for
CV systems because the Wigner function is intrinsically continuous over phase space. Instead of reconstructing values
only on a fixed grid, the model learns a continuous surrogate of the phase-space function, enabling predictions at
unmeasured coordinates and at resolutions beyond the input grid.

Starting from measurements on an m×m phase-space grid Γ , we construct low- and medium-resolution datasets by
interpolation. The low-resolution dataset Tlow = {(αi, yi) ∶ αi ∈ Γlow} is represented by the Wigner-function array Wlow,
while Tmid = {(αi, yi) ∶ αi ∈ Γmid} serves as the self-supervised training target. A convolutional encoder extracts latent
features from Wlow, and a decoder predicts the Wigner-function value at any query point α from the interpolated
latent feature and the coordinate, giving the model Ŵη(α,Wlow). The parameters are trained by minimizing the
mean-squared error R̂Tmid

(Ŵη) = 1
∣Γmid∣ ∑αi∈Γmid

∣Ŵη(αi,Wlow) − yi∣
2
, after which the learned model reconstructs the

Wigner function directly from sparse measurements and can be evaluated at arbitrary phase-space points.
Unlike the regression models, the DNN does not rely on explicit sparsity assumptions, making it applicable to a

broader class of CV states with smooth Wigner functions while improving robustness to experimental noise.

2.3 Numerical examples

We numerically evaluate the two learning models on a broad range of CV states. Due to space limitations, Fig. 1
highlights representative bosonic code states: simulated binomial code states [13], and simulated and experimental
GKP states [4, 14] for the DNN model. The performance of the models is quantified by the overlap between the target
Wigner function W (α) and its reconstruction Ŵ (α).

For the regression model, we benchmark the binomial code family, whose Fock-space sparsity matches the assump-
tions of Theorem 1. As shown in Fig. 1a, high-fidelity reconstruction is achieved using phase-space samples irrespective
of the dimension, substantially lower than that required by information-complete Wigner tomography [17, 18].

For the DNN model, we first consider practical GKP states with finite squeezing. Figure 1b shows that the network
accurately reconstructs both noiseless and photon-loss GKP states from sparse measurements. We then evaluate the
model on experimental circuit-QED GKP data [4]. Starting from sparse 27 × 27 measurements, the DNN predicts the
corresponding 81×81 Wigner function, from which the logical and dominant error subspaces are extracted via spectral
decomposition. Compared with direct reconstruction from either the sparse or full experimental measurements, the
DNN prediction leads to a substantially more accurate identification of the dominant error subspace. As illustrated
in Fig. 1c, the overlap with the ideal single-photon-addition error subspace increases from 0.449 and 0.439 for the
experimental reconstructions to 0.693 for the DNN reconstruction. Further implementation details are provided in the
Supplementary Material.

3 Conclusion

In conclusion, we introduce a generic framework for learning the phase-space representations of quantum states by
constructing supervised learning models that directly predict continuous Wigner functions over phase space from a
discrete set of pointwise measurements. Under this framework, we can employ existing machine learning algorithms
to substantially reduce the measurement complexity required to characterize a wide range of important CV states.
As examples, we theoretically prove that for CV states with sparse Fock or coherent-state supports, sparse regression
models can efficiently learn their Wigner functions from pointwise measurements. For CV states beyond these regimes,
such as GKP states, numerical results indicate that our DNN model can accurately reconstruct the Wigner function
using far fewer measurements than that required for information completeness. Finally, our DNN model provides
a robust tool for reconstructing noisy experimental CV states, which was validated by experimental GKP states.
Remarkably, we find the it can identify the dominant quantum error process correctly from only a few noisy data
points, a task in which conventional approaches fail.
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b

Fig. 1: Selected numerical demonstrations of learning Wigner functions for bosonic code states using regression and
DNN methods. a. Regression reconstruction of binomial code states for different (N,S), achieving fidelities above
0.99 relative to conventional Wigner tomography. Left, a representative reconstruction for (N,S) = (3,11); right, the
corresponding sample complexity. Black crosses denote the training points. b. DNN reconstruction of practical GKP
states for different squeezing level, achieving fidelities above 0.99 relative to conventional Wigner tomography. Left,
a magnified view of the fine phase-space structure. c. Dominant error subspace extracted from experimental GKP
data. The first three panels correspond to the experimental 27× 27 data, the experimental 81× 81 data, and the DNN
reconstruction from the corresponding 27 × 27 measurements, respectively. The rightmost panel shows the Wigner
function of the projection onto the error subspace with single-photon-addition error â†(∣0̄⟩ + ∣1̄⟩)(⟨0̄∣ + ⟨1̄∣)â (up to
normalization). The overlaps with the ideal error subspace (rightmost panel) are 0.449, 0.439, and 0.693, respectively.
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Wigner function tomography is a central tool for characterizing continuous variable quantum
systems subject to energy bounds that guarantee a cutoff on their state space dimension. However,
it becomes increasingly demanding as the effective dimension increases: as experiments can only
access the Wigner function at a finite number of points, accurate characterizations require large
amounts of experimental data, rapidly becoming intractable as we try to explore larger portions of
the system’s state space. To address this bottleneck, here we develop a machine learning framework
for reconstructing Wigner functions directly from sparse phase-space data. For quantum states with
sparse Fock-space or coherent-state representations, such as binomial code states and cat states, we
devise provably efficient machine learning algorithms whose measurement complexity scales only
logarithmically with the effective Hilbert-space dimension. For more general states beyond this
regime, such as Gottesman–Kitaev–Preskill (GKP) states, we design a deep learning model that
reconstructs the Wigner function from sparse measurements and generalizes to arbitrary phase-
space resolution. We demonstrate the broad applicability of our framework on both simulated data
and experimental data from a circuit quantum electrodynamic system. On simulated data, we find
that our model reconstructs GKP states using substantially fewer measurements than required for
informational completeness. On experimental data, we find that it reconstructs Wigner functions
of GKP code states across multiple rounds of quantum error correction and identifies the dominant
error process using significantly fewer measurements than conventional estimation techniques.

I. INTRODUCTION

Continuous-variable (CV) quantum information en-
coded in bosonic harmonic oscillators has emerged as a
promising platform for quantum computation. A leading
implementation is provided by hybrid oscillator–qubit ar-
chitectures, where bosonic modes are coupled to auxiliary
qubits for control and measurement [1]. This approach
has driven significant progress in bosonic quantum error
correction [2–6]. In these systems, CV quantum states
are naturally characterized by quasi-probability distri-
butions in phase space, most notably the Wigner func-
tion, which provides a complete description equivalent
to the density matrix [7]. This phase-space perspective
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has motivated extensive experimental efforts to measure
Wigner functions and related quasi-probability distribu-
tions directly, enabling pointwise estimation of their val-
ues across phase space. These methods are now routinely
performed in superconducting circuit quantum electrody-
namics (QED) [4–6, 8–11], trapped-ion systems [12, 13],
and quantum acoustic systems [14].

A fundamental challenge in the characterization of CV
systems is the infinite dimensional nature of their state
space. In practice, realistic characterization techniques
rely on dimensional truncations, e.g. motivated by upper
bounds on the average energy of the system. As the trun-
cation dimension increases, however, the characterization
becomes increasingly demanding. The core difficulty is
that the quantity of interest is a continuous phase-space
function, whereas experiments only access the Wigner
function through finitely many pointwise samples [15].
To this end, existing experimental protocols [6, 10, 16]
often rely on brute-force sampling over a dense phase-
space grid. This strategy incurs a substantial compu-
tational bottleneck. For a truncated Hilbert space of
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dimension d, resolving the Wigner function requires at
least d2 distinct phase-space points, each of which must
be measured and processed separately. As the photon
number and effective dimension increase, this overhead
rapidly becomes prohibitive, even for single-mode states.
This scaling bottleneck raises a fundamental question:
Can we characterize the entire Wigner function without
a dense grid of measurement data?

Artificial intelligence (AI) provides a data-driven route
to representing and characterizing large-scale quantum
systems [17, 18], with approaches ranging from statisti-
cal learning methods to neural-network ansatzes. Recent
studies have established rigorous guarantees for learning
CV quantum states in quantum state tomography [19–23]
and shadow tomography [24, 25]. However, these results
have mainly been developed for optical settings, where
the available data are typically quadrature or coherent-
state samples obtained from homodyne or heterodyne
measurements. They are therefore not directly applicable
to characterizing an entire Wigner function in hybrid os-
cillator–qubit systems. A theory for learning phase-space
representations directly from pointwise measurements re-
mains largely unexplored.

In parallel, deep neural network (DNN) approaches
have shown promising empirical performance across CV
quantum-state tasks, including tomography [26–28], en-
tanglement detection [29–31], and similarity testing [32].
Yet existing neural-network approaches have largely been
developed in optical measurement settings [26, 29–31],
where data are obtained from homodyne or hetero-
dyne measurements. They therefore do not directly ad-
dress the hybrid oscillator–qubit systems considered here,
where Wigner functions are characterized from sparse
pointwise phase-space measurements. On the other
hand, the neural-network models directly producing den-
sity matrices from phase-space measurements [27, 28] are
not readily extendable to scalable bosonic quantum sys-
tems. Taken together, these limitations raise the question
of whether AI can enable efficient characterization of an
entire Wigner function from sparse pointwise measure-
ments.

Here we develop a learning-based framework that re-
constructs Wigner functions from sparse pointwise mea-
surements, addressing the central challenge posed above.
We first study a wide class of CV states that obey a
sparsity condition, namely states with sparse support in
either the Fock basis or the coherent-state basis. As
shown in Fig. 1, this class contains many experimen-
tally relevant states, such as Fock states, binomial code
states, coherent states, and cat states. In this regime, we
cast Wigner-function reconstruction as a probably ap-
proximately correct (PAC) learning problem [33] and de-
velop an efficient machine learning model with a provable
measurement-complexity guarantee. This model serves
as a surrogate of a Wigner function enabling its precise
prediction from only O(log d) pointwise measurements,
where d is the effective Hilbert-space truncation dimen-
sion. These results extend quantum learning theory [34]

to CV phase-space representations and provide a sample-
efficient route to Wigner-function characterization.
Second, for quantum states beyond the sparse support

regime, we develop a DNN model that represents the
Wigner function as a neural surrogate, enabling eval-
uation at arbitrary phase-space coordinates. Inspired
by high-resolution image reconstruction, the model takes
sparse measurement data as input and learns an implicit
representation of the underlying Wigner function, allow-
ing reconstruction at arbitrarily high phase-space reso-
lution. This DNN model can be applied to reconstruct
the Wigner functions of practical GKP states and ran-
domly prepared states with certain low-depth quantum
circuits, as shown in Fig. 1. Using experimental data of
GKP code states [4], we demonstrate that the proposed
DNN model can accurately reconstruct Wigner functions
across multiple rounds of quantum error correction [35],
highlighting its robustness to realistic experimental noise.
Furthermore, the reconstructed Wigner functions can be
used to uncover the structure of the code space and the
dominant error subspace in the quantum error-correction
experiment. Our results show that the model success-
fully identifies the dominant quantum error process from
sparse and noisy measurements, a task that conventional
estimation approaches struggle to achieve.
This paper is structured as follows. Sec. II provides a

brief introduction to the Wigner functions of CV quan-
tum states and their measurements. Sec. III provides the
formalism of Wigner function reconstruction as a learning
problem. Sec. IV presents two learning models: a prov-
ably efficient regression model for learning the Wigner
functions of CV states with sparse Fock-state or coherent-
state support, and a DNN model for learning the Wigner
functions of CV states beyond the sparse regime. Sec. V
presents numerical results of these learning models on
simulated data of quantum states, including binomial
code states, cat states, GKP states, and randomly pre-
pared CV states. Sec. VI focuses on the application of
this DNN model to experimental data. Sec. VII discusses
a comparison between the two learning models. Sec. VIII
concludes the paper by summarizing its key contributions
and outlining future research directions.

II. WIGNER FUNCTIONS AND THEIR
MEASUREMENTS

Phase-space representations provide a powerful and in-
tuitive framework for describing quantum states, partic-
ularly for CV systems [7]. Instead of representing a CV
quantum state by a density operator acting on an infinite-
dimensional Hilbert space H := spann∈N{|n⟩}, phase-
space methods map the density operator to a quasi-
probability distribution over phase space (x, p) with x
being position and p being momentum, enabling a direct
connection between quantum mechanics and classical sta-
tistical descriptions [36]. A central object in phase-space
quantum mechanics is the characteristic function, defined
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Efficient classical learner for CV states

Sparse Fock support Sparse coherent-state support Smooth structure

Fock states Bio code Cat states Coherent states GKP states SNAP–displacement 
CV state

Circuit QED Trapped ion Acoustic

FIG. 1. Illustration of various types of CV quantum states whose Wigner functions can be efficiently learned by our learning
models. For each type of state, typical examples are provided. The Wigner function learning protocols can be widely performed
on various physical platforms, including circuit-QED, trapped ions and acoustic systems.

as the expectation value of the displacement operator

D(α) := eαâ
†−α∗â, (1)

where â and â† are the annihilation and creation oper-
ators, α = (x+ ip)/

√
2 is complex, and α∗ is its com-

plex conjugate. For a CV quantum state ρ on H, the
characteristic function Cρ(α) = tr(ρD(α)) contains full
information about ρ and serves as the Fourier transform
of various phase-space quasi-probability distributions.

Among the family of phase-space distributions, the
Wigner function Wρ(·) occupies a distinguished position.
Define the Fourier transform of the characteristic func-
tion Cρ(·) as

Wρ(α) =
1

π2

∫
C
d2β Cρ(β)e

αβ∗−α∗β , (2)

The Wigner function offers a real-valued representation
of a quantum state on phase space. Throughout this
work, following the convention in Ref. [7], we use the
phase-space coordinates α and (x, p) interchangeably sat-

isfying the relations α = (x+ ip)/
√
2 and d2α = 1

2dxdp.
With this convention, the Wigner function satisfies the
normalization ∫

C
Wρ(α) d

2α = 1,

or equivalently ∫
R2

Wρ(x, p) dxdp = 2.

It preserves correct marginal distributions for position
and momentum, i.e.,

∫
R dpWρ(x, p) = 2 ⟨x|ρ|x⟩ and∫

R dxWρ(x, p) = 2 ⟨p|ρ|p⟩, where x and p denote posi-
tion and momentum, respectively. Although it resembles
a classical probability distribution, the Wigner function
may take negative values, which are widely regarded as
signatures of nonclassicality and known as Wigner neg-
ativity [37]. These features make the Wigner function a
central tool for visualizing quantum interference effects
and characterizing genuinely quantum resources. Note
that Wigner functions can be defined for any linear op-
erators on H. An essential property of Wigner functions,
which will be used by our learning models, is their lin-
earity. That is, given any two linear operators A1 and
A2, the Wigner function of their sum satisfies

WA1+A2(·) =WA1(·) +WA2(·). (3)

The Wigner function can be directly measured in ex-
periments [15]. In particular, the Wigner function value
at α, i.e.,

Wρ(α) =
2

π
tr
(
ρD(α)(−1)n̂D(−α)

)
, (4)

can be measured by performing a displacement operation
D(−α) and then detecting the resulting photon parity
(−1)n̂, where n̂ = â†â is the photon number operator.
Each shot of measurement yields a positive one for even
parity and a negative one for odd parity. Averaging them
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FIG. 2. Schematic diagram of the learning model used to reconstruct Wigner functions of quantum states in phase space.
Subfigure a illustrates the learning protocol. Using Wigner function measurement data collected at a sparse set of phase-space
points (e.g., randomly sampled from a probability distribution over phase space or a predetermined grid), we train a model to
learn the quantum state’s Wigner function. After training, the model can predict the Wigner function value at any arbitrary
point in phase space. Subfigure b presents a regression model that fits the measurement data by a linear combination of
independent features. Subfigure c presents a neural network with an encoder-decoder architecture for reconstructing a high-
resolution Wigner function from its sparse measurement data.

over many shots asymptotically reaches the value of the
Wigner function up to a constant 2/π.

A direct measurement of a phase-space function can
provide estimates only at a finite set of selected points. A
straightforward strategy to reconstruct the Wigner func-
tion is to measure the function values on a sufficiently
fine-grained grid within a supported region in phase space
and use the resulting discretized values as the approxi-

mation to the continuous function. However, its cost
is controlled by the number of phase-space points re-
quired to resolve the relevant structures of the Wigner
function. For highly nonclassical states, especially states
with large photon numbers, the required grid can become
prohibitively dense [1] (see discussion in Sec. IXD).

To recover its value at an arbitrary intermediate point,
interpolation techniques, such as Lagrange interpolation,
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can be applied [38]. Local interpolation methods, such
as bilinear interpolation, are typically more stable, but
they rely only on nearby measured values and therefore
require dense sampling to recover fine-grained structures
and high-frequency features of the original Wigner dis-
tribution.

III. AN OVERVIEW OF LEARNING MODELS

Here, we formulate the reconstruction of Wigner func-
tions as a learning protocol. Given an unknown CV state

ρ, this learning protocol aims to construct a surrogate Ŵη

of its Wigner function Wρ in Eq. (2) such that for any
phase-space point α ∈ C, one can accurately predict the

value of Wρ(α) by Ŵη(α). The protocol consists of three
main stages, which are data collection, model implemen-
tation and training, and model prediction. We briefly
describe each stage below.

Data collection involves measuring the CV quantum
states. To be concrete, one measures the displaced parity
observable D(αi)(−1)n̂D(−αi) in Eq. (4) at a finite set
of phase-space points {αi}Ni=1. The constructed dataset

T := {(αi, yi)}Ni=1 (5)

consists of statistical estimates yi of the Wigner func-
tion valuesW (αi) at N distinct phase-space points. This
dataset T serves either directly as the training set or as
the raw data from which a training set is constructed.

Given the training dataset T , the implementation of

a learning model Ŵη depends on the learning paradigm
under consideration. In a regression model, phase-space
coordinates {αi} are mapped into a higher-dimensional
feature space, such that a linear combination of the basis
functions in the feature space can approximate the target
Wigner function. These basis functions must be properly
tailored based on the sparsity structure of the quantum
states. In contrast, DNNs automatically learn suitable
feature representations through multiple layers of linear
transformations and nonlinear activation functions, with
the neural architecture properly designed to exploit the
phase-space pattern features of Wigner functions.

Regardless of the chosen paradigm, the learning model

Ŵη is parameterized by a set of trainable parameters η,
which are optimized to minimize the average prediction
error over the training dataset T , i.e.,

R̂T (Ŵη) :=
1

N

N∑
i=1

∣∣∣Ŵη(αi)− yi

∣∣∣2 . (6)

The optimized learning model can be used to predict
the Wigner function at arbitrary phase-space points that
were not measured experimentally, enabling the recon-
struction of the entire phase-space distribution from a
limited number of measurements.

A standard metric in statistical learning to quantify
the performance is the expected risk, i.e.,

R(Ŵ ) := Eα
∣∣∣Ŵη(α)−W (α)

∣∣∣2 , (7)

where α is sampled from the same probability distribu-
tion that generates the phase-space points in the training

dataset T . The generalization ability of Ŵη is quantified

by |R(Ŵ )− R̂T (Ŵη)|.

IV. IMPLEMENTATION OF LEARNING
MODELS FOR WIGNER FUNCTIONS

Given the learning protocol outlined above, this sec-
tion introduces learning models designed to address the
problem of Wigner function learning. As shown in Fig. 1,
these learning models are tailored to different classes of
quantum states relevant to CV quantum information pro-
cessing and quantum computing. For states with sparse
support, we develop a sparse regression model with the-
oretical guarantees to fit the target Wigner function,
as discussed in Sec. IVA. For states beyond the sparse
regime, we introduce a DNN model to effectively rep-
resent Wigner functions with the smooth property, as
indicated in Sec. IVB.

A. Learning Wigner function with sparse property

Many physically relevant CV quantum states admit
sparse representations in a suitable basis, which enables
us to develop efficient learning algorithms to reconstruct
their Wigner functions. For instance, in the Fock ba-
sis, Fock states and superpositions involving only a small
number of Fock states are naturally sparse. Likewise,
in the overcomplete coherent-state basis, coherent states
and superpositions of a few distinct coherent states, such
as cat states, can also be described by sparse expansions.
Both types of sparsely supported states have been ex-
tensively studied and experimentally implemented with
wide applications, including quantum error correction
and quantum metrology [5, 8, 39, 40].
Motivated by their broad applicability, we design a

provably efficient classical surrogate that reconstructs the
Wigner functions of these sparsely supported CV states
with guaranteed predictive accuracy. To this end, we
develop a sparse regression framework for learning the
Wigner functionWρ in Eq. (2) of a single-mode CV quan-
tum state from a limited number of measurements at
different phase-space points. We focus on two practically
important classes of states: those that are sparse in the
Fock basis and those that are sparse in the coherent-state
basis. For each class, we construct an explicit feature
map and derive upper bounds on the required sample
complexity N in Eq. (5), as well as the computational
complexity to make the prediction.
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The implementation of the regression model follows
the learning protocol in Sec. III. In particular, each
αi ∈ T is sampled from a distribution D, e.g., a uni-
form distribution over a specified phase-space region.
Given the dataset T , as illustrated in Fig. 2b, the next
step is to construct a suitable feature map based on the
sparsity assumptions on the target state. Mathemat-
ically, these states admit a sparse representation in a
known basis, or more generally a frame, {|ν⟩} of H, i.e.,
ρ =

∑
ν,ν′ ην,ν′ |ν⟩ ⟨ν′| with only few nonzero coefficients.

Due to the linearity condition in Eq. (3), Wρ admits a
sparse linear combination of Wigner functions W|ν⟩⟨ν′|,
i.e.,

Wρ(·) =
∑
ν,ν′

ην,ν′W|ν⟩⟨ν′|(·). (8)

In this regard, we implement the surrogate Ŵη as a
linear combination of elementary Wigner functions in
Eq. (8), where the coefficients ην,ν′ in Eq. (8) are de-
termined by fitting T . Specifically, the feature map in

Ŵη is specified by a set of linearly independent functions

{Φω(·) : α ∈ C 7→ Φω(α) ∈ R}dfω=1, where each func-
tion Φω(·) corresponds to an elementary Wigner function
W|ν⟩⟨ν′|(·). The corresponding feature space is the linear
span of these functions, with dimension df . The feature
map Φ is therefore defined as

α 7→ Φ(α) :=
[
Φ1(α),Φ2(α), . . . ,Φdf (α)

]⊤ ∈ Rdf . (9)

Associated with Φ, the surrogate takes the form of

Ŵη(α) := ⟨η,Φ(α)⟩, (10)

where η := (η1, η2, . . . , ηdf ) denotes the trainable param-

eters of the regression model Ŵη, and ⟨·, ·⟩ denotes the
inner product.

The training of the surrogate in Eq. (10) amounts to
finding the optimal coefficients in Eq. (8) by using the
dataset T . Specifically, the coefficient vector η is ob-
tained as the solution to a Lasso regression problem [41],
i.e.,

min
η

R̂T (Ŵη) subject to ∥η∥1 ≤ t. (11)

where ∥η∥1 =
∑df
i=1 |ηi|. The performance of the model is

evaluated by R(Ŵ ) in Eq. (7), where α ∼ D and we write

Ŵ instead of Ŵη when no confusion occurs. Our analysis

below shows that the expected risk R(Ŵ ) depends on the
underlying sparsity structure of the CV state, including
sparse support in the Fock and coherent-state bases.

1. States with sparse Fock support

Let us begin to explore CV states that are sparsely
supported in the Fock basis. Specifically, we consider

a truncated Hilbert space span {|n⟩}d−1
n=0, while ignoring

the truncation error from H. A natural representation of
any CV state ρ on this truncated Hilbert space is given
by its density matrix

ρ =

d−1∑
n,m=0

ρmn|m⟩⟨n|. (12)

We say that ρ, pure or mixed, is s2-sparse in the Fock
basis if its density matrix has at most s2 nonzero entries,
i.e.,

d−1∑
n,m=0

1{ρmn ̸= 0} ≤ s2. (13)

Due to linearity of Wigner functions, we have Wρ(·) =∑d−1
n,m=0 ρmnW|m⟩⟨n|(·), whereW|m⟩⟨n|(·) in Eq. (4) refers

to the Wigner function of Fock basis operator |m⟩⟨n|.
According to Eqs. (8) and (10), the feature map of the

surrogate Ŵη(α) takes the form as

Φ =
{
Φm,n(α) =W|m⟩⟨n|(α) : 0 ≤ n,m ≤ d− 1

}
. (14)

The resulting feature space has dimension df = d2. The
explicit form of the Wigner function of operator |m⟩ ⟨n|
with n ≥ m is

W|m⟩⟨n|(α)=
2

π
(−1)m

√
m!

n!
(2α)n−mL(n−m)

m

(
4|α|2

)
e−2|α|2 ,

where L
(n−m)
m (x) is the generalized (associated) Laguerre

polynomial of degree m [36, 42]. As the degree of the

polynomial m rises, the function L
(n−m)
m (x) becomes in-

creasingly oscillatory along the real axis x ∈ R. For
n < m, we have W|m⟩⟨n| = W|n⟩⟨m|, where denotes
complex conjugation. With this feature map, the regres-
sion model in Eq. (10) becomes

Ŵη(α) =

d−1∑
n,m=0

ηm,nΦm,n(α), (15)

that is, a linear combination of W|m⟩⟨n|(·).
The optimization of the surrogate Ŵη follows Eq. (11).

The following theorem quantifies the prediction error,
where the proof is deferred to Sec. IXB.

Theorem 1. For any ϵ > 0 and 1/2 > δ > 0, suppose
that the state under consideration is s2-sparse as defined
in Eq. (13), and every training data pair in T satisfies

|W (αi)−yi| ≤
√
ϵ/4 with probability at least 1−δ′ where

δ′ = δ/N . Let Ŵ be the regression model obtained by

solving Eq. (11) with R̂T (Ŵ ) ≤ ϵ/2. Then a training
data of size

N = O

(
s4

ϵ2
log

d

δ

)
(16)

suffices to achieve R(Ŵ ) ≤ ϵ for any distribution D with
probability at least 1− 2δ.
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This result demonstrates a sharp separation be-
tween dense-grid Wigner tomography and structure-
aware learning. Conventional grid-based protocols re-
quire at least d2 phase-space points to resolve a Wigner
function in a d-dimensional truncated Hilbert space. By
contrast, Theorem 1 indicates that for a target state that
is s2-sparse in the Fock basis, the required number of
training measurements scales only as N = O(s4 log d).
Thus, when sparse CV states with s = O(1), there is an
exponential improvement in the d-dependent scaling.
Beyond the scaling improvement, this result extends

the idea of classical learning surrogates [18] to CV phase
space. Prior studies have mainly focused on qubit-based
systems, where surrogates are trained to predict observ-
ables of parameterized quantum circuits and the sam-
ple complexity is governed by circuit-dependent quanti-
ties, e.g., tunable gates or relevant Fourier modes [43–

45]. By contrast, the surrogate Ŵη developed here
learns a continuous Wigner function, and its sample com-
plexity is governed by the sparsity s of the underlying
CV state. This suggests that efficient quantum surro-
gates are not limited to qubit circuits, but can arise
more broadly whenever the target representation has
exploitable low-complexity structure, motivating exten-
sions to other platforms such as fermionic systems.

2. States with sparse coherent-state support

We next turn to states that are sparse in the coherent-
state basis. A pure CV state |ψ⟩ is s-sparse in coherent-
state support if it can be written as a superposition of s
coherent states

|ψ⟩ =
s∑
i=1

ai|αi⟩, (17)

where the coefficients αi ∈ C ensure the normalization
⟨ψ|ψ⟩ = 1, and each |αi⟩ is a coherent state

|αi⟩ = D(αi)|0⟩ = e−
|αi|

2

2

∞∑
n=0

αni√
n!
|n⟩. (18)

In addition, we consider a bounded region in phase space,
with |αj | ≤ R for all j ∈ [s], and require that the am-
plitudes of these coherent states be sufficiently distinct
from each other so that

|αj − αℓ| ≥ ∆α, ∀j, ℓ ∈ [s] with j ̸= ℓ. (19)

To identify a suitable feature map for learning states
|ψ⟩⟨ψ| =

∑s
i,j=1 aia

∗
j |αi⟩⟨αj | in Eq. (17), we examine its

Wigner function. For any coherent states |αi⟩ and |αj⟩,
the Wigner function of the operator |αi⟩⟨αj | is

W|αi⟩⟨αj |(α) =
2

π
exp (2iℑ [u1(αi, αj)]) exp (u2(α, αi, αj)) ,

(20)

where u1(αi, αj) = (α∗
j − α∗

i )α + 1
2α

∗
iαj , u2 = −2

∣∣α −
αi+αj

2

∣∣2, and ℑ[·] denotes the imaginary part of a complex
number. Because |αi⟩⟨αj | is not Hermitian when i ̸= j,
its Wigner representation W|αi⟩⟨αj |(α) in Eq. (20) is gen-
erally complex-valued. It can be viewed as a Gaussian en-
velope in phase space, centered at (αi+αj)/2, multiplied
by an oscillatory phase factor exp (2iℑ[(α∗

j − α∗
i )α]).

Thus, an off-diagonal coherent-state operator contributes
an interference-like phase-space component rather than
a real probability-like peak.
Since the set of coherent states forms an overcomplete

basis and the amplitude α of a coherent state |α⟩ takes
values in an uncountable set, we cannot represent an un-
known target Wigner function as a finite or countable
linear combination of the elementary Wigner functions
in Eq. (20) and directly optimize the corresponding coef-
ficients as shown in Eq. (10). To this end, we introduce
an alternative to align with Eq. (10). According to the
explicit form of |αi⟩⟨αj | in Eq. (20), we define a countable
set of functions for positive real numbers a and b:

G(a, b) =
{
Φn,k(r) = v1(r, n, b)v2(r, k, a)

∣∣n, k ∈ Z2
}
,

(21)

where r = (x/
√
2, p/

√
2) ∈ R2 is a phase-space point,

|r|2 = ⟨r, r⟩, n = (n1, n2), k = (k1, k2), v1(r, n, b) =
exp (2πi⟨bn, r⟩), and v2(r, k, a) = exp

(
−π|r − ak|2

)
.

More specifically, G(a, b) is an infinite set of two-
dimensional Gaussian functions located on a lattice aZ×
aZ (indexed by k with spacing a in phase space), each
modulated by a phase with frequency multiples of b (in-
dexed by n). When ab < 1, G(a, b) is overcomplete in the
space of integrable functions L2(R2) [46, 47], and hence,
for any CV state ρ, its Wigner functionWρ ∈ L2(R2) can
be written as a linear combination of functions in G(a, b)
with complex coefficients.
This set G(a, b) of functions is known as a Gabor

frame [46], where frames generalize the notion of bases
in a Hilbert space by allowing overcompleteness. Ga-
bor frames have important applications in time-frequency
analysis (see Secs. IXC1 and IXC2 for details). To
express the Gabor frame more concisely, it is cus-
tomary to define the translation operator (Takf)(r) =
f(r − ak) and the modulation operator (Mbnf)(r) =
exp(2πi⟨bn, r⟩)f(r) for any function f ∈ L2(R2). Then,

using g(r) = e−π|r|
2

to denote the two-dimensional Gaus-
sian function, the expression in Eq. (21) is reformulated
as G(a, b) :=

{
(MbnTakg)(·) : n, k ∈ Z2

}
.

Since any physical state has bounded energy, instead
of considering an infinite lattice in both the phase space
indexed by k and the frequency space indexed by n, we
only need to consider a finite region indexed by both
truncated values of k and n. This enables us to consider
a finite lattice in both the phase space and the frequency
space, determined by parameters N,K ∈ N as

ΛN,K :=
{
(n, k) ∈ Z2 × Z2 : ∥n∥∞ ≤ N, ∥k∥∞ ≤ K

}
,

(22)
where ∥x∥∞ = maxi |xi| is the maximum element of the
vector x. The resulting feature map for learning sparse
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coherent states is

Φ = {Φn,k(r) = (MbnTakg)(r) : (n, k) ∈ ΛN,K} , (23)

with feature dimension df = (2N + 1)2(2K + 1)2, and
the corresponding regression model becomes

Ŵη(r) =
∑

(n,k)∈ΛN,K

ηn,kΦn,k(r). (24)

In practice, to obtain a real-valued Wigner function, by
converting the modulation e2πi⟨bn,r⟩ into cos(2π⟨bn, r⟩)
and sin(2π⟨bn, r⟩), we split each function Φn,k into
two: Φn,k,1 = cos(2π⟨bn, r⟩)Takg and Φn,k,−1 =
sin(2π⟨bn, r⟩)Takg. Then the regression model in Eq. (24)
becomes

Ŵη(r) =
∑

(n,k)∈ΛN,K

ηn,k,±1Φn,k,±1(r). (25)

With this feature map, an analogous sample complex-
ity bound is obtained for learning states with sparse
coherent-state bases. The theorem below quantifies the
learnability of the proposed model, whose proof is de-
ferred to Sec. IXC.

Theorem 2. Let the target CV state be s-sparse in the
coherent-state basis given by Eq. (17) and satisfy the con-

dition Eq. (19). Set κ = 1− (s− 1)e−
1
2∆

2
α and let Ŵ be

the regression model obtained by solving Eq. (11). For
any ϵ > 0 and 1/2 > δ > 0, when all training examples

in T satisfy |W (αi)−yi| ≤
√
ϵ/4, with probability at least

1− δ′ and δ′ = δ/N , a training data of size

N = Õ
(

s4

ϵ2κ4
log

R

δ

)
(26)

suffices to achieve R(Ŵ ) ≤ ϵ for any distribution D with
probability at least 1− 2δ.

Here, the big Õ notation hides log log factors in s, 1/κ,
and 1/ϵ, while the dependence on R and δ is displayed
explicitly. Under conditions s = O(1) and 1/κ = O(1),
the sample complexity N scales logarithmically with the
phase-space region R. These conditions are routinely sat-
isfied in the preparation of practically relevant CV states,
including two- and four-component cat states [48, 49].

For a coherent state |α⟩ in Eq. (18), the mean photon
number is |α|2. In the Fock basis, the Hilbert-space di-
mension d therefore scales linearly with R2, where R is
the radius bounding the amplitude |α|. Consequently, a
phase space region with |α| ≤ R corresponds to a Hilbert
space truncation of order d = O(R2). This result applies
to any superpositions of a few distinct coherent states,
exemplified by cat states, i.e., balanced superpositions of
coherent states with opposite amplitudes.

Together, Theorems 1 and 2 reveal a clear separa-
tion between dense-grid tomography and structure-aware
Wigner-function surrogates. Conventional Wigner to-
mography requires at least d2 phase-space points to char-
acterize a state in a d-dimensional truncated Hilbert

space, whereas the proposed surrogate Ŵη in Eqs. (15)
and (24) can exploit the sparse support of the target CV
state and reduce the sample complexity to O(s4 log d) for
sparse Fock-support states and O(s4κ−4 logR) for sparse
coherent-support states.
This separation persists for the total measurement

cost. Statistical estimation of the sampled Wigner values
introduces only logarithmic overheads, so the total num-

ber of measurements remains Õ(s4 log d) for sparse Fock-

support states and Õ(s4κ−4 logR) for sparse coherent-
support states. As a result, unlike conventional tomog-
raphy, the proposed surrogate Ŵη provides a sample-
efficient route to Wigner-function reconstruction.
Finally, we analyze the computational cost of the two

proposed surrogates. The feature dimension scales as
dFockf = (d+ 1)2 = O(d2) for sparse Fock support and as

dcohf = (2N + 1)2(2K + 1)2 = O(R4) = O(d2) for sparse
coherent-state support. Because both surrogates are re-
gression models, the training runtime required to achieve
prediction error ϵ is upper bounded by O(d2 log d/ϵ2),
while inference requires O(d2) operations per prediction.
Hence, both the training and inference costs scale at most
quadratically with the effective truncation dimension d.

B. Learning Wigner functions with smooth
structure

For many physically relevant CV states, the Wigner
function exhibits structured patterns in phase space anal-
ogous to those encountered in natural images. In this
regard, reconstructing a Wigner function from sparse
pointwise measurements can be viewed as a super-
resolution problem. Motivated by the success of neural
implicit representations in computer vision [50–52], we
design a DNN to learn the continuous Wigner function
directly from measurement data. Specifically, this ap-
proach encodes a continuous function as a neural network
that maps phase-space coordinates directly to the corre-
sponding function values. Rather than storing Wigner
function values on a discrete grid, the continuous pat-
tern of Wigner function is implicitly encoded into the
weights of this DNN model, enabling the evaluation of
Wigner function values at arbitrary phase-space points.
More generally, neural networks have been widely ap-

plied for efficient implicit reconstruction of quantum sys-
tems [53–55]. Closely related to our setting, a neural
network framework is developed to learn representations
of quantum states from partial measurement data that
enables predictions of outcome statistics for those mea-
surements not performed yet [56]. Here, our DNN model
learns an implicit representation of the Wigner function
from sparse measurement data and enables the predic-
tion of Wigner function values at arbitrary phase-space
points.
We now describe the implementation and training of

this DNN model. We consider a dataset T , where each
αi lies on a sparse m×m phase-space grid Γ covering Ω,



9

Self-supervised learning

Coarse-graining

Measurement data Low-res input Encoder Decoder

Training

Inference

Trained deep neural network

Prediction Mid-res target

High-resolution reconstruction

FIG. 3. The learning scheme for our DNN model is inspired by high-resolution image reconstruction. During training, the
model parameters are optimized in a self-supervised manner to minimize estimation errors in the mid-resolution Wigner function
reconstructed from low-resolution input. During inference, the trained model is applied to reconstruct high-resolution Wigner
functions.

with each square cell of size h× h. Rather than directly
using the raw dataset T as training data, we preprocess
T to obtain the training dataset for our DNN model.

In this preprocessing step, we construct paired low-
and medium-resolution datasets from the original m ×
m measurement grid by interpolation-based resampling.
Let Γlow and Γmid denote the resulting coarse and finer
phase-space grids, respectively. Denote the two resam-
pled datasets as Tlow = {(αi, yi) : αi ∈ Γlow} and
Tmid = {(αi, yi) : αi ∈ Γmid}. As shown in Figs. 2c
and 3, Tlow provides the low-resolution input and Tmid

provides the corresponding medium-resolution target for
training. For ease of notation, letWlow ∈ Rmlow×mlow de-
note the two-dimensional array of Wigner function values
corresponding to Tlow on the grid Γlow.

Different from machine learning models in Sec. IVA
that require a manually selected feature map from prior

physical knowledge, the proposed DNN Ŵη implicitly
learns the feature representation from data. The model
adopts an encoder–decoder architecture, as illustrated in
Fig. 2c. In particular, the encoder Eθ, implemented as a
convolutional neural network with residual connections,
maps the input arrayWlow to a latent feature representa-
tion Eθ(Wlow), where θ denotes the encoder parameters.
The latent feature representation Eθ(Wlow) consists of
learned feature vectors distributed over the phase-space
grid and captures both local and global structures of the
underlying Wigner function. Unlike the regression mod-
els introduced in Eq. (10), where the feature map is fixed
in advance, the representation Eθ(Wlow) is learned au-

tomatically from the training data and optimized jointly
with the prediction model.
Given an arbitrary phase-space point α ∈ Ω, the model

first extracts a local feature vector by interpolating the
latent representation,

fθ(α,Wlow) = I(Eθ(Wlow), α), (27)

where I denotes bilinear interpolation on the latent fea-
ture map. For a query point α, the feature vector
fθ(α,Wlow) is computed from the four nearest latent fea-
ture vectors surrounding α, weighted according to their
relative distances from the query point. Since the Wigner
function is inherently a continuous phase-space function,
this interpolation step converts the discrete latent rep-
resentation generated by the encoder into a continuous
feature field from which information can be queried at ar-
bitrary phase-space coordinates. The resulting local fea-
ture vector captures the neighborhood structure around
the query point and provides the decoder with spatially
localized information. Following the local implicit image
function framework of Refs. [51, 52], this design enables
resolution-independent reconstruction and allows a sin-
gle trained model to predict Wigner function values on
grids finer than those encountered during training.
The decoder Dϕ, implemented as a multilayer percep-

tron, then predicts the corresponding Wigner function
value according to

Ŵη(α,Wlow) = Dϕ

(
fθ(α,Wlow), α, c

)
, (28)
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where c denotes the normalized cell size of the target grid
and η = (θ,ϕ). In this way, the neural network defines a
surrogate of the continuous Wigner function over phase
space. Since the phase-space coordinate α enters explic-

itly as an input, the trained model can evaluate Ŵη(α)
at arbitrary phase-space points and thereby reconstruct
the Wigner function at arbitrary resolutions.

The DNN model is trained in a self-supervised man-
ner, as illustrated in Fig. 3, implying that the supervi-
sion labels are generated from the measurement raw data
T rather than from externally labeled high-resolution
ground truth. The goal of training is to enable the neural
network to recover a medium-resolution Wigner function
from a low-resolution input. To this end, we construct
multiple paired low- and medium-resolution datasets Tlow
and Tmid from the original dataset T . During train-

ing, a paired dataset is sampled, and the DNN Ŵη is
optimized by minimizing the mean squared prediction
error (Eq. (6)) on the corresponding medium-resolution
grid, i.e.,

R̂Tmid
(Ŵη) =

1

|Γmid|
∑

αi∈Γmid

∣∣∣Ŵη(αi,Wlow)− yi

∣∣∣2 , (29)

where |Γmid| is the number of phase-space points in the
sampled medium-resolution grid.

Once trained, the model Ŵη can take measurement
data sampled at only m × m points—potentially far
fewer than required for information-complete tomogra-
phy—and produce a continuous approximation of the
Wigner function that can be evaluated at phase-space
points on a finer grid with arbitrarily high resolution.

We remark that the neural implicit representation of
CV states does not rely on any prior assumptions about
the underlying quantum states. This generality provides
two key advantages. First, it enables the model to learn a
wide variety of physical CV states, including those states
beyond sparse supports, as long as the state exhibits a
certain learnable structure in its phase-space function.
Second, this approach enhances robustness to practical
noise. When measurement data contain statistical error
and systematic noise, the DNN model can still recon-
struct the experimental Wigner function faithfully.

V. NUMERICAL SIMULATIONS

The numerical study considers several representative
bosonic error-correcting code states, including binomial
code states, cat states, and GKP states. For these states,
the two learning models introduced in Sec. IV are applied
to Wigner-function reconstruction from sparse phase-
space measurements. The simulations examine how the
required number of measurement points scales with the
effective dimension of the truncated Hilbert space.

In the following numerical experiments, we use the
phase-space coordinates (x, p) = (

√
2ℜ(α),

√
2ℑα) in-

stead of α for convenience. The reconstruction quality

is quantified by the overlap between the reconstructed
Wigner function and the ground truth, i.e.,

F :=
π

2

∫
R2

dxdp Ŵ (x, p)W (x, p), (30)

which equals the quantum fidelity for a target pure
state [7]. Without loss of generality, this integral is ap-
proximated by a sum over a finite grid Γ of points,

F ≈ π

2
∆

∑
(x,p)∈Γ

Ŵ (x, p)W (x, p), (31)

where ∆ is the area of each cell in the grid. As F ap-
proaches unity, the reconstructed state converges toward
the ground truth.

A. Numerical results with machine learning models

The regression models introduced in Sec. IVA are first
applied to simulated CV states with sparse supports.
The two representative examples are binomial code states
with sparse support in the Fock basis and cat states with
sparse support in the coherent-state basis. Both classes
are highly non-Gaussian and play central roles in bosonic
quantum error correction [5, 57, 58].

1. Learning binomial code states

The binomial code states [57] are superpositions of
Fock states with amplitudes involving binomial coeffi-
cients. Mathematically, they take the form as

|0̄/1̄⟩b :=
1√
2N

[0,N+1]∑
p=even/odd

√(
N + 1

p

)
|p(S + 1)⟩ , (32)

where 0̄ and 1̄ denotes the encoded logical qubit, and
(N,S) ∈ N+ × N specify different classes of binomial
code states. The states in Eq. (32) have support only on
Fock states |p(S + 1)⟩, where p ∈ [0, N+1] is restricted to
even values for |0̄⟩b and odd values for |1̄⟩b. For example,
when N = S = 1, Eq. (32) yields the encoding |0̄⟩ =
1√
2
(|0⟩+ |4⟩) and |1̄⟩ = |2⟩.
Specifically, we consider the reconstruction of the state

|1̄⟩b for various combinations of parameters (N,S). Here
we choose the training data T as the true Wigner func-
tion values on a set of phase-space points randomly cho-
sen from a 147 × 147 grid. By applying the regression
model in Eq. (15), we can predict the Wigner function
values over all other phase space points on the grid.
Figures 4a and 4b plot the minimum number of train-

ing data points required by this regression model to re-
construct the Wigner function with fidelity exceeding
0.99. The truncation dimension here refers to the maxi-
mum photon number of the binomial code states consid-
ered, which ranges from 20 to 56.
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FIG. 4. Reconstruction of Wigner functions for simulated binomial code states. In Subfig. a, the number of phase-space points
required to achieve a fidelity of 0.99 is shown with respect to the truncation dimension for binomial code states with fixed
N = 3 and increasing values of S. In Subfig. b, the number of phase-space points required to achieve a fidelity of 0.99 is
shown with respect to the truncation dimension for binomial code states with fixed S = 3 and increasing values of N . In both
Subfigs. a and b, the scaling required for information completeness in conventional Wigner tomography (d2 − 1) is shown as
a reference. Each point represents the mean over five independent random realizations of the phase-space sampling pattern,
and the error bars indicate one standard deviation. The error bars may appear visually small because the vertical axis spans a
relatively large range. In Subfig. c, an example reconstruction of the Wigner function is shown for a binomial code state with
N = 3 and S = 11. Crosses indicate the 41 randomly selected training points on a 128 × 128 grid. The fidelity between the
reconstruction and the ideal Wigner function is 0.9997. In Subfig. d, the same analysis as in Subfig. c is shown for N = 11
and S = 3, using 166 training points. The fidelity is 0.9928. In Subfig. e, the fidelity of the reconstructed Wigner function
is shown as a function of the number of measurements per phase-space point for binomial code states with fixed N = 3 and
increasing values of S. In Subfig. f, the fidelity of the reconstructed Wigner function is shown as a function of the number of
measurements per phase-space point for binomial code states with fixed S = 3 and increasing values of N . In both Subfigs. e
and f, each point represents the mean fidelity over 10 independent experiments, and the shaded region indicates one standard
deviation.
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In Fig. 4a, we fix N while increasing the value of S in
Eq. (32). In this case, although the truncation dimension
d grows, the number of Fock basis supports ⌈(N + 1)/2⌉
remains constant. The results show no obvious change in
the number of phase-space points required as d increases.
This observation aligns with Theorem 1. That is, when
the CV states are supported on a constant number of
Fock basis elements, the required number of phase-space
points scales at most as O(log d).

In contrast, in Fig. 4b, we fix S and increase the value
of N in Eq. (32). Here, the number of Fock basis sup-
ports increases with d. The number of required Fock
basis support increases with d as s2 = Cd2 for some
constant fraction C < 1. Nevertheless, the sample com-
plexity remains substantially lower than d2, highlighting
the potential of this regression model for efficient recon-
struction of binomial code states.

In Figs. 4c and 4d, we present examples of recon-
structed Wigner functions of two binomial code states
using our regression model, together with their associ-
ated training data points, indicated by crosses.

The numerical results above are obtained using shot-
noise-free training data T . To assess robustness to finite
sampling, Figs. 4e and 4f plot the reconstruction fidelity
as a function of the number of measurement shots per
phase-space point, using the settings of Figs. 4a and 4b,
respectively. The results show that the reconstruction
fidelity saturates once the shot count exceeds a modest
threshold, indicating robustness to finite-shot statistical
noise.

2. Learning cat states

The canonical examples of states that are sparse in the
coherent state basis are the Schrödinger cat states. These
are defined by

|C±
α ⟩ = N±

α (|α⟩ ± |−α⟩) , (33)

where N±
α = [2(1±e−2|α|2)]−1/2 is the normalization fac-

tor. In the following numerical experiments, we focus on
even cat states |C+

α ⟩ with different amplitudes α. Since
each cat state is supported on two coherent states cen-
tered at α and −α, it provides a natural test case for
the regression model designed for CV states sparse in
coherent-state support. We choose the training data as
the true Wigner-function values on a set of phase-space
points randomly selected within a circular region covered
by a 142× 142 grid. For each state, the sampled phase-
space region and the parameters of the Gabor feature
map are chosen according to the coherent amplitude α
to cover the region where the Wigner function has non-
negligible values. The regression model is then trained
with Gabor features and used to predict the Wigner func-
tion values on the full grid.

Figure 5a plots the minimum number of randomly
sampled phase-space points required to reconstruct the

Wigner function with fidelity exceeding 0.99 for cat states
of varying amplitudes. We distinguish between the total
number of randomly sampled phase-space points and the
number of effective non-zero training points, namely, the
sampled points located in the phase-space region where
the Wigner function has non-negligible values. The lat-
ter provides a more accurate measure of the number of
data points needed with varying truncation dimension,
since the area of the nontrivial region in phase space
remains constant regardless of the amplitude of α. As
the truncation dimension d increases, the two quantities
are empirically found to be O(d1.4) and O(d0.6), respec-
tively. Although the numerical scaling does not exactly
follow the logarithmic scaling provided in Theorem 2,
our numerical scaling still grows much more slowly than
the d2 − 1 scaling required for informationally complete
Wigner tomography.
In Fig. 5b, we present representative reconstructions

for four rotated cat states marked in Fig. 5a. For each
state, the reconstructed Wigner function is compared to
the corresponding ground truth. The regression model
accurately captures both the two coherent state peaks
and the interference fringes between them, achieving fi-
delities above 0.99 using only a small subset of the full
phase-space grid.

Additionally, we apply the two regression models to
states beyond the regime of sparse support, including
an experimental GKP state shown in Fig. 8 and an ex-
perimental state prepared by applying SNAP gate to a
coherent state, shown in Fig. 16 of the Appendix. Unsur-
prisingly, the reconstruction quality is limited. Specific
details regarding the numerical implementations of the
regression model and other results on simulated states
can be found in Appendix Subsec. IXF 1.

B. Numerical results with DNN models

Motivated by the prominent role of GKP states in
quantum error correction, we first investigate the perfor-
mance of the proposed DNN model when applied to re-
construct their Wigner functions. After that, we consider
a broader family of non-Gaussian states generated by se-
quences of displacement operators and selective-number-
dependent arbitrary phase (SNAP) gates. This gate set
has become a standard toolbox for preparing a wide vari-
ety of important single-mode non-Gaussian states in cir-
cuit QED [59]. Consequently, the output states of such
circuits provide a natural testbed for evaluating the per-
formance of our DNN model.

1. Learning to reconstruct GKP states

An ideal GKP state is a grid state in phase space com-
posed of delta functions [60]. Since ideal GKP states are
not normalizable, we must consider practical GKP states
consisting of superpositions of squeezed Gaussian peaks
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FIG. 5. Reconstruction of Wigner functions for simulated cat states. In Subfig. a, the number of phase-space points required
to achieve a fidelity > 0.99 with respect to the truncation dimension d is shown for cat states with varying complex amplitudes
α. The scaling required for information completeness in conventional Wigner tomography (d2 − 1) is shown as a reference.
The dashed and dotted lines indicate the empirical scaling of the total and non-zero required points, respectively. Each point
represents the mean over five independent random realizations of the phase-space sampling pattern, and the error bars indicate
one standard deviation. In Subfig. b, example reconstructions of the Wigner functions for the four corresponding cat states
marked in Subfig. a are shown. For each state, the reconstructed Wigner function (left) is compared with the ideal ground
truth (right). The green circles on the left panels correspond to the centers ak of the Gaussians in the Gabor frame (Eq. (21)).
The fidelities between the reconstructions and the ideal Wigner functions are 0.9931, 0.9986, 0.9900, and 0.9901, respectively.

with a Gaussian envelope,

|0̄/1̄(σ)⟩GKP =

∫ ∞

−∞
dxψ0/1(x;σ) |x⟩ , (34)

ψk(x;σ) =
∑
s∈N

exp(−2πσ2s2) exp

[
− (x−

√
π(2s+ k))2

2σ2

]
,

(35)

where k = 0 or 1, |x⟩ is a position eigenstate with eigen-
value x ∈ R, σ2 is the variance of each individual peak,
and 1/σ2 characterizes the variance of the global enve-
lope. For our convenience, we omit the squeezing param-
eter σ in the expression of GKP code states. The Gaus-
sian peaks of |0̄⟩GKP and |1̄⟩GKP have the same spacing
of 2

√
π but is offset from each other by

√
π. Unlike the

states considered in Subsec. IVA, GKP states are not

sparse in either the Fock basis or the coherent-state ba-
sis, placing them beyond the sparse support regime.
In experiments, GKP states are usually superpositions

of a finite number of Gaussian peaks. Specifically, the
wavefunctions of realistic GKP states can be written as

ψk(x;σ, smax) ≈
smax∑

s=−smax

exp(−2πσ2s2) exp

[
− (x−

√
π(2s+ k))2

2σ2

]
,

(36)

where 2smax + 1 denotes the number of Gaussian peaks
retained in the truncated expansion. Larger smax and
smaller σ correspond to an increase in the effective
Hilbert space dimension. We proceed to examine how
the measurement complexity of our proposed methods
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for learning the state |0̄⟩GKP with wavefunction in (36)
scales with this truncation dimension.

We plot the sample complexity of our DNN model in
reconstructing the Wigner function of simulated GKP
states in Fig. 6a and Fig. 6b. As illustrated in Fig. 6b,
the number of data points required by our algorithm to
attain a fidelity above 0.99 scales as d0.76 for the noiseless
GKP state |0̄⟩GKP — a significant improvement over the
d2 scaling. Each data point in Fig. 6b corresponds to
a combination of (σ, smax), where smaller values of σ
and larger values of smax correspond to higher truncation
dimension.

Photon loss is a common quantum noise in bosonic
quantum system to corrupt the quantum state. When
photon loss errors are introduced, the resulting state be-
comes a mixed state. In this noisy case, the data require-
ment for achieving fidelity 0.99 further decreases, scaling
approximately as d0.48. This reduction of measurement
complexity matches our intuition that photon loss error
typically reduces the non-Gaussianity of the state and
hence reduces the difficulty of learning them. Figures 6c
and 6d illustrate examples of reconstructed Wigner func-
tions of GKP states without noise and with photon loss,
respectively.

In quantum state reconstruction, not only the mea-
surement complexity but also the classical computational
complexity affects the practical efficiency of the learn-
ing algorithm. We also compare the computational time
required to obtain the density matrix using the conven-
tional maximum likelihood estimation (MLE) approach
against our proposed method based on Wigner function
prediction. In both cases, the input consists of true val-
ues of the Wigner function evaluated on a 33 × 33 grid
for a GKP state with parameters σ = 0.4 and smax = 2.
For MLE, the objective is to find a density matrix in a
truncated Hilbert space of dimension d = 29 that maxi-
mizes the likelihood of observing the given Wigner func-
tion values. In contrast, our neural network approach
aims to predict the Wigner function on a finer 81 × 81
grid. Reconstruction quality is evaluated in both cases
by computing the fidelity between the reconstructed state
and the ground truth. The results in Fig. 6e demonstrate
that our neural network method is significantly faster, re-
quiring only about 28 seconds to perform 30 optimization
iterations, while producing predictions with fidelity close
to one. In comparison, each iteration of MLE is substan-
tially more time-consuming, and the method struggles to
converge to the ground truth when using the same 33×33
data grid. This failure of MLE can be explained by the
fact that the observation data is too sparse and hence its
optimization landscape is extremely flat.

In the above discussion, each input data point cor-
responds to a true value of the Wigner function at a
phase-space point, but in a practical experiment, a finite
number of measurements introduces statistical errors into
the input data. To demonstrate how the number of mea-
surement shots per data point influences reconstruction
fidelity, we apply our trained model to simulated data of

a finite number of measurement shots. Figure 6f shows
the fidelity of the Wigner function reconstructed by our
algorithm as a function of the number of shots per mea-
surement. In this simulation, the number of input phase-
space points is fixed to the minimum number required
to reach fidelity 0.99 in the noiseless setting shown in
Fig. 6b. Five different combinations of (σ, smax) are stud-
ied, indicating that typically GKP states with smaller
values of σ and higher values of smax require a larger
number of measurement shots per phase-space point to
reach high reconstruction fidelity.

2. Learning randomly prepared CV states

We next apply our DNN model to learn the Wigner
functions of a broader class of states, i.e., CV states
prepared by displacement and SNAP gates [61]. For
a single-mode CV state, the set of displacement oper-
ators D(α) and SNAP gates SNAP(θ) form a universal
gate set [1], which has been widely applied for prepar-
ing important classes of bosonic code states and Wigner-
negative states [16, 59]. The displacement operator D(α)
is defined in Eq. (1). A SNAP gate is

SNAP(θ) :=
∑
n∈N

exp(iθn) |n⟩ ⟨n| , (37)

where θ = {θn}n∈N denote the phases on different Fock
basis.
Here we investigate learning the Wigner functions of

quantum states prepared by a sequence of quantum gates
consisting of displacement gates and SNAP gates. Each
layer of gates consists of a displacement gate D(α) fol-
lowed by a SNAP gate, SNAP(θ). Here the displacement
amount α in each displacement gate is randomly chosen
within |α| ≤ 1.5, and each θi in θ are randomly selected
within [0, 2π). For each state, we truncate the Hilbert
space to d = 30. Given Wigner function values at points
at 18×18 phase-space grid points, the neural network re-
constructs the Wigner function at a finer grid of 81× 81
within the same region in phase space.
Figure 7a shows the reconstruction fidelity as a func-

tion of the number of gate layers. As the circuit depth in-
creases, the average reconstruction fidelity decreases from
nearly unity to approximately 0.8 when the same amount
of training data is used. Intuitively, applying additional
gate layers generates increasingly intricate phase-space
structures, making the corresponding Wigner functions
more difficult to learn accurately. One possible measure
of this complexity is the Wigner negativity [62], defined
as
∫
R2 dxdp|Wρ(x, p)| − 1. To further examine this con-

nection, Fig. 7b plots the reconstruction fidelity versus
the Wigner negativity for all generated states. The re-
sults show that small Wigner negativity has little ob-
servable effect on the reconstruction fidelity. However,
beyond a certain regime, the reconstruction fidelity de-
creases approximately linearly as the Wigner negativity
increases.
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FIG. 6. Reconstruction of Wigner functions for simulated GKP states. In Subfig. a, the number of phase-space points required
to achieve a fidelity of 0.99 is compared for a noiseless GKP state and a GKP state subject to photon loss as a function of
the truncated Hilbert-space dimension. The scaling required for information completeness in conventional Wigner tomography
(d2 − 1) is shown as a reference. In Subfig. b, a detailed view of the data requirements presented in Subfig. a is shown,
illustrating the number of phase-space points needed for reconstructing ideal and lossy GKP states as a function of truncation
dimension. In Subfig. c, the reconstructed Wigner function is shown for a noiseless GKP state (σ = 0.11, smax = 3) using
3025 phase-space points, achieving a fidelity of 0.99. Black crosses mark the measurement grid. In Subfig. d, the reconstructed
Wigner function is shown for the same GKP state subject to photon loss, where only 1521 phase-space points are required to
reach a fidelity of 0.99. In Subfig. e, the classical computational time of density matrix reconstruction via MLE is compared
with that of Wigner function prediction using our neural network approach for a GKP state (σ = 0.4, smax = 2), together
with the corresponding fidelities achieved. All computational runtimes were evaluated on an x86 64 system running Ubuntu
22.04.5 LTS. In Subfig. f, the fidelity of the reconstructed Wigner function is shown as a function of the number of measurement
shots per phase-space point for GKP states with varying squeezing parameters and numbers of Gaussian peaks. Each point
represents the mean fidelity over 10 independent experiments, and the shaded region corresponds to one standard deviation
across these experiments.
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FIG. 7. Performance of the DNN model for output states prepared using random displacement and SNAP circuits. In Subfig. a,
the reconstruction fidelity is shown as a function of the number of circuit layers. The box plots summarize 10 independently
generated output states, with the center line indicating the median and the box indicating the interquartile range. In Subfig. b,
the reconstruction fidelity is shown as a function of the Wigner negativity of the corresponding output states. In Subfig. c,
examples of Wigner function reconstructions are shown for states with circuit depths L ranging from one to six using the DNN
model. Each pair of images shows the reconstructed Wigner function alongside the ground truth. The measurement data grid
is also overlaid on the ground truth plots.
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Fig. 7c illustrates several examples of reconstructed
Wigner functions together with the ground truth for dif-
ferent numbers of layers of quantum circuits. Instead
of exhibiting a structural pattern, the patterns of the
Wigner functions here are more random, but do not con-
tain any high-frequency oscillations. This feature makes
our DNN model better fitted for learning these Wigner
functions. Compared with the regression model using
Gabor-frame feature map (see Fig. 12 in Appendix), our
DNN model produces more accurate predictions typi-
cally. Figure 16 presents a comparison of our DNN model
with regression models on reconstructing an experimen-
tal state prepared by applying a SNAP gate to a coherent
state [27].

VI. DEMONSTRATION ON EXPERIMENTAL
DATA

Although the numerical experiments above, based on
classically simulated data, demonstrates the effective-
ness of our learning approaches, experimental data are
inevitably affected by systematic and stochastic noises.
This challenge is particularly pronounced in bosonic
quantum error correction (QEC) experiments, where
Wigner tomography is routinely performed over dense
phase-space grids and repeated across multiple QEC cy-
cles to characterize and validate the bosonic code states
throughout the QEC process. Such procedures impose a
substantial measurement overhead, which is expected to
grow rapidly as future bosonic processors achieve larger
effective Hilbert-space dimensions.

Therefore, to establish our DNN model as a practical
tool for quantum state characterization, it is essential to
demonstrate its robustness under realistic experimental
conditions. To this end, we apply our DNN model to
experimentally prepared GKP states in the QEC exper-
iment [4] and evaluate its performance on real measure-
ment data. We demonstrate that our DNN model can not
only reconstruct experimental GKP states from sparse
noisy data, but also enables diagnosis of the dominant
quantum error process and quantitative characterization
of the logical code states during the QEC process.

Specifically, we consider noisy GKP code states pre-
pared in the demonstration of beyond-break-even quan-
tum error correction [4]. The state is prepared in a
circuit-QED architecture consisting of a cavity mode cou-
pled to an auxiliary transmon qubit. The experimen-
tal dataset comprises Wigner-function measurements on
an 81 × 81 phase-space grid, where each point is ob-

tained from the empirical average of repeated measure-
ment shots. To train the DNN model, we use only a
sparse 27× 27 subset of the measured grid. The remain-
ing points in the original 81×81 dataset are kept hidden
from training and are used only as the dense experimen-
tal reference for evaluation. After training, the model
predicts the Wigner function over the entire 81×81 grid.

Figure 8 compares the reconstructed Wigner func-
tion of an experimentally prepared logical-zero GKP
state ρ0̄ with the experimentally measured reference
data. By denoting the full measurement dataset on
a phase-space grid Γ as {(x, p), y(x,p)}(x,p)∈Γ, we use
π
2∆
∑

(x,p)∈Γ Ŵ (x, p)y(x,p), where ∆ is the area of each

cell in Γ, to quantify the overlap between the predicted
Wigner function and the full measurement data. This
figure of merit is a variant of Eq. (31) by replacing true
Wigner function values by their measurement results.
The overlap exceeds 0.99, demonstrating excellent agree-
ment. We further benchmark the DNN against bilin-
ear interpolation and the sparse regression model. As
shown by Fig. 8, bilinear interpolation achieves signif-
icantly lower prediction accuracy than either learning-
based approach, while the regression model is noticeably
more sensitive to experimental noise than the DNN.

To further evaluate the practical performance of the
DNN framework, we consider experimentally prepared
GKP states subjected to multiple rounds of quantum
error correction. Specifically, we study the code states
ρ0̄(t) and ρ1̄(t) after t = 0, 100, 200, 400, and 800 QEC
cycles implemented in Ref. [4]. The resulting reconstruc-
tions for ρ0̄, together with the experimentally measured
references, are presented in Fig. 9a. The corresponding
results for ρ1̄ are shown in Fig. 14 of the Appendix.

The reconstructed Wigner functions further enable the
identification of the experimental logical subspace and
its dominant error subspace in this bosonic QEC exper-
iment. Since logical code states and error code states
cannot be cleanly isolated from other eigenstates directly
in phase space, this analysis requires reconstruction of
the underlying density matrix. To this end, we recon-
struct density matrices in a truncated Hilbert space of
dimension d = 32 from the Wigner-function data using
maximum-likelihood estimation. We denote by ρDNN the
density matrices reconstructed from the DNN-predicted
Wigner functions and by ρEXP those reconstructed from
the complete experimental dataset.

To retrieve the logical and error subspaces, we perform
the spectral decomposition of the mixture

ρmix(t) =
ρ0̄(t) + ρ1̄(t)

2
, (38)

yielding

ρmix = λ0 |0̃⟩ ⟨0̃|+ λ1 |1̃⟩ ⟨1̃|+ λ2 |E0̃⟩ ⟨E0̃|+ λ3 |E1̃⟩ ⟨E1̃|+ · · · , (39)
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FIG. 8. Reconstruction of measured Wigner functions for experimental GKP states. From upperleft to downright panels:
the training dataset, downsampled to a 27× 27 grid from the original experimental measurements; the full experimental data
collected on an 81 × 81 grid; the Wigner function reconstructed via bilinear interpolation from the 27 × 27 grid; the Wigner
function reconstructed by the regression models using Laguerre feature map, the Wigner function reconstructed by Gabor frame
feature maps, and the Wigner function predicted by our DNN model. In the predicted Wigner function, each cross marks a
phase-space point belonging to the original 27× 27 measurement grid.

where the eigenvalues satisfy λ0 ≥ λ1 ≥ λ2 ≥ λ3, while
QEC cycle number t and those terms with eigenvalues
smaller than λ3 are omitted. The subspace spanned by
|0̃⟩ , |1̃⟩ defines the experimental logical subspace, which
deviates from the ideal logical subspace spanned by
|0̄⟩ , |1̄⟩ due to experimental imperfections. Similarly, the
subspace spanned by |E0̃⟩ , |E1̃⟩ corresponds to the dom-
inant error subspace.

Figure 9b and 9c visualize the Wigner functions as-
sociated with the reconstructed logical subspaces and
dominant error subspaces for different QEC cycles. We
compare results obtained from two different sources:
full 81 × 81 experimental measurements and the DNN-
predicted 81 × 81 Wigner functions reconstructed from
sparse input data. A further comparison with the re-
sults obtained from sparse 27 × 27 experimental mea-
surements is provided in Fig. 15 of the Appendix. The
results show that the DNN reconstruction preserves not
only the Wigner function itself, but also the logical and
error-subspace structures inferred from the reconstructed
density matrix.

To further identify the physical origin of the dominant
error, we focus on the most probable error subspace at
t = 0, shown in Fig. 9d. Specifically, we plot the Wigner

function of the normalized projector
|E0̃⟩⟨E0̃|+|E1̃⟩⟨E1̃|

2 , ob-

tained from the spectral decomposition above. For com-
parison, we also plot the Wigner function of the normal-
ized operator â†(|0̄⟩+ |1̄⟩)(⟨0̄|+ ⟨1̄|)â, which corresponds
to the ideal error subspace generated by photon-addition
errors. Such photon-addition processes correspond to
heating noise in the cavity mode and were experimen-
tally observed on the same platform for t = 100, 200, 400,
and 800 QEC cycles in Ref. [4]. As shown in Fig. 9c, the
error-subspace Wigner function inferred from the DNN
reconstruction exhibits a much clearer resemblance to the
photon-addition error pattern than reconstructions ob-
tained directly from sparse experimental measurements
or even from the full experimental dataset. These con-
trasting results can be explained by the fact that the
quantum error subspaces also exhibit structured, local
patterns in phase space resembling images, making them
easier to capture by our DNN model.

Finally, we focus on benchmarking the quality of ex-
perimental GKP code state ρ0̄ using its reconstructed
Wigner function. We reconstruct the density matrix of
the state ρ0̄(t) from both the DNN-reconstructed and
experimentally measured Wigner functions using MLE.
The squeezing level of the experimental GKP state is
then estimated by optimizing the parameter σ to maxi-
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FIG. 9. Analysis of experimental GKP states and the extracted logical and error subspaces. In Subfig. a, the Wigner functions
of the representative logical state ρ0̄ are shown after t = 0, 100, 200, 400, and 800 rounds of QEC. The first row shows the
81 × 81 Wigner functions reconstructed by the DNN from the corresponding experimental 27 × 27 measurements, while the
second row shows the experimentally measured 81 × 81 Wigner functions. The overlap between each DNN reconstruction
and its experimental counterpart is indicated between the two Wigner functions. In Subfig. b, the Wigner functions of the
normalized projection onto the logical subspace, (|0̃⟩ ⟨0̃| + |1̃⟩ ⟨1̃|)/2, extracted from the mixed state ρmix = (ρ0̄ + ρ1̄)/2 using
Eq. (38), are shown. The upper row is obtained from the DNN reconstructed Wigner functions, and the lower row from the
experimental data. In Subfig. c, the Wigner functions of the normalized projection onto the most probable error subspace,
(|E0̃⟩ ⟨E0̃| + |E1̃⟩ ⟨E1̃|)/2, are shown. The corresponding results obtained from the DNN reconstruction and the experimental
data are shown in the upper and lower rows, respectively. In Subfig. d, the extracted most probable error subspace at t = 0 is
compared. The first three panels correspond to the experimental 27 × 27 data, the experimental 81 × 81 data, and the DNN
reconstruction from the corresponding 27× 27 measurements, respectively. The rightmost panel shows the Wigner function of
the projection onto the error subspace with single-photon-addition error â†(|0̄⟩ + |1̄⟩)(⟨0̄| + ⟨1̄|)â (up to normalization). The
overlaps between the first three reconstructed error-subspace projections and the ideal error subspace shown in the rightmost
panel are 0.449, 0.439, and 0.693, respectively.
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a b c

FIG. 10. Characterization of the reconstructed experimental state ρ0̄(t) over QEC cycles, comparing the density matrices
obtained from DNN predictions and full measurement data. In Subfig. a, the code-space fidelity in Eq. (40) of the reconstructed
state ρ0̄(t) is shown for t = 0, 100, 200, 400, and 800 QEC cycles. For each time point, the fidelity is maximized over the squeezing
parameter σ ∈ [0.1, 0.5], with the optimal value annotated above each bar. In Subfig. b, the two dominant eigenvalues of ρ0̄(t)
from spectral decomposition, corresponding to the GKP logical codewords |0̄⟩ and |1̄⟩, together with their sum (the total code-
space weight), are shown on a logarithmic scale for t = 0, 100, 200, 400, and 800 QEC cycles. Solid and dashed lines correspond
to DNN-based and full-data reconstructions, respectively. In Subfig. c, the full purity Tr[ρ2] (circles) and projected purity
(squares) of ρ0̄(t) are shown for t = 0, 100, 200, 400, and 800 QEC cycles. To confirm the preservation of logical information,
the projected purity is defined as the purity of the state ρσ = ΠσρΠσ/Tr[ΠσρΠσ], where Πσ is the projection onto the GKP
code space spanned by |0̄⟩ and |1̄⟩. Here, σ is fixed at the value that maximizes the code-space fidelity at t = 200 QEC cycles.
Dashed horizontal lines indicate reference values of 0.5 and 1.0. Results from DNN-based and full-data reconstructions are
compared.

mize the code-space fidelity

Fcode(σ) = ⟨0̄GKP(σ)|ρ0̄(t)|0̄GKP(σ)⟩
+ ⟨1̄GKP(σ)|ρ0̄(t)|1̄GKP(σ)⟩,

(40)

where |0̄(σ)⟩GKP and |1̄(σ)⟩GKP refer to the GKP code
states with wavefunctions defined in Eqs. (36) and
smax = 12, respectively. Figure 10a compares the esti-
mation from the DNN predictions and that from com-
plete experimental data, indicating a close match be-
tween these two. To track the state transition within
the code space, Figure 10b illustrates the dominant pairs
of eigenvalues in the spectrum decompositions of ρ0̄,DNN

and ρ0̄,EXP, together with their sums, for different num-
bers of QEC cycles. It can be seen that while the prob-
ability of the logical zero state decreases and that of the
logical one state increases, their sum, namely the proba-
bility of occupying the code space keeps almost constant
and close to unity. We show the purities of both the re-
constructed states ρ0̄,DNN and ρ0̄,EXP, together with the
purity of their projections onto the associated code space
in Fig. 10c. As demonstrated, the experimental GKP
code state is initially close to a pure state at t = 0, but
over time, it approaches a maximally mixed state within
the code space, with a purity of one-half. Collectively,
these results demonstrate that by using only one-ninth
of the experimental data, our DNN model can accurately
benchmark the quality of the experimental GKP code
state, yielding results closely matching those obtained
from full measurement data.

VII. DISCUSSIONS

In this paper, we have introduced two complementary
machine learning algorithms for reconstructing Wigner
functions from sparse pointwise measurements. The first
is a sparse regression model, for which we theoretically es-
tablish upper bounds on the sample complexity required
to learn Wigner functions of states that are sparsely sup-
ported on the Fock basis and those sparsely supported
on the coherent state basis. The second is a DNN model
that learns a neural implicit representation of the Wigner
function from sparse data and can predict Wigner func-
tion values at arbitrary resolutions. This model is highly
robust to practical noise and is applicable to experimen-
tal data. Despite their different implementations, both
methods formulate Wigner-function reconstruction as a
continuous-function learning problem, aiming to mini-
mize the number of training samples required to achieve
a low expected prediction error.
The two approaches differ slightly in their learning for-

malisms. In the first, theoretically motivated formalism,
given measurement data at a set of points {αi} randomly
sampled from an arbitrary distribution D, the learning
model aims to minimize the expected prediction error of
the Wigner function values W (α) when α is drawn from
the same distribution D. This formalism casts Wigner
function learning as a PAC learning problem, for which
we prove our main results in Theorem 1 and Theorem 2.
In the second, experimentally motivated formalism, given
measurement data on a coarse-grained grid, the learn-
ing model targets predicting Wigner function values on
a fine-grained grid at arbitrary resolution beyond those
encountered during training. This setting is closer to
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practical Wigner tomography experiments, in which mea-
surements are typically performed over a grid of points
within a region of phase space around the origin.

Below, we summarize and compare the performances
of these two learning models on different types of states.

Binomial code states. For these states, our regression
model is provably efficient at reconstructing their Wigner
functions. Numerical results in Fig. 4 show no appar-
ent increase in measurement complexity as the system
size grows. In contrast, the DNN model cannot faith-
fully reconstruct the Wigner functions of binomial code
states using the same amount of measurement data. The
Wigner functions of CV states with sparse Fock sup-
port are typically highly oscillatory in phase space, and
our DNN model struggles to learn these high-frequency
patterns. This is due to two reasons. First, we use
smoothed interpolated data as training inputs, and this
data bias leads the DNN model to preferentially learn
smooth patterns in phase space. Second, the spectral bias
of DNN models [63] makes them preferentially learn low-
frequency patterns over high-frequency oscillatory ones.

Cat states. Our regression model is also provably effi-
cient for cat states, with numerical results presented in
Fig. 5. The measurement complexity required by our
DNN model, as shown in Appendix Fig. 13, is substan-
tially higher than that of the regression model. With lim-
ited data, the DNN model struggles to learn the highly
oscillatory interference fringes near the phase-space ori-
gin, again due to the data bias and spectral bias discussed
above.

Practical GKP states. For these states, our DNN
model requires lower measurement complexity than the
regression model to achieve the same reconstruction accu-
racy (compare the performance in Fig. 6 with that in Ap-
pendix Fig. 11). On experimental data, the DNN model
also provides much higher prediction accuracy relative to
the experimental ground truth than the regression model.

Random CV states. The advantage of the DNN
model over the regression model extends to general CV
states prepared by random sequences of displacement and
SNAP gates. Given the same amount of data, the DNN
model achieves higher prediction accuracy in reconstruct-
ing their Wigner functions, as can be seen by comparing
the results in Fig. 7 with those of a regression model using
Gabor feature maps in Appendix Fig. 12.

In summary, the regression model exploits explicit
sparsity in a suitable basis to enable efficient learning
of Wigner functions for CV states with sparse structure.
However, its performance is not guaranteed for states be-
yond the sparse-support regime. In contrast, the DNN
model leverages the low-complexity structure of smooth
and compressible Wigner functions, while also exhibiting
strong robustness to measurement noise, enabling accu-
rate reconstruction from realistic experimental data. The
two learning models are therefore complementary. For
CV states with sparse support in the Fock or coherent-
state basis, the regression model provides an efficient and
theoretically guaranteed approach. For more general CV

states, particularly those arising in noisy experiments,
the DNN model offers a more flexible and practical solu-
tion.

VIII. CONCLUSIONS

The key contributions of this work on characteriz-
ing CV quantum states can be summarized from three
perspectives. First, we introduce a novel framework
for learning the phase-space representations of quantum
states. Unlike conventional quantum state reconstruc-
tion, we develop supervised learning models that directly
predict continuous Wigner functions over phase space
from a discrete set of pointwise measurements. Sec-
ond, our approaches substantially reduce the measure-
ment complexity required to characterize a wide range
of important CV states. We theoretically prove that for
CV states with sparse Fock or coherent-state supports,
our regression model can efficiently learn their Wigner
functions from pointwise measurements. For CV states
beyond these regimes, such as GKP states, numerical
results indicate that our DNN model can accurately re-
construct the Wigner function using far fewer measure-
ments than that required for information completeness.
Third, our DNN model provides a robust tool for recon-
structing experimental CV states from sparse and noisy
data, demonstrating strong noise resilience. We validate
its performance using experimental data of GKP states.
Remarkably, we find that our model can correctly iden-
tify the dominant quantum error process from only a few
noisy data points, a task in which conventional estima-
tion approaches fail.
In this paper, we have focused on reconstructing the

Wigner functions of single-mode CV states. It is impor-
tant to explore how the results presented here can be
generalized to multi-mode Wigner function reconstruc-
tion. Beyond measuring displaced parity, measuring the
photon number distribution followed by applying a dis-
placement operation, and optimizing the set of phase-
space points by maximizing the condition number can in
principle, enhance the efficiency in reconstructing Wigner
functions [64, 65]. How these improved approaches can
be combined with our machine learning algorithms to
further boost the efficiency in learning Wigner functions
are beyond the scope of this paper and will be left for
future investigation. On the other hand, developing clas-
sical surrogate models, including both theoretical ma-
chine learning algorithms and DNN models, for predict-
ing quantum properties of CV states beyond Wigner
functions is another important direction to explore.
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IX. APPENDIX

The appendix is structured as follows. Sec. IXA pro-
vides the discussion on related works. Sec. IXB details
the supervised learning setup of the regression model for
learning sparsely supported states in the Fock basis and
provides the proof of Theorem 1. Sec. IXC is dedicated
to the sample complexity of learning states with sparse
coherent state support. It is broken up into subsections
that introduce various technical preliminaries, leading to
the proof of Theorem 2. Sec. IXD explains the sample
complexity of two conventional approaches: dense sam-
pling and interpolation. Sec. IXE elaborates the DNN
models, including the architecture and the training. Fi-
nally, Sec. IXF provides the details of the numerical ex-
amples presented in the main text and provides addi-
tional experiments for the regression models and DNN
model.

A. Related works

Interpolation-based approaches, such as Lagrange in-
terpolation [38], have been successfully applied to Q-
function tomography of small-scale CV states; however,
they still face limitations in the sparse and noisy regime.
Lagrange interpolation can exactly fit all data points,
but this exactness also makes it highly sensitive to prac-
tical noise in Wigner tomography: even small estimation
errors can lead to large deviations in the reconstructed
Wigner function. Meanwhile, its computational cost also
increases rapidly with the number of data points and with
the dimension of the phase space.

Most theoretical studies on learning CV quantum
states have focused on Gaussian measurements, including
homodyne and heterodyne measurements [21–25, 66, 67].
Many of the theoretical efforts [19–22] target at recon-
structing the density matrix of a CV state up to small
trace distance, following the objective of quantum state
tomography. Other efforts focus on efficiently predicting
the expectation values of a set of observables, in the spirit
of shadow tomography [24, 25]. Our theoretical setting
differs from previous works in several respects. First,

the measurements we consider are restricted to displaced
parity measurements, which directly provide pointwise
estimates of the Wigner function. Second, the object to
be learned is a continuous phase-space representation of
the quantum state, but not a density matrix. Conse-
quently, our learning objective is to predict the Wigner
function over phase space, and the reconstruction error
is quantified by the mean-squared prediction error of the
Wigner function rather than by a distance measure be-
tween density operators. Third, our theoretical formal-
ism falls within PAC learning, rather than shadow tomog-
raphy. Here the central question is to minimize the size
of the training dataset, namely, the number of phase-
space measurement points. Besides CV state learning,
there are also closely related works on CV state char-
acterization, such as state verification [68] and fidelity
estimation [69].

DNN models have been widely applied for predicting
quantum properties. For CV quantum systems, DNN
models have been applied for the detection of quantum
entanglement [29, 30], quantum non-Gaussianity [70],
and quantum similarity [32]. In these works, training is
performed in a supervised manner, with quantum prop-
erties serving as labels. However, in our DNN model,
training is done in a self-supervised way.

Within the large family of deep learning models, gen-
erative models have been widely employed for quantum-
state representation by learning the underlying probabil-
ity distributions of measurement outcomes [53, 54]. This
paradigm has also been extended to CV quantum sys-
tems, where neural generative models have been used
to represent Husimi-Q functions [71]. However, unlike
the Husimi-Q function, the Wigner function is gener-
ally not a probability distribution and can take nega-
tive values. Consequently, it cannot be directly modeled
using standard generative-learning frameworks. Besides,
generative models have also been used for reconstructing
density matrices of CV quantum states [26–28]. In con-
trast to neural quantum-state representations based on
generative models, our approach formulates Wigner to-
mography as a regression problem. Rather than learning
a probability distribution, the neural network is trained
to approximate a continuous phase-space function from
sparse pointwise measurements. The resulting model
serves as a neural implicit representation of a CV quan-
tum state in phase space, enabling the prediction of
Wigner-function values at arbitrary phase-space coordi-
nates.

Regarding different learning paradigms for represent-
ing and characterizing quantum systems, a comprehen-
sive review is given in Ref. [18]. A recent study [72]
compares the performance of theoretical machine learn-
ing models and that of deep learning models in pre-
dicting quantum properties of many-body ground states,
and finds that theoretical machine learning models yield
competitive and even better performance. In this work,
we also compare the performance of both the regression
model and the DNN model across different state recon-
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struction tasks, and find that their respective strengths
are complementary.

B. Proof of Theorem 1

In this section, we elaborate on the setup of the regres-
sion models in the supervised learning framework and
provide the proof of Theorem 1, namely the sample com-
plexity of the regression model for learning states with
sparse Fock-basis support.

Recall that the task is to predict the Wigner func-
tion of a single-mode state with sparse Fock support,
given access to statistical estimates of different phase-
space points. Mathematically, the density matrix is

ρ =
∑d−1
n,m=0 ρmn|m⟩⟨n|, and its Wigner function is

Wρ(α) =

d−1∑
n,m=0

ρmnW|m⟩⟨n|(α), (41)

where

W|m⟩⟨n|(α) =
2

π
(−1)m

√
m!

n!
(2α)n−mL(n−m)

m

(
4|α|2

)
exp

(
−2|α|2

)
, (42)

and

L(n−m)
m (x) =

exx−(n−m)

m!

dm

dxm
(
e−xxn

)
with x ∈ R (43)

is the generalized Laguerre polynomial, also known as the
associated Laguerre polynomial, of degree m. Given this
explicit function expansion, a simple regression model
can be employed to learn the coefficients ρmn.

We formalize the regression problem in the super-
vised learning framework. Let the parameter space be
a bounded region in the phase space X = {α ∈ R2 :

|α| ≤ R}, equivalently parametrized in polar coordinates
by (r, ϕ) ∈ [0, R] × [0, 2π). Let the output space be
Y = [− 2

π ,
2
π ], since the value of the Wigner function is

bounded between 2
π and − 2

π . To obtain real-valued basis

functions from Eq (42), use the polar coordinate α = reiϕ

and note that

W|m⟩⟨n|(r, ϕ) =
2

π
(−1)m

√
m!

n!
(2r)n−mL(n−m)

m

(
4r2
)
exp

(
−2r2

)
exp(i(n−m)ϕ). (44)

Finally, we decompose the exponential into trigonometric functions to obtain a real basis for learning real-valued
Wigner functions, namely, for all 0 ≤ n,m ≤ d− 1, the feature map is composed of basis functions of the form

Φm,n,1(r, ϕ) =
2

π
(−1)m

√
m!

n!
(2r)n−mL(n−m)

m

(
4r2
)
exp

(
−2r2

)
cos((n−m)ϕ), (45)

Φm,n,−1(r, ϕ) =
2

π
(−1)m

√
m!

n!
(2r)n−mL(n−m)

m

(
4r2
)
exp

(
−2r2

)
sin((n−m)ϕ). (46)

Without loss of generality, each feature is indexed by ω ∈
Ω := {(n,m,±1) : 0 ≤ n < m ≤ d − 1} ∪ {(n, n, 1) : 0 ≤
n ≤ d−1} since when n = m, sin((n−m)ϕ) is identically
zero and therefore df = |Ω| = d2−d+d = d2. The feature
map is given explicitly as Φ : X → D = [− 2

π ,
2
π ]
df . We

refer to D as the feature space with dimension df . Note
that this is a bold symbol corresponding to α 7→ Φ(α) =
[Φω1

(α),Φω2
(α), . . . ,Φωdf

(α)]. The hypothesis class is

given as the linear span of these basis functions with a

one-norm regularization on the parameters:

H =

{
h(α) =

∑
ω∈Ω

ηωΦω(α) : ∥η∥1 ≤ t

}
. (47)

Given the dataset T = {(αi, yi)}Ni=1 where each αi is

sampled from the distribution D, the surrogate Ŵ is ob-
tained by solving the following Lasso regression:

min
η

N∑
i=1

|⟨η,Φ(αi)⟩ − yi|2 , subject to ∥η∥1 ≤ t, (48)
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where ⟨η,Φ(αi)⟩ =
∑

ω∈Ω ηωΦω(αi). In other words,
we are to minimize the empirical error on the dataset T
given by

R̂T (Ŵη) :=
1

N

N∑
i=1

|Ŵη(αi)− yi|2. (49)

We are now ready to state the generalization error of
the regression model, defined by

R(Ŵ ) := Eα∼D

∣∣∣Ŵ (α)−W (α)
∣∣∣2 . (50)

Theorem 3 (Restatement of Theorem 1). Suppose the

target state ρ satisfies
∑d
n,m=0 1{ρmn ̸= 0} ≤ s2 and

all training data in T satisfies |W (αi) − yi| ≤ ϵ0 with
probability at least 1 − δ′ with δ′ = δ/N for some 0 <

δ < 1/2 over the measurement randomness. Let Ŵ be
the surrogate obtained by solving Eq. (11), and assume
the empirical optimization satisfies

R̂T (Ŵ ) ≤ inf
h∈H

R̂T (h) + ϵ1. (51)

Then, with probability at least 1− 2δ,

R(Ŵ ) ≤ ϵ20+ϵ1 +
32s2

π2
√
N

(√
2 log(2d2)+

√
1

2
log

1

δ

)
.

(52)

In particular, if ϵ20 ≤ ϵ
4 , ϵ1 ≤ ϵ

4 , and

N ≥ 8192s4

ϵ2π4
log

(
4d4√
δ

)
, (53)

then R(Ŵ ) ≤ ϵ with probability at least 1− 2δ.

We use a standard result from statistical learning the-
ory, which bounds the generalization error of the Lasso
regression as follows.

Lemma 1 (Ref. [73], Theorem 11.16). Let x ∈ X . Let
the feature space be D ⊆ Rdf and the hypothesis class
be H = {Φ(x) ∈ D 7→ h(x) = ⟨η,Φ(x)⟩ : ∥η∥1 ≤ t}.
Assume that there exists r∞ > 0 such that for all Φ(x) ∈
D, ∥Φ(x)∥∞ ≤ r∞ and M > 0 such that |h(x)− y| ≤M
for all (Φ(x), y) ∈ D × Y. Then, for any δ > 0, with
probability at least 1 − δ, the following inequality holds
for all h ∈ H:

R(h) ≤ R̂T (h) + 2r∞tM

√
2 log(2df )

N
+M2

√
log 1

δ

2N
,

(54)

where R̂S(h) is the training error of the hypothesis h on
the dataset T with size N , and R(h) is the generalization
error of h.

We will also employ the following lemma that bounds
the empirical error on the dataset T . It states that the
training error can be bounded by the statistical error of
the dataset.

Lemma 2 (Empirical error from approximate Lasso opti-
mization). Following the assumptions in Theorem 3 and
assume that the parameter t in Eq. (47) is chosen such

that the true Wigner function is in H, let Ŵ (α) be re-
turned by solving Eq. (48) to an additive optimization
accuracy ϵ1, i.e.

R̂T (Ŵ ) ≤ inf
∥η∥1≤t

1

N

N∑
i=1

|⟨η,Φ(αi)⟩ − yi|2 + ϵ1. (55)

If the data satisfy |W (αi) − yi| ≤ ϵ0 for all i ∈ [N ] with
probability at least 1− δ′, then

R̂T (Ŵ ) ≤ ϵ20 + ϵ1 (56)

with probability at least 1− δ.

Proof. We manipulate the definition as:

inf
∥η∥1≤t

1

N

N∑
i=1

|⟨η,Φ(αi)⟩ − yi|2

= inf
h∈H

1

N

N∑
i=1

|h(αi)− yi|2

≤ 1

N

N∑
i=1

|W (αi)− yi|2

≤ϵ20,

(57)

where the first inequality comes from the fact that the
target Wigner function is included in the hypothesis class
following the choice of t, i.e., W ∈ H.

With these two lemmas, we are now ready to prove
Theorem 3.

Proof of Theorem 3. The proof reduces to determining
the relevant parameters t, r∞, and M in Lemma 1 in
our setting. Then, combining with the empirical error in
Lemma 2 yields the result.
First, recall that the parameter t determines the size of

the function in the hypothesis classH by regulating ∥η∥1.
We should choose t such that the target Wigner function

Wρ(α) =
∑d
n,m=0 ρmnW|m⟩⟨n|(α) that is s2-sparse lies

within the hypothesis class. Since we assume these coef-

ficients satisfies
∑d−1
n,m=0 1{ρmn ̸= 0} ≤ s2, by Cauchy-

Schwarz,

d−1∑
n,m=0

|ρmn| ≤
√
s2

(
d−1∑
n,m=0

|ρmn|2
)1/2

= s
√
tr(ρ2)

≤ s

(58)
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where the equality follows from
∑d−1
n,m=0 |ρmn|2 =

tr(ρ†ρ) = tr(ρ2) and the last inequality is the conse-
quence of tr(ρ2) ≤ 1 for any state. One subtlety re-
mains. In Eq. (58), the coefficients of the Wigner func-
tion ρmn are complex. In practice, the Lasso is solved
over the real feature map in Eq. (47) using real co-
efficients. The two are equivalent up to a factor as
|ρmn| ≤ |ℜ[ρmn]| + |ℑ[ρmn]| ≤

√
2|ρmn|. Therefore, the

value of t =
√
2s ensures that the real hypothesis class

encompasses the Wigner function of the s2-sparse states
under consideration.

Next, we determine the suitable value for r∞. From
the definition of the Wigner function as W|m⟩⟨n|(α) =
2
π tr(|m⟩⟨n|D(α)(−1)n̂D(−α)) where (−1)n̂ is the Parity
operator, by Hölder’s inequality, we have

tr(|m⟩⟨n|D(α)(−1)n̂D(−α))
≤∥|n⟩⟨m|∥1∥D(α)(−1)n̂D(−α)∥∞
=∥|n⟩⟨m|∥1,

(59)

since D(α)(−1)n̂D(−α) is unitary. With ∥|n⟩⟨m|∥1 = 1,
we conclude that ∥Φ(α)∥∞ = supα |W|n⟩⟨m|(α)| ≤ 2

π .

Thus, we can take r∞ = 2
π .

Finally, we need a bound on M . For all h ∈ H,

|h(α)− y| ≤ |h(α)|+ |y|
≤ |⟨η,Φ(α)⟩|+ |W (α)|+ ϵ0

≤ ∥η∥1∥Φ(α)∥∞ +
2

π
+ ϵ0

≤ 2t

π
+

2

π
+ ϵ0

≤ 4t

π

≤ 4
√
2s

π

(60)

where the second inequality follows from the noisy esti-
mate of the Wigner function and the third from Hölder’s
inequality. The fourth inequality employs the bound
∥η∥1 ≤ t ≤

√
2s and ∥Φ(α)∥∞ ≤ 2

π , respectively, which
are found above.

Thus, it is sufficient to take t =
√
2s, r∞ = 2

π , and

M = 4
√
2s
π . Note that t and M depend nicely on the

sparsity parameter s instead of the ambient dimension
of the feature space df , which gives rise to the efficient
sample complexity.

Now, inserting these values and Lemma 2 into
Lemma 1, and using a union bound yields with prob-
ability at least 1− 2δ,

R(Ŵ ) ≤ ϵ20 + ϵ1 +
32s2

π2
√
N

√2 log(2d2) +

√
log 1

δ

2

 .

(61)

To bound the generalization error by ϵ, we require that
the estimation error from the data satisfies ϵ20 ≤ ϵ/4 and

the additive optimization accuracy ϵ1 ≤ ϵ/4. This trans-
lates to an empirical error bounded by ϵ/2. We separately
bound the generalization term by requiring

32s2

π2
√
N

(√
2 log(2d2) +

√
1

2
log

1

δ

)
≤ ϵ

2
. (62)

Rearranging the inequality and using (
√
A +

√
B)2 ≤

2(A+B), we get

N ≥ 8192s4

ϵ2π4

(
2 log(2d2) +

1

2
log

1

δ

)
=

8192s4

ϵ2π4
log

(
4d4√
δ

)
.

(63)

Now we determine the sample complexity by consider-
ing estimating the Wigner function at a point α with
the displaced-parity measurement, i.e., measuring the
observable D(α)(−1)n̂D(−α). With the random vari-
able Xα ∈ {+1,−1}, the Wigner function is given as
W (α) = 2

π tr(ρD(α)(−1)n̂D(−α)) = 2
πE[Xα]. There-

fore, the average of M results of the random variable,
denoted by X̂α, can be used to approximate the Wigner
function. Recall that we tolerate a pointwise estimation
error no larger than

√
ϵ/4. By Hoeffding’s inequality,

Pr

(
2

π

∣∣∣X̂α − E[X̂α]
∣∣∣ ≥√ ϵ

4

)
≤ 2e−ϵπ

2M/32. (64)

Finally, using the union bound, the probability that any
of the estimates at N different phase-space points is off

by more than
√
ϵ/4 is at most N ·2e−ϵπ2M/32. Bounding

this failure probability by δ, we get

M = O

(
1

ϵ
log

N
δ

)
(65)

for each pointwise estimation. Together, the total num-

ber of samples needed to achieve R(Ŵ ) ≤ ϵ with proba-
bility at least 1− 2δ is

M · N = O

(
s4

ϵ3
log

d4√
δ

(
log

s4

ϵ2δ
+ log log

d4√
δ

))
(66)

for an s2-sparse state on a truncated Hilbert space of
dimension d+ 1.

C. Proof of Theorem 2

In this section, we provide the sample complexity
bound for learning states with sparse coherent-state
support. To do so, we first introduce frame theory
(Sec. IXC1) and Gabor frames (Sec. IXC2). These pre-
liminaries, together with four lemmas in Sec. IXC3, cul-
minate in the proof of Proposition 1 in Sec. IXC4. Its
corollaries (Sec. IXC5) are pivotal in the proof of Theo-
rem 2, which is presented lastly in Sec. IXC6, along with
the formal supervised learning setup.
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1. Frame theory

Here, we present a minimal introduction to frame the-
ory. See Refs. [47, 74] for more on frame theory. Frames
can be regarded as an overcomplete basis in a Hilbert
space. Some important frames in finite-dimensional
quantum computing include mutually unbiased bases
(MUBs) and symmetric-informationally complete POVM
(SIC-POVMs) [74].

We start by recalling how to represent any element in a
Hilbert space, which leads to the concept of a basis. For
example, if {ej}j∈J is an orthonormal basis for a Hilbert
space H, then every f ∈ H admits an unique expansion

f =
∑
j∈J

⟨f, ej⟩ej , (67)

where ⟨·, ·⟩ is the inner product. With the norm induced
by the inner product, Parseval’s identity gives

∥f∥2 =
∑
j∈J

|⟨f, ej⟩|2. (68)

Thus, an orthonormal basis provides three useful proper-
ties: every element can be represented, the representation
is unique, and the coefficients are stable in the sense of
Parseval’s identity.

However, in many applications, it is useful to work
with systems that carry redundancy. Such systems are
typically not linearly independent, so the coefficients of
expansion need not be unique. As a result, the exact Par-
seval identity for orthonormal bases must be replaced by
a weaker stability condition: the coefficient energy should
remain comparable to the norm of the vector. This leads
to the definition of a frame.

Definition 1 (Frame). Let H be a Hilbert space. A
countable collection {φj}j∈J ⊂ H is called a frame for
H if there exist constants 0 < A ≤ B <∞ such that, for
every f ∈ H,

A∥f∥2 ≤
∑
j∈J

|⟨f, φj⟩|2 ≤ B∥f∥2. (69)

The constants A and B are called frame bounds. If A =
B, then {φj}j∈J is called a tight frame.

Intuitively, the lower bound ensures that there are no
missing directions in the space that cannot be detected
with the frame via the inner product. If all coefficients
are small, then the function itself must be small. The
upper bound prevents the coefficient sequence from being
unstable or excessively large compared to the norm of the
function. Together, these conditions ensure that a frame
provides a stable but possibly redundant system for the
Hilbert space. Note that an orthonormal basis is a tight
frame with unit frame bounds.

In contrast to an orthonormal basis, the general recon-
struction of f with a frame {φj}j∈J is not simply given
by
∑
j∈J⟨f, φj⟩φj Instead, a second frame is required,

called the dual frame.

Definition 2 (Dual frame). Let {φj}j∈J be a frame for
H. Another frame {ψj}j∈J for H is called a dual frame
of {φj}j∈J if, for every f ∈ H,

f =
∑
j∈J

⟨f, ψj⟩φj =
∑
j∈J

⟨f, φj⟩ψj . (70)

In general, there are multiple dual frames that satisfy
Eq. (70). A canonical choice is obtained from the frame
operator S, defined by

Sf =
∑
j∈J

⟨f, φj⟩φj . (71)

The frame condition in Eq. (69) implies that S is
bounded, positive, self-adjoint, and invertible, which we
will not prove. One can think of the frame operator as the
generalization of the resolution of the identity to a redun-
dant system, which corresponds to S =

∑
j∈J |φj⟩⟨φj | in

physics notation. Another characterization of the tight
frame is such that S is proportional to the identity. Then
observe that

f = S−1Sf =
∑
j∈J

⟨f, φj⟩S−1φj . (72)

Hence, by Eq. (70), the set

{φ̃j}j∈J = {S−1φj}j∈J (73)

forms a dual frame of {φj}j∈J , called the canonical dual
frame. From the definition, it can be shown that the
canonical dual frame has frame bounds 1/B and 1/A.
Among all dual frames {ψj}j∈J , the canonical dual pro-
vides one with the minimal norm of

∑
j∈J |⟨f, ψj⟩|2.

2. Gabor frame and STFT

Before diving into the Gabor frame, it is expedient to
introduce the central objects in time-frequency analysis:
translation and modulation operators, and collect a few
important properties of theirs along the way. An ex-
cellent reference to the Gabor frame and the short-time
Fourier transform is given by Ref. [46].

Formally, for x, ω ∈ Rd and f ∈ L2(Rd), the transla-
tion operator is defined as

Txf(t) = f(t− x), (74)

and the modulation operator as

Mωf(t) = e2πiω·tf(t). (75)

The combinations TxMω or MωTx are called time-
frequency shifts. They satisfy the commutation relation

TxMω = e−2πiω·xMωTx. (76)

For a window function g ∈ L2(Rd), the Gabor system is
generated by time-frequency shifts on the window func-
tion given by G(g, a, b) = {MbnTakg : n, k ∈ Zd}.
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Here, the parameters a, b ∈ (0,∞) determine the size
of the lattice and Zd denotes the d-fold cartesian prod-
uct of Z. We work exclusively with the Gaussian window

g(x) = e−π|x|
2

where |x|2 = ⟨x, x⟩. It is well known that
if ab < 1, G(g, a, b) forms a frame for L2(Rd) [46]. It
is commonly referred to as a Gabor frame or a lattice
Gabor frame to emphasize that the time-frequency shifts
are periodic. An element of a Gabor frame is called a
Gabor atom.

For a Gabor frame G(g, a, b), the dual frame is another
Gabor frame G(γ, a, b) with the dual window function
γ ∈ L2(Rd). For our purpose, we take G(γ, a, b) to be
the canonical dual frame of G(g, a, b) with the Gaussian
window g. In this case, the canonical dual window is
related to the original window by γ = S−1

g,a,bg where Sg,a,b
is the frame operator for G(g, a, b). Then, from Eq. (70),
any f ∈ L2(Rd) admits the Gabor expansion

f =
∑

n,k∈Zd

⟨f,MbnTakγ⟩MbnTakg. (77)

Next, to transform between the time and frequency
domains, we recall the action of Fourier transforms.

Definition 3 (Fourier transform). The Fourier trans-
form of a function f is defined as

F(f(x)) = f̂(ξ) =

∫
Rd

f(x)e−2πx·ξdx. (78)

We use F when we wish to emphasize that it is a linear
and unitary operator. For time-frequency shifts, we have
the following identity

F(MωTxf) = TωM−xf̂ . (79)

That is, the translation in the time domain corresponds
to the modulation in the frequency domain and vice
versa.

The Fourier transform decomposes a function in the
time domain into its frequency components. In doing
so, however, we are completely ignorant of where these
frequency components are localized in time. This limita-
tion is important when the local oscillatory behavior of
a function carries relevant information.

The short-time Fourier transform, which provides a
joint time-frequency representation, addresses this by
first localizing the function with a window and then ap-
plying the Fourier transform. More precisely, to probe
the frequency content of f near a point x, one multi-
plies f by a window function centered at x and computes
the Fourier transform of the resulting localized function.
Varying x yields a joint time-frequency description of f .

Definition 4 (Short-time Fourier transform). Fixing a
window function g, then the short-time Fourier transform
(STFT) of f with respect to g is

Vgf(x, ω) =
∫
Rd

f(t)g(t− x)e−2πit·ωdt, for x, ω ∈ Rd.

(80)

Notice that the STFT is a map from L2(Rd) to
L2(R2d); the result is a function of both time and fre-
quency. It can be equivalently expressed in terms of the
translation and modulation operators as

Vgf(x, ω) = ⟨f,MωTxg⟩ = ⟨ f̂ , TωM−xĝ ⟩. (81)

The first equality follows from the definition. For the sec-
ond equality, we use the fact that the Fourier transform
is a unitary operator, which implies

⟨f,MωTxg⟩ = ⟨f,F−1F(MωTxg)⟩
= ⟨Ff,F(MωTxg)⟩

= ⟨ f̂ , TωM−xĝ ⟩,
(82)

where the last equality follows from Eq. (79).
As an interesting side note, observe that the Wigner

function of a quantum state ψ ∈ L2(R) is just the STFT
of ψ(t) with the window function ψ̌ = ψ(−t) in disguise,
up to a constant factor. By definition,

Vψ̌ψ(2x, 2p) =
∫
ψ(t)ψ(−(t− 2x))e−2πit2pdt. (83)

Using a change of variables t = x+ y,

Vψ̌ψ(2x, 2p) =
1

2

∫
ψ(x+ y)ψ(x− y)e−2πi(x+y)2pdy

=
1

2
e−4πixp

∫
ψ(x+ y)ψ∗(x− y) e−2πipydy

=
π

2
e−4πixpW (x, p).

(84)

Thus, the Wigner function is a joint distribution in po-
sition and momentum, obtained from the STFT of the
wavefunction. However, in the following, we treat the
Wigner function itself as the basic object. Consequently,
the Gabor expansion in the following involves the STFT,
or finding the localized patterns of the Wigner function,
not the wavefunction.

3. Lemmas for Proposition 1

In this section, we provide four lemmas for the proof
of Proposition 1. It is advised to first follow the proof
of Proposition 1 and reference it accordingly with the
appropriate context.
The first concern the decay of the STFT. Since we

are dealing with well-behaved window functions like the
Gaussians, it turns out that we can provide quantitative
statements on the rate of decay for a class of functions
enjoying the same property. It is well known in the STFT
literature that if f, g ∈ S(Rd) the Schwartz space, then
Vgf ∈ S(R2d) [46]. The Schwartz class gives a superpoly-
nomial type decay. For (sub-)exponential decay, we need
the functions to lie within a subspace of the Schwartz
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space. One well-studied example in time-frequency anal-
ysis is the so-called Gelfand-Shilov space.

Ref. [75] proved an equivalent characterization of the
Gelfand-Shilov space in terms of the decaying properties
of a function in the real space and the frequency space,
which we take as the definition.

Definition 5 (Gelfand–Shilov space). Let s, r ≥ 1/2.
The Gelfand–Shilov space Ssr(Rd) consists of all functions
f ∈ C∞(Rd) such that there exist constants C, h, k > 0
satisfying

|f(x)| ≤ Ce−k|x|
1/r

, |f̂(ξ)| ≤ Ce−h|ξ|
1/s

(85)

for all x, ξ ∈ Rd.

The proof in the following only involves the symmetric
Gelfand–Shilov space where s = r = 1, denoted as S1

1 .

Lemma 3. Let g, g0 be Gaussian functions and G(g, a, b)
be a lattice Gabor frame for L2(Rd), then the canonical
dual window γ ∈ S1

1(Rd). Furthermore, Vγg0 ∈ S1
1(R2d).

In particular,

Vγg0(z) ≲ e−ν|z| (86)

for some ν > 0.

We use the notation f ≲ g to mean that there exists a
constant C > 0 such that f ≤ C · g.

Proof. This result follows from combining a few known

results. First, observe that for Gaussians, g, g0 ∈ S
1/2
1/2 ⊂

S1
1 . If γ ∈ S1

1 , then it is a known result from Ref. [76]
that the STFT of g0 with the window function γ remains
in the same space. In other words, Vγg0 ∈ S1

1 and the
proof is finished.

It remains to show that γ ∈ S1
1 . From Def. 5, we need

to separately show |γ(x)| ≲ e−k|x| and |γ̂(ξ)| ≲ e−h|ξ| for
some k, h > 0. Writing the Frame operator for G(g, a, b)
as Sg,a,b, we have γ = S−1

g,a,bg. Notice that the Gaussian

window satisfies |g(x)| ≲ e−λ|x| for some λ > 0 trivially.
The result from Ref. [77] then states that the canonical
dual window also satisfies |γ(x)| ≲ e−k|x| for some k > 0.
Next, we show that the Fourier transform γ̂ also has

the same decay. Taking the Fourier transform of γ, we

have

γ̂ = Fγ = FS−1
g,a,bg = FS−1

g,a,bF
−1ĝ =

(
FSg,a,bF−1

)−1
ĝ.

(87)

We study the operator FSg,a,bF−1 by inspecting its ac-
tion on some function f with F−1f = h. Then,

FSg,a,bF−1f = FSg,a,bh

= F
∑
n,k

⟨h,MbnTakg⟩MbnTakg

=
∑
n,k

⟨h,MbnTakg⟩F(MbnTakg)

=
∑
n,k

⟨ĥ, TbnM−akĝ⟩F(MbnTakg)

=
∑
n,k

⟨f, TbnM−akĝ⟩TbnM−akĝ

= Sĝ,b,af.

(88)

The fourth equality employs the relation between STFT
and the Fourier transform from Eq. (81) and the fifth
follows from the Fourier transform of the time-frequency
shifts in Eq. (79). The last equality uses the definition of
the frame operator in Eq. (71). Therefore, we show that
FSg,a,bF−1 = Sĝ,b,a and consequently,

γ̂ =
(
FSg,a,bF−1

)−1
ĝ = S−1

ĝ,b,aĝ. (89)

This establishes that γ̂ is the canonical dual window of
ĝ where g is our original Gaussian window. However, the

Fourier transform of g(x) = e−π|x|
2

is the same Gaussian

in the frequency space, i.e., ĝ(ξ) = e−π|ξ|
2

. Invoking the
result of Ref. [77] again, there exists some h > 0 such
that |γ̂(ξ)| ≲ e−h|ξ|. Finally, the characterization of the
Gelfand-Shilov space in Def. 5 concludes that γ ∈ S1

1 .

Next, to bound the tail in the truncation involving
infinite summation over exponential functions, we use the
following lemma.

Lemma 4 (Uniform exponential lattice tail). Let n ∈ Z2

and z ∈ R2. Let a, µ,R > 0 with aN > R, then for any
|z| ≤ R, there exist constants C,C ′ > 0 such that

∑
∥n∥∞>N

e−µ|an−z| ≤ C
(
1 + aN −R

)
e−µ(aN−R) ≤ C ′e−µ

′(aN−R) (90)

for some 0 < µ′ < µ where ∥n∥∞ = max{|n1|, |n2|} with n = (n1, n2).

Proof. We first clarify the notation. Overloading the no-
tation, we use |x| to represent the absolute value of x
when x is a scalar and the standard Euclidean norm as
|x| =

√
⟨x, x⟩ when x is a vector. Given aN > R and

|z| ≤ R. If ∥n∥∞ > N , then |n| > N , and by the reverse
triangle inequality,

|an− z| ≥ |a|n| − |z|| > aN −R. (91)
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Set L := aN − R > 0 and decompose the omitted two-
dimensional lattice points into shells with unit width

A(L)
m (z) := {n ∈ Z2 : L+m ≤ |an− z| < L+m+ 1}.

(92)

Using #A
(L)
m (z) to denote the number of elements in

A
(L)
m (z), then∑

∥n∥∞>N

e−µ|an−z| ≤
∞∑
m=0

#A(L)
m (z)e−µ(L+m), (93)

since, by definition, each n ∈ A
(L)
m (z) satisfies |an− z| ≥

L+m.
Now, by an area argument, each shell A

(L)
m (z) has a

size

π(L+m+ 1)2 − π(L+m)2 = 2π(L+m) + π, (94)

while each lattice cell has a size a2. Therefore, the num-

ber of points #A
(L)
m (z) is bounded as

#A(L)
m (z) ≤ 2π(L+m) + π

a2
≤ Ca(L+m+ 1) (95)

for some constant Ca > 0 independent of m.
Therefore,∑
∥n∥∞>N

e−µ|an−z| ≤ Ca

∞∑
m=0

(1 + L+m)e−µ(L+m) (96)

= Cae
−µL

∞∑
m=0

(1 + L+m)e−µm

(97)

The summation involves a standard geometric series and
its variant,

∞∑
m=0

(1 + L+m)e−µm = (1 + L)

∞∑
m=0

e−µm +

∞∑
m=0

me−µm

= (1 + L)
1

1− e−µ
+

e−µ

(1− e−µ)2

≤ Cµ(1 + L)

(98)

for some Cµ > 0. Together, we have∑
∥n∥∞>N

e−µ|an−z| ≤ Cµ,a(1 + L)e−µL (99)

for some Ca,µ > 0. We can further remove the linear
term (1 + L) by choosing any 0 < µ′ < µ. Then,

(1 + L)e−µL = (1 + L)e−(µ−µ′)Le−µ
′L. (100)

Now, since exponential decays faster than any linear
growth,

sup
ℓ≥0

(1 + ℓ)e−(µ−µ′)ℓ := Cµ,µ′ <∞. (101)

Therefore, (1 + L)e−µL ≤ Cµµ′e−µ
′L and the result fol-

lows.

The following two lemmas connect the coefficient of
the sparse coherent state explicitly to the sparsity and
the separation between coherent states. We begin with a
definition.

Definition 6. Define the coherent state Gramian matrix
G of size s×s associated with the state |ψ⟩ =

∑s
i=1 ai|αi⟩

by

Gjℓ := ⟨αj |αℓ⟩ (102)

for all j, ℓ ∈ [s].

Note that G is positive definite. λmin(G) denotes the
minimum eigenvalue of G.

Lemma 5. Let |ψ⟩ =
∑s
i=1 ai|αi⟩. Denoting the coeffi-

cient as a := (a1, . . . , as), then

∥a∥21 ≤ s

λmin(G)
. (103)

Proof. Since the state is normalized, we have the follow-
ing condition

⟨ψ|ψ⟩ =
s∑
j=1

s∑
ℓ=1

a∗jaℓ⟨αj |αℓ⟩ =
s∑

j,ℓ=1

a∗jaℓGjℓ = 1. (104)

Equivalently, in matrix notation,

a†Ga = 1. (105)

From the Rayleigh quotient bound,

a†Ga ≥ λmin(G)∥a∥22. (106)

Taken together, ∥a∥22 ≤ 1/λmin(G). Finally, by Cauchy-
Schwarz,

∥a∥21 =

 s∑
j=1

|aj |

2

≤

 s∑
j=1

1

 s∑
j=1

|aj |2


= s∥a∥22
≤ s

λmin(G)
.

(107)

The final lemma relates the separation between coher-
ent states in |ψ⟩ to the smallest eigenvalue of the Gram
matrix G.

Lemma 6. Let |ψ⟩ =
∑s
i=1 ai|αi⟩ and ∆α =

minj ̸=ℓ |αj−αℓ| for all j, ℓ ∈ [s]. For any fixed κ ∈ (0, 1),
if

∆α ≥
√
2 log

s− 1

1− κ
, (108)

then λmin(G) ≥ κ.
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Proof. The coherent state Gramian matrix G captures all
overlaps between the coherent states that constitute the
state |ψ⟩. Recall that for coherent states,

⟨αj |αℓ⟩ = exp

(
−1

2

(
|αj |2 + |αℓ|2 − 2α∗

jαℓ
))

= exp

(
−1

2

(
|αj − αℓ|2 − 2iℑ[α∗

jαℓ]
))

.

(109)

Then, for all j, ℓ ∈ [s] with j ̸= ℓ,

|Gjℓ| = |⟨αj |αℓ⟩| = exp

(
−1

2
|αj − αℓ|2

)
≤ e−

1
2∆

2
α .

(110)

On the diagonal with j ∈ [s], |Gjj | = ⟨αj |αj⟩ = 1 for
normalized coherent states.

Next, by Gershgorin circle theorem, every eigenvalue
of G lies in one of the s discs at center Gjj with radius∑
ℓ ̸=j |Gjℓ|. That is, if λ is an eigenvalue of G, then

|λ−Gjj | ≤
∑
ℓ ̸=j

|Gjℓ| (111)

for at least one j ∈ [s]. In particular

λmin(G) ≥ 1−
∑
ℓ ̸=j

|Gjℓ|. (112)

From Eq. (110), |Gjℓ| is bounded for every pair j ̸= ℓ,
then

λmin(G) ≥ 1−
∑
ℓ ̸=j

e−
1
2∆

2
α ≥ 1− (s− 1)e−

1
2∆

2
α . (113)

We set the right-hand side to be larger than κ to solve
for λmin(G) ≥ κ. Note that this is nontrivial only for
κ ∈ (0, 1). Rearranging the terms, we see that if

∆α ≥
√

2 log
s− 1

1− κ
, (114)

then

e−
1
2∆

2
α ≤ 1− κ

s− 1
. (115)

Therefore, 1−(s−1)e−
1
2∆

2
α ≥ 1−(1−κ) ≥ κ, and hence,

λmin(G) ≥ κ. (116)

4. Proposition 1: Truncation error with Gabor frame

Having introduced the relevant concepts of frame the-
ory for Gabor frames and STFT, we are now in a position
to bound the approximation error using a finite number
of Gabor atoms. The lemmas needed can be referenced
in Sec. IXC3.

Proposition 1 (Truncation error bound). Let Wψ ∈
L2(R2) be the Wigner function of the state |ψ⟩ =∑s
i=1 ai|αi⟩. Furthermore, assume that the magnitude

of the coherent states lies in a bounded region in phase
space, i.e., |αj | ≤ R for all j ∈ [s] and the separa-
tion between any two coherent states is at least ∆α :=
minj ̸=ℓ |αj − αℓ| such that

∆α ≥
√
2 log

s− 1

1− κ
(117)

for some κ ∈ (0, 1). Let G(g, a, b) be a Gabor frame with
a two-dimensional Gaussian window function g(x) =

e−π|x|
2

and the canonical dual frame be G(γ, a, b). We
define the truncation lattice as

ΛN,K =
{
(n, k) ∈ Z2 × Z2 : ∥n∥∞ ≤ N, ∥k∥∞ ≤ K

}
(118)

and the associated canonical approximation of Wψ by

WN,K =
∑

(n,k)∈ΛN,K

⟨Wψ,MbnTakγ⟩MbnTakg. (119)

Then, there exist constants C, pz, pω > 0 such that

∥Wψ −WN,K∥∞ ≤ C
s

κ

[
e−pz(aK−

√
2R) + e−pω(bN−

√
2R
π )
]
.

(120)

Proof. Recall that the Gabor frame is given by
G(g, a, b) = {MbnTakg : n, k ∈ Z2} with the canon-
ical dual frame G(γ, a, b) = {MbnTakγ : n, k ∈ Z2}.
This provides the canonical Gabor expansion for any
Wψ ∈ L2(R2)

Wψ =
∑

n,k∈Z2

cn,kMbnTakg, (121)

where cn,k is calculated as the overlap between W and
the dual frame

cn,k = ⟨Wψ,MbnTakγ⟩. (122)

In general, the summation carries infinitely many terms.
However, our approximation considers a finite lattice cen-
tered at the origin, given by ΛN,K . Then, the truncated
approximation is

WN,K =
∑

(n,k)∈ΛN,K

cn,kMbnTakg. (123)

The goal is to bound the approximation error uniformly.
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By definition,

∥W −WN,K∥∞ =

∥∥∥∥∥∥
∑

(n,k)/∈ΛN,K

cn,kMbnTakg

∥∥∥∥∥∥
∞

(124)

≤
∑

(n,k)/∈ΛN,K

|cn,k|∥MbnTakg∥∞ (125)

=
∑

(n,k)/∈ΛN,K

|cn,k|∥g∥∞ (126)

=
∑

(n,k)/∈ΛN,K

|cn,k|, (127)

where we use the triangle inequality on the second line.
The second equality follows by noting that MbnTak is
unitary and the unitary invariance of the infinity norm,
and the last equality from ∥g∥∞ = 1.
In order to bound the Gabor coefficients cn,k, we now

invoke our assumption that the target state is a super-
position of coherent states.

Before continuing, we first set up some notations for
working in real phase-space coordinates r = (x, p) ∈
R2. Specifically, let |ψ⟩ =

∑s
j=1 aj |αj⟩ be an s-

sparse coherent-state superposition. We denote by rj =
(xj , pj) ∈ R2 the real phase-space center associated with

|αj⟩, given by αj = (xj + ipj)/
√
2. Then the Wigner

function of |ψ⟩ is

Wψ =

s∑
j,ℓ=1

aja
∗
ℓWjℓ, (128)

where we defineWjℓ =W|αj⟩⟨αℓ|. From Eq. (20), we have
the explicit form of the Wigner function of the operator
|αj⟩⟨αℓ|. With the notation here, we define

zjℓ :=
rj + rℓ

2
, (129)

and the symplectic form σ(u, v) := uqvp − upvq for u =
(uq, up) and v = (vq, vp). Then, it can be shown that

Wjℓ(r) =
2

π
e−|r−zjℓ|2 exp

(
−iJ(rℓ − rj) · r +

i

2
σ(rj , rℓ)

)
.

(130)
where the symplectic matrix J is

J :=

(
0 1
−1 0

)
. (131)

Therefore by defining θjℓ :=
1
2σ(rℓ, rj) and

ωjℓ :=
−1

2π
J(rℓ − rj), (132)

we can express Wjℓ (130) in terms of the translation and
modulation operator as

Wjℓ(r) = eiθjℓMωjℓ
Tzjℓg0(r), (133)

where

g0(r) =
2

π
e−|r|2 (134)

denotes the Gaussian Wigner function of a vacuum state.
Therefore, using the fact that |ψ⟩ ⟨ψ| =∑s
j,ℓ=1 aja

∗
ℓ |αj⟩ ⟨αℓ|, we can write the canonical

Gabor coefficients of Wψ explicitly as

cn,k = ⟨Wψ,MbnTakγ⟩ =
s∑

j,ℓ=1

a∗jaℓ ⟨Wjℓ,MbnTakγ⟩

(135)

For each coherent state operator |αj⟩⟨αℓ|, define

djℓn,k = ⟨Wjℓ,MbnTakγ⟩ . (136)

By linearity,

cn,k =

s∑
j,ℓ=1

a∗jaℓd
jℓ
n,k. (137)

Thus, Eq. (127) reduces to

∑
(n,k)/∈ΛN,K

|cn,k| ≤
s∑

j,ℓ=1

|aj ||aℓ|
∑

(n,k)/∈ΛN,K

|djℓn,k| (138)

This provides us with a concrete form of the Gabor co-
efficients in relation to the target state |ψ⟩.
To proceed further, we recall the commutation relation

between the time-frequency shifts in Eq. (76),

|djln,k| = |⟨Mωjℓ
Tzjℓg0,MbnTakγ⟩|

= |⟨g0, T−zjℓM−ωjℓ
MbnTakγ⟩|

= |⟨g0, T−zjℓMbn−ωjℓ
Takγ⟩|

= |⟨g0,Mbn−ωjℓ
Tak−zjℓγ⟩|.

(139)

Compared with Eq. (81), we observe that this is exactly
the short-time Fourier transform of g0 with the window
function γ, evaluated at the point (ak−zjℓ, bn−ωjℓ), i.e.

|djℓn,k| = |Vγg0(ak − zjℓ, bn− ωjℓ)|. (140)

The dual window cannot be found analytically as it
involves the inversion of the frame operator, which is an
infinite-dimensional matrix. However, it turns out that
when γ and g0 are both sufficiently smooth and decay
exponentially to infinity, the STFT also decays exponen-
tially, although the exact constant cannot be obtained.
Formally, we invoke the decaying properties of the STFT
given by Lemma 3, which states that for “nice” functions
γ and g0, there exist some C, pz, pω > 0 such that

|Vγg0(ak − zjℓ, bn− ωjℓ)| ≤ Ce−pz|ak−zjℓ|e−pω|bn−ωjℓ|.
(141)



32

Continuing from Eq. (138) we first bound the summa-
tion involving the truncated lattice,∑
(n,k)/∈ΛN,K

|djℓn,k| ≤ C
∑

(n,k)/∈ΛN,K

e−pz|ak−zjℓ|e−pω|bn−ωjℓ|.

(142)

Recalling the definition of the truncated lattice and using
the union bound, we separate the sum as

∑
(n,k)/∈ΛN,K

e−pz|ak−zjℓ|e−pω|bn−ωjℓ|

≤
∑
n∈Z2

∑
∥k∥∞>K

e−pz|ak−zjℓ|e−pω|bn−ωjℓ| +
∑

∥n∥∞>N

∑
k∈Z2

e−pz|ak−zjℓ|e−pω|bn−ωjℓ|.

=

(∑
n∈Z2

e−pω|bn−ωjℓ|

) ∑
∥k∥∞>K

e−pz|ak−zjℓ|

+

 ∑
∥n∥∞>N

e−pω|bn−ωjℓ|

(∑
k∈Z2

e−pz|ak−zjℓ|

)
.

(143)

The exponential tail sum can be bounded by Lemma 4,
which asserts that there exist D > 0 and 0 < p′z < pz
such that∑

∥k∥∞>K

e−pz|ak−zjℓ| ≤ De−p
′
z(aK−|zjℓ|) (144)

This trivially translates to the infinite sum over k ∈ Z2

as some finite constant D′, that is,∑
k∈Z2

e−pz|ak−zjℓ| = D′ <∞. (145)

The same Lemma applies to the sum over ∥n∥∞ > N
and therefore there exists some C ′, p′z, p

′
ω > 0 such that∑

(n,k)/∈ΛN,K

|djℓn,k| ≤ C ′(e−p
′
z(aK−|zjℓ|) + e−p

′
ω(bN−|ωjℓ|))

(146)

From our assumption that |αj | ≤ R for all j ∈ [s], we

have |rj | =
√
2|αj | ≤ R. Then,

max
j,ℓ

|zjℓ| = max
j,ℓ

∣∣∣∣rj + rℓ
2

∣∣∣∣ ≤ √
2R, (147)

and

max
j,ℓ

|ωjℓ| = max
j,ℓ

1

2π
|rj − rℓ| ≤

√
2R

π
. (148)

If

aK >
√
2R, bN >

√
2R

π
, (149)

Then the tail bound simplifies to

∑
(n,k)/∈ΛN,K

|djℓn,k| ≤ C
[
e−p

′
z(aK−

√
2R) + e−p

′
ω(bN−

√
2R)
π

]
.

(150)

Therefore, we have

∑
(n,k)/∈ΛN,K

|cn,k| ≤ C ′
s∑

j,ℓ=1

|aj ||aℓ|
[
e−p

′
z(aK−

√
2R) + e−p

′
ω(bN−

√
2R)
π )
]

≤ C ′
p′z,p

′
ω,a,b

∥a∥21
[
e−p

′
z(aK−

√
2R) + e−p

′
ω(bN−

√
2R)
π )
]
.

(151)

From Lemma 5, we have ∥a∥21 ≤ s/λmin(G) where G is the coherent state Gram matrix corresponding to |ψ⟩.



33

Following our assumption on the separation of the coher-
ent states, namely,

∆α ≥
√
2 log

s− 1

1− κ
, (152)

where κ ∈ (0, 1), Lemma 6 guarantees that λmin(G) ≥ κ.
Therefore, ∥a∥21 ≤ s

κ .
Finally, putting everything together and relabeling the

constants, there exists some C, pz, pω > 0 such that the
uniform error of the canonical Gabor expansion with the
lattice ΛN,K satisfies

∥W −WN,K∥∞ ≤ C
s

κ

[
e−pz(aK−

√
2R) + e−pω(bN−

√
2R)
π

]
.

(153)

5. Corollaries of Proposition 1

Two implications resulting from Proposition 1 are cru-
cial to the generalization bound in Theorem 4. Specif-
ically, they determine the value of t and the truncation
parameter for N and K such that the empirical error can
be made arbitrarily small.

Corollary 1. Define the hypothesis class HN,K as

HN,K =

h(r) = ∑
(n,k)∈ΛN,K

ηn,kMbnTakg(r) : ∥η∥1 ≤ t′

 .

(154)

Then, with the choice t′ = O( sκ ), WN,K ∈ HN,K where
WN,K is given by Eq. (119).

Proof. ForWN,K to be in the hypothesis class, we require
t to be greater than the norm of the coefficient of WN,K

Ḟrom Eq. (138)

∥cN,K∥1 =
∑

(n,k)∈ΛN,K

|cn,k|

≤
s∑

j,ℓ=1

|aj ||aℓ|
∑

(n,k)∈ΛN,K

|djℓn,k|.
(155)

Let B =
∑

(n,k)∈ΛN,K
|djℓn,k|, which is a constant by

Proposition 1. Then,

∥cN,K∥1 ≤ B∥a∥21 ≤ B
s

κ
. (156)

Therefore t′ = O( sκ ) ensures that the canonical expansion
lies within the hypothesis class.

Corollary 2. To obtain an error of

∥Wψ −WN,K∥∞ ≤
√
ε

8
, (157)

it is sufficient for the lattice truncation parameters to
satisfy

K = O

(
R+

1

pz
log

(
s

κ
√
ε

))
, (158)

and

N = O

(
R+

1

pω
log

(
s

κ
√
ε

))
. (159)

Proof. From Eq. (153), we separately require each term
to be at most half of the target,

C
s

κ
e−pz(aK−

√
2R) ≤ 1

4

√
ε

2
, (160)

and

C
s

κ
e−pω(bN− 1

π

√
2R) ≤ 1

4

√
ε

2
. (161)

Equivalently, it suffices that

aK −
√
2R ≥ 1

pz
log

(
4
√
2Cs

κ
√
ε

)
, (162)

and

bN − 2

π

√
2R ≥ 1

pω
log

(
4
√
2Cs

κ
√
ε

)
. (163)

Finally, we have

K = O

(
R+

1

pz
log

(
s

κ
√
ε

))
, (164)

and

N = O

(
R+

1

pω
log

(
s

κ
√
ε

))
. (165)

6. Proof of Theorem 2

In this section, we provide a rigorous guarantee for
learning states with sparse coherent state support using
Gabor frame. We first motivate the choice of this feature
map by inspecting the Wigner function state. The setup
and the main theorem are then introduced. Finally, we
prove Theorem 2 with the help of Corollary 2 and Corol-
lary 1.
Recall that coherent states form an overcomplete basis

for a CV state space with the resolution of the identity
1
π

∫
|α⟩⟨α|d2α = 1. In other words, coherent states form
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a continuous tight frame since the frame operator is pro-
portional to the identity. This provides another conve-
nient way to perform expansion:

ρ =
1

π2

∫
|γ⟩⟨γ|ρ|β⟩⟨β|d2γd2β =

1

π2

∫
ργβ |γ⟩⟨β|d2γd2β

(166)

where ργβ = ⟨γ|ρ|β⟩. Then the Wigner function can be
expressed as

Wρ(α) =
1

π2

∫
ργβW|γ⟩⟨β|d

2γd2β. (167)

Note that since ⟨γ|β⟩ ≠ 0, this decomposition, i.e. the
coefficients ργβ is not unique. Using the definition of the
Wigner function WA(α) =

2
π tr(D(α)(−1)n̂D(−α)A), we

have

W|γ⟩⟨β| = tr
(
|γ⟩⟨β|D(α)(−1)n̂D(−α)

)
= tr

(
|0⟩⟨0|D(−β)D(α)(−1)n̂D(−α)D(γ)

)
= C1 tr

(
|0⟩⟨0|D(α− β)(−1)n̂D(γ − α)

)
= C1 tr

(
|0⟩⟨0|D(α− β)D(α− γ)(−1)n̂

)
= C1C2 tr

(
|0⟩⟨0|D(2α− (β + γ))(−1)n̂

)
= C1C2⟨−2α+ (β + γ)|0⟩
= C1C2 exp(−|2α− (γ + β)|2/2)

(168)

where C1 = e(β
∗α−βα∗)/2e(α

∗γ−αγ∗)/2 and C2 =
exp{ 1

2 ((α − β)(α∗ − γ∗) − (α∗ − β∗)(α − γ))}. In
the derivation, we use the relations D(α)D(β) =
e(αβ

∗−α∗β)/2D(α+β). The fourth equality uses the com-
mutation (−1)n̂D(α) = D(−α)(−1)n̂ and the sixth fol-
lows from ⟨0|D(α) = ⟨−α| (−1)n̂|0⟩ = |0⟩. The final

equality comes from ⟨α|0⟩ = e−|α|2/2. Simplifying the
phase factors C1C2, we arrive at

W|γ⟩⟨β|(α) =
2

π
exp

(
−2

∣∣∣∣α− γ + β

2

∣∣∣∣2
)
exp

(
2iℑ

[
(β∗ − γ∗)α+

1

2
βγ∗

])
. (169)

Introducing the center z = γ+β
2 and the separation

ω = 1
π (β − γ), the Wigner function becomes

W|γ⟩⟨β|(α) =
2

π
e−2|α−z|2 exp

(
2πiℑ

[
ω∗(α− z

2
)
])
(170)

where

γ = z − πω

2
, β = z +

πω

2
. (171)

Eq. (170) is composed of a Gaussian function cen-
tered at z, modulated by a phase e2πiℑ[ω∗α]. However,
it does not furnish a suitable feature map for the regres-
sion model as the parameters γ and β are continuous
complex values. This implies that infinitely many Gaus-
sians and phase factors are needed. Naturally, we ask
whether a discrete set of Gaussian functions modulated
by a Fourier series can still represent any state.

To this end, we consider the appropriate discrete coun-
terpart by covering the phase space with Gaussians sit-
uated on a lattice modulated by a Fourier series. This

motivates the choice of Fourier series with Gaussian en-
velopes as the appropriate basis functions for learning
states with sparse coherent state support, which is noth-
ing but the Gabor frame introduced in Sec. IXC2.
In fact, von Neumann considered the problem for ψ ∈

L2(R), using a square lattice in an attempt to find the
most accurate simultaneous measurement of the position
and momentum operator. He conjectured, which turned
out to be correct, that G(g, 1, 1) is a complete system
in L2(R), which is only a Riesz basis, but not a frame
[46, 47, 78].
Returning to our setting, the Gabor frame allows the

expansion of the Wigner function (or more generally, any
L2-integrable function) as

W (r) =
∑

n,k∈Z2

cnkMbnTakg(r), (172)

where r = (x, p). In general, for a frame, this decompo-
sition is not unique and the coefficients cnk ̸= ⟨W,Φn,k⟩.
Intuitively, the Gabor frame covers the space with the
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lattice Λ = aZ2 × bZ2. When the lattice is sufficiently
fine, it is able to capture all information of the function.

In terms of our supervised learning setting, we have
X = {α ∈ R2 : |α| ≤ R}, equivalently parametrized
in polar coordinates by (r, ϕ) ∈ [0, R] × [0, 2π) and the
output space Y = [− 2

π ,
2
π ]. For our learning problem, we

truncate to a lattice of finite size

ΛN,K =
{
(n, k) ∈ Z2 × Z2 : ∥n∥∞ ≤ N, ∥k∥∞ ≤ K

}
.

(173)

This defines the feature map Φ. Explicitly, let ω ∈ Ω :=
{(n, k,±1) : −N ≤ n1, n2 ≤ N,−K ≤ k1, k2 ≤ K} where

Φn,k,1(x, p) = exp
(
−π[(x− ak1)

2 + (p− ak2)
2]
)
cos(2π(bn1x+ bn2p)) (174)

Φn,k,−1(x, p) = exp
(
−π[(x− ak1)

2 + (p− ak2)
2]
)
sin(2π(bn1x+ bn2p)), (175)

where we use real basis functions for the regression to
learn real-valued Wigner functions. The feature dimen-
sion is df = |Ω| = (2N + 1)2(2K + 1)2 where the lin-
early dependent features due to the parity of the trigono-
metric functions are removed, e.g. sin(n1x + n2p) =
− sin((−n1)x + (−n2)p). The linear span of these func-
tions with a one-norm restriction constitutes the hypoth-
esis class

H =

{
h(r) =

∑
ω∈Ω

ηωΦω : ∥η∥1 ≤ t

}
. (176)

In the proof below, however, it is easier to work with
complex-valued functions of the form

H =

h(r) = ∑
(n,k)∈ΛN,K

ηn,kMbnTakg(r) : ∥η∥1 ≤ t′

 .

(177)

The two coefficients are related by |ηn,k| ≤ |ℜ[ηn,k]| +
|ℑ[ηn,k]| ≤

√
2|ηn,k|. Thus, it is safe to take t the same

order as t′.
Finally, given the training data {(αi, yi)}Ni=1, the re-

gression model Ŵ is obtained by solving the following:

min
η

N∑
i=1

|⟨η,Φ(αi)⟩ − yi|2 , subject to ∥η∥1 ≤ t. (178)

Theorem 4 (Restatement of Theorem 2). Let the target
state be |ψ⟩ =

∑s
i=1 ai|αi⟩ with |αj | ≤ R and |αj −αℓ| ≥

∆α for all j, ℓ ∈ [s] and j ̸= ℓ. Let κ = 1− (s−1)e−
1
2∆

2
α .

Let Ŵ be the surrogate obtained by solving Eq. (178).
For any ϵ > 0 and 1/2 > δ > 0, assume that all training

data in T satisfies |W (αi)− yi| ≤
√
ϵ/4 with probability

at least 1 − δ′ over the measurement randomness where
δ′ = δ/N . Then a training data of size

N = O

(
s4

ϵ2κ4
log

4(R+ log(s/κ
√
ϵ))8√

δ

)
(179)

suffices to achieve R(Ŵ ) ≤ ϵ for an arbitrary distribution
D with probability at least 1− 2δ.

Proof. Again, we employ Lemma 1 to derive the gener-
alization error. Thus, we begin by determining the suit-
able values for t, r∞ and M . From Corollary 1, we take
t = O(s/κ) to ensure WN,K ∈ H where WN,K is given
by Eq. (119). Next, since

∥Φ(α)∥∞ = ∥(MbnTakg)(α)∥∞ = ∥g∥∞ = 1, (180)

where the second equality follows from the unitary in-
variance of the norm, we take r∞ = 1. Lastly, for all
h ∈ H,

|h(α)− y| ≤ |h(α)|+ |y|

≤ |⟨η,Φ(α)⟩|+ |W (α)|+
√
ϵ

4

≤ ∥η∥1∥Φ(α)∥∞ +
2

π
+

√
ϵ

4

≤ t+
2

π
+

√
ϵ

4
.

(181)

Therefore, we can take M = O(t) = O(s/κ). Combining
everything, we have

R(Ŵ ) ≤ R̂T (Ŵ ) +O

(
t2√
N

(√
2 log(2df ) +

√
1

2
log

1

δ

))
.

(182)

Next, we need to determine the truncation values of
N,K such that the empirical error can be bounded as

R̂T (Ŵ ) ≤ 3ϵ

4
. (183)

By definition, the model returned by the Lasso algorithm
satisfies

Ŵ = argmin
h∈H

1

N

N∑
i=1

|h(αi)− yi|2. (184)

Since the choice of t = O(s/κ) ensures that the canonical
truncation WN,K lies within the hypothesis class (Corol-
lary 1), we can use it to upper bound the training error
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of Ŵ as

1

N

N∑
i=1

|Ŵ (αi)− yi|2 ≤ 1

N

N∑
i=1

|WN,K(αi)− yi|2.

(185)

Then,

1

N

N∑
i=1

|WN,K(αi)− yi|2

=
1

N

N∑
i=1

|WN,K(αi)−W (αi) +W (αi)− yi|2

≤ 1

N

N∑
i=1

(
2|WN,K(αi)−W (αi)|2 + 2|W (αi)− yi|2

)
≤2∥W −WN,K∥2∞ +

ϵ

2
.

(186)

where the first inequality follows from |a+ b|2 ≤ 2|a|2 +
2|b|2. The second inequality follows from the definition
of the infinity norm and the assumption that all training
data satisfy |W (αi)− yi| ≤

√
ϵ/4. From Corollary 2, by

choosing

N,K = O

(
R+ log

s

κ
√
ϵ

)
, (187)

we have

∥W −WN,K∥∞ ≤
√
ϵ

8
. (188)

Then, with probability at least 1− δ, the empirical error
can be bounded as

R̂T (Ŵ ) ≤ 3ϵ

4
. (189)

In this case, the feature dimension

df = O(N2K2) = O

((
(R+ log

s

κ
√
ϵ

)4
)
. (190)

By requiring

O

(
t2√
N

(√
2 log(2df ) +

√
1

2
log

1

δ

))
≤ ϵ

4
(191)

and using a union bound, Eq. (182) reduces to R(Ŵ ) ≤
ϵ. Finally, using (

√
A +

√
B)2 ≤ 2(A + B), Eq. (191)

translates to a sample complexity of

N = O

(
s4

ϵ2κ4
log

4(R+ log(s/κ
√
ϵ))8√

δ

)
. (192)

for ensuring R(Ŵ ) ≤ ϵ with probability at least 1 − 2δ.

D. Complexity of conventional approaches

For completeness, we discuss the sample complexity of
two conventional approaches for estimating Wigner func-
tions. The first approach discretizes the phase space into
a dense grid and estimates the Wigner function value at
any given point using nearest-neighbor estimation. The
second approach performs estimation on a discrete set of
points and then employs interpolation over this dataset
to obtain an estimate at an arbitrary point. The results
presented here follow the discussion in Ref. [1].

1. Dense sampling

A straightforward way to approximately reconstruct
the Wigner function of an unknown state over a finite
region Ω over the phase space is to first discretize the re-
gion Ω, for example, into a grid of squares Qj of equal size
h2. Then, at each center of the square, one can estimate
the Wigner function valueWρ(cj) by measuring displaced
parity. When the grid is sufficiently fine-grained, we can
use the measured Wigner function values to approximate
the continuous Wigner function.

Specifically, partition Ω into N square cells of side
length h and area ∆ = h2. Let cj denote the center of
cell Qj := [(cj)1−h/2, (cj)1+h/2]× [(cj)2−h/2, (cj)2+
h/2]. Then we use the piecewise-constant approximation
Wpc(α) := W (cj) for α ∈ Qj as the estimation of the
Wigner function in the entire region Ω. For each cj , one
can perform the measurement of displaced parity to get

an unbiased estimator Ŵ (cj). The following proposition
tells us how dense this partition on Ω should be to guar-
antee that the overall estimation error is upper-bounded.

Proposition 2 (Sample complexity of dense sampling
Wigner function with bounded Hessian). Let W be the
Wigner function of a single-mode quantum state mainly
supported on a bounded phase-space region Ω ∈ R2 of area
A, beyond which the Wigner function values are negligi-
ble. Suppose supα∈Ω ∥HW (α)∥ ≤ Λ, where HW (α) is
the 2 × 2 Hessian matrix of W (α). Then the piecewise-
constant estimator Wpc of the Wigner function satisfies

∑
j

∣∣∣∣∣
∫
Qj

(W (α)−Wpc(α)) dα

∣∣∣∣∣ ≤ ε (193)

with probability at least 1− δ, using N = Θ
(

ΛA2

ε

)
differ-

ent point-wise measurements.

Proof. By Taylor’s theorem with Lagrange form of the
remainder, for all u ∈ [−h/2, h/2] × [−h/2, h/2], there
exists ξu ∈ Qj , such that

W (cj+u) =W (cj)+∇W (cj) ·u+
1

2
u⊤HW (ξu)u, (194)
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∇W (cj) is the gradient of W at cj . By symmetry,∫
Qj

∇W (cj) · u du

=∇W (cj)

∫
[−h/2,h/2]×[−h/2,h/2]

u du

=0.

(195)

Thus, taking the integral of both sides of Eq. (194) over
Qj , we have∣∣∣∣∣

∫
Qj

W (α) dα−W (cj)∆

∣∣∣∣∣
=

∣∣∣∣∣
∫
Qj

∇W (cj) · u du+
1

2

∫
Qj

u⊤HW (ξu)u du

∣∣∣∣∣
≤Λ

2

∫
Qj

∥u∥2 du.

(196)

where we have used Eq. (195) and the upper bound
supα∈Ω ∥HW (α)∥ ≤ Λ. For each square cell, we have∫

Qj

∥u∥2du =

∫
[−h/2,h/2]×[−h/2,h/2]

(u21 + u22)du1du2

=

∫
[−h/2,h/2]×[−h/2,h/2]

u21du1du2

+

∫
[−h/2,h/2]×[−h/2,h/2]

u22du1du2

=h · h
3

12
+ h · h

3

12

=
∆2

6
.

(197)

Hence, by substituting Eq. (197) into (196), we have∣∣∣∣∣
∫
Qj

W (α) dα−W (cj)∆

∣∣∣∣∣ ≤ Λ∆2

12
. (198)

Summing over all cells, we have

∑
j

∣∣∣∣∣
∫
Qj

(W (α)−Wpc(α)) dα

∣∣∣∣∣ ≤ N · Λ∆
2

12
=

ΛA∆

12
.

(199)

Thus, by choosing ∆ = Θ
(
ε

ΛA

)
and N = A

∆ = Θ
(

ΛA2

ε

)
,

we can ensure that
∑
j

∣∣∣∫Qj
(W (α)−Wpc(α)) dα

∣∣∣ ≤ ε.

Since in phase space A ∼ d (note that n̂ = x̂2+p̂2−1
2 ),

the required number of phase-space points for reliable
reconstruction of Wigner functions scales as O(d2).

2. Interpolation

Here we briefly explain how the number of phase-space
points required to reconstruct Wigner functions through
polynomial interpolation scales at least faster than lin-
early with the truncation dimension d.

Proposition 3. SupposeW (α) is the Wigner function of
a CV state supported within the region Ω ⊂ R2 such that
it is differential at least n+1 times. Denote the maximum
n + 1th derivative of W within the region Ω as Σn :=
maxα∈Ω,∥η∥=1D

n+1
β W (α), DβW denotes the derivative

of W along the direction of unit vector β ∈ R2. Given
the Wigner function values at N phase-space points (N ≥
n) within Ω, we can use a n-degree polynomial Pn(α) to
approximate W (α) using polynomial interpolation. To
ensure the estimation error

∫
Ω
|W (α) − Pn(α)|dα ≤ ε,

the required number of phase-space points scales at least

as Ω
(
A1+2/nΣ2/n

n2

)
.

Proof. Suppose the Wigner function Wρ(α) of a CV
quantum state ρ is approximated through an n-degree
polynomial Pn(α) over a grid of phase-space points with
grid width h with maximal amplitude αmax. The approx-
imation error at any phase-space point is bounded by the
Lagrange remainder formula, i.e.,

|Wρ(α)− Pn(α)| ≤
Σnh

n

(n+ 1)!
, ∀α ∈ Ω, (200)

To make the above estimation error bounded by ϵ, we
only need to make sure

h ≤ ((n+ 1)!ϵ)
1/n

Σ
1/n
n

. (201)

Without loss of generality, suppose the region Ω can be
partitioned into multiple square cells with each size h2.
Then the number of measured point-wise Wigner func-
tion values is

N =
A

h2
≥ AΣ

2/n
n

((n+ 1)!ϵ)
2/n

∈ Ω

(
AΣ

2/n
n

n2ϵ2/n

)
. (202)

To ensure
∫
Ω
|W (α)−Pn(α)|dα ≤ ε, we replace ϵ by ε/A

in the above inequality, and get the minimum of phase-

space points is N = Ω
(
A1+2/nΣ2/n

n

n2ε2/n

)
.

Using the relation n̂ = x̂2+p̂2−1
2 , we know that d ∼ A.

Consequently, for a fixed n-degree polynomial interpo-
lation, the number of phase-space points at which the
Wigner function is measured scales at least as Ω(d1+2/n).

E. Network Architecture and Training Details

This appendix provides additional details on the neural
architecture and training procedure used for the single-
mode super-resolution task. The model is formulated as
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a coordinate-conditioned implicit representation of the
Wigner function: given a low-resolution input WLR, the
network predicts the value of the corresponding high-
resolution phase-space function at an arbitrary query co-
ordinate x. The central object learned by the model is
therefore a continuous phase-space function, rather than
a discrete array tied to a fixed output grid.

The network consists of an encoder that extracts latent
features from the low-resolution Wigner function and a
decoder that maps the sampled latent feature, together
with the query coordinate and the associated cell size, to
the Wigner-function value at that point. The encoder is
a four-layer two-dimensional residual convolutional net-
work. Each layer consists of a 3 × 3 convolution, batch
normalization, and a ReLU activation, together with a
1×1 projection on the residual branch for channel match-
ing. Starting from a single-channel input, the feature
width increases to 64, 128, and 256, with a final latent
dimension of 256. At each query location, the decoder
samples the encoder feature map and combines the sam-
pled feature with the two-dimensional coordinate and the
corresponding cell size through a multilayer perceptron.
An auxiliary shallow branch is used to encode the geo-
metric information carried by the coordinate and cell-size
inputs before feature fusion.

The training data consist of precomputed Wigner-
function arrays. For each original sample, both the low-
resolution input and the supervision target are generated
by resampling the available measurement array to dif-
ferent grid sizes. In the experimental-data setting, this
available array is the retained sparse measurement grid,
while the dense experimental measurement is used only
as an evaluation reference. The model is therefore trained
across multiple resolution pairs rather than a single fixed
scaling factor. Resampling is performed using spline in-
terpolation. Query coordinates are normalized to the
unit interval along each dimension, and the cell size is
given by the inverse grid spacing of the target resolution.

The model is trained with the mean-squared error loss
and optimized with Adam. We use a cosine learning-rate
schedule with warm-up, and model selection is performed
using the validation loss. In addition to the regression
loss, we monitor the state fidelity during validation and
testing as a physically meaningful measure of reconstruc-
tion quality. See Algorithm 1 and Fig. 3 for a summary
of the learning procedure of our DNN model.

F. Details of numerical experiments

In this subsection, we provide details about the nu-
merical experiments on both the regression model and
the DNN model presented in the main text, along with
additional numerical results for comparison between the
two learning models. This subsection is divided into three
parts: learning simulated states with a regression model;
learning simulated states with a DNN model; and learn-
ing experimental states with a DNN model.

1. Learning simulated states with regression models

The numerical study of the regression model is orga-
nized around a simple experimental question: how many
phase-space sample points are needed for precise recon-
struction, and how sensitive is the fit to finite shot noise
at each sample point? We answer this question in two
stages. We first test the feature map constructed from
Wigner functions of Fock basis elements, equivalently,
the generalized Laguerre feature map, on states whose
structure is sparse on the Fock basis. We then turn to
the Gabor-frame feature map and ask how well the same
sparse-regression principle works for states as superposi-
tions of a few coherent states.
The first test focuses on binomial code states. These

states give a controlled way to separate the Hilbert-
space cutoff from the actual Fock support: fixing N = 3
while increasing S enlarges the truncation dimension
d = (N + 1)(S + 1) without increasing the number
of occupied Fock components, whereas fixing S = 3
while increasing N makes the support itself grow. For
each state, we draw training coordinates uniformly at
random from [−6, 6]2, evaluate the ideal Wigner func-
tion using QuTiP, and construct a finite Laguerre de-
sign matrix whose rows correspond to sampled phase-
space coordinates and whose columns correspond to the
retained Laguerre basis features evaluated at those coor-
dinates. We then fit the corresponding coefficients using
sklearn.linear model.Lasso.
Eq. (11) uses the constrained Lasso formulation, where

the radius t bounds the ℓ1 norm of the coefficient vector
and therefore specifies the sparse hypothesis class used in
the analysis. In the numerical experiments, the standard
scikit-learn implementation instead solves the optimiza-
tion:

min
η

R̂T (Ŵη) + λ∥η∥1, (203)

which writes the same Lasso tradeoff in penalized form.
The training error is minimized together with a ℓ1
penalty, and the regularization hyperparameter λ deter-
mines how strongly sparsity is promoted. While there is
no analytical relation between λ and t for the two Lasso
formulations, the regularization strength λ plays the nu-
merical role of choosing the constraint radius t: stronger
λ corresponds to a smaller effective ℓ1 budget and there-
fore a sparser fitted coefficient vector with smaller t, and
vice versa.
The fidelity F is evaluated on a fixed 128 × 128 grid

of ideal Wigner values, and we binary search over the
number of training points to find the smallest set that
reaches F ≥ 0.99. Figures 4a and 4b show that the re-
quired number of points is nearly flat when the Fock sup-
port is fixed and increases when the support grows, while
remaining far below the d2− 1 reference for conventional
tomography. Representative reconstructions are shown
in Figs. 4c and 4d.
We next apply the same Laguerre-feature regression

to simulated GKP states. This is a more stringent test
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Algorithm 1: Self-supervised training of the neural implicit Wigner representation.

Data: Measurement dataset T sampled on an m×m phase-space grid Γ; low-resolution grid sizes
Mlow = {m− 10, . . . ,m− 2}; medium-resolution grid sizesMmid = {m− 1,m}; maximum number of epochs E;
learning rate δ.

Result: Super-resolved Wigner reconstruction Ŵη.

Generate paired low- and medium-resolution grids {(Γ(j)
low,Γ

(j)
mid)}

J
j=1 from the original measurement grid Γ by

interpolation-based resampling, such as spline or bilinear interpolation;

// The above grid-size choices are illustrative. In general, each target grid Γ
(j)
mid should have higher

resolution than its corresponding input grid Γ
(j)
low.

Construct paired datasets

T (j)
low = {(α, yα)}α∈Γ

(j)
low

, T (j)
mid = {(α, yα)}α∈Γ

(j)
mid

.

Initialize the encoder Eθ, decoder Dϕ, and neural surrogate Ŵη with η = (θ,ϕ);
e = 0;
while e < E do

for j = 1 to J do

Sample a paired low- and medium-resolution dataset (T (j)
low , T (j)

mid);
Form the low-resolution Wigner array

W
(j)
low = (yα)α∈Γ

(j)
low

.

Compute the latent representation

F
(j)
θ = Eθ(W

(j)
low).

foreach α ∈ Γ
(j)
mid do

Compute the local feature

f
(j)
θ (α) = I(F (j)

θ , α).

Predict the Wigner-function value

Ŵη(α,W
(j)
low) = Dϕ

(
f

(j)
θ (α), α, c(j)

)
,

where c(j) denotes the normalized cell size of the target grid Γ
(j)
mid;

Compute the loss

R̂T (j)
mid

(Ŵη) =
1

|Γ(j)
mid|

∑
α∈Γ

(j)
mid

∣∣∣Ŵη(α,W
(j)
low)− yα

∣∣∣2 .
Update η by gradient-based optimization,

η ← η − δ∇ηR̂T (j)
mid

(Ŵη).

e = e+ 1;

Evaluate Ŵη(α) on a target grid Γtarget of the desired resolution;

return {Ŵη(α)}α∈Γtarget ;

because GKP states are not exactly sparse in the Fock
basis, even though their Wigner functions are highly
structured in phase space. The training coordinates are
drawn uniformly at random from [−3, 3]2, and the trun-
cation dimension is chosen as the smallest d that satisfies
Tr(Πdρ) ≥ 1−10−4, where Πd =

∑d−1
n=0 |n⟩ ⟨n|. The same

fitting and fidelity-evaluation protocol is then used. Fig-
ures 11a and 11b show that this regression model still
reconstructs both ideal and lossy GKP Wigner functions
from substantially fewer phase-space points than conven-
tional Wigner tomography would require.

The second stage uses the Gabor-frame feature map.
We begin with even cat states, which are the canonical
sparse coherent-state example. The simulated states are

normalized superpositions |C+
α ⟩ ∝ |α⟩+ |−α⟩ with phase

fixed to zero, using the four amplitudes α = 0.5854 +
0.5854i, 0.8684 + 1.5041i, 3.6722i, and 5.5673 + 3.2143i.
For each amplitude, the phase-space window is chosen to
contain the non-negligible support of the Wigner func-
tion, and training points are sampled randomly from a
circular region inside that window. At these sampled
coordinates, we evaluate the retained real-valued Gabor
features to construct a finite design matrix, where each
row corresponds to a sampled phase-space coordinate,
and each column corresponds to a retained Gabor fea-
ture evaluated at that coordinate. We then fit the corre-
sponding expansion coefficients using the same penalized
Lasso solver from scikit-learn described above. Fig. 5
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FIG. 11. Reconstruction of Wigner functions for simulated GKP states using a regression model. In Subfig. a, the number of
phase-space points required to achieve a fidelity of 0.99 is compared for a noiseless GKP state and a GKP state subject to photon
loss as a function of the truncated Hilbert-space dimension. The scaling required for information completeness in conventional
Wigner tomography (d2−1) is shown as a reference. In Subfig. b, a detailed view of the data requirements presented in Subfig. a
is shown, illustrating the number of phase-space points needed for reconstructing ideal and lossy GKP states as a function of
truncation dimension. Each point represents the mean over five independent random selections of phase-space sampling points,
and the error bars indicate one standard deviation. In Subfig. c, the fidelity of the reconstructed Wigner function is shown as
a function of the number of measurement shots per phase-space point for GKP states with varying squeezing parameters and
numbers of Gaussian peaks. Each point represents the mean fidelity over 10 independent experiments, and the shaded region
indicates one standard deviation.

shows the resulting sample-complexity scaling and repre-
sentative reconstructions, demonstrating that the Gabor-
frame feature map can efficiently capture both the coher-
ent peaks and the interference fringes of the cat states.

Finally, we use the output states of multi-layered ran-
dom displacement–SNAP circuits as a stress test for the
coherent-state feature map. Each circuit layer consists
of a displacement gate D(α) followed by a SNAP gate

SNAP(θ) =
∑d−1
n=0 e

iθn |n⟩ ⟨n|. We truncate the Hilbert
space to d = 30, choose layers L ∈ {1, 2, 3, 4, 5, 6}, sample
displacements with |α| ≤ 1.5, and draw the SNAP phases
independently from [0, 2π). Unlike cat states, these ran-
dom circuits do not have an explicit small coherent-state
support, and increasing the circuit depth produces in-
creasingly structured Wigner functions. Figure 12 re-
ports the resulting reconstruction fidelity as a function

of circuit depth and Wigner negativity, and shows rep-
resentative reconstructions. The degradation with depth
highlights the limitation of using a fixed sparse coherent-
state feature map outside its natural regime.

To study finite shot noise, we rerun the regression at
several fixed shot counts. For each count, the training
target at every sampled phase-space point is the empir-
ical mean of simulated parity measurements after a dis-
placement, as in the main text, so the labels carry statis-
tical noise. The fidelity F is still evaluated on the fixed
ideal Wigner grid using noiseless Wigner values as the
reference. Figures 4e, 4f and 11c plot F versus the num-
ber of shots per sampled point for binomial code states
and GKP states, respectively.
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FIG. 12. Performance of the Gabor-frame regression model for output states prepared using random displacement and SNAP
circuits. In Subfig. a, the reconstruction fidelity is shown as a function of the number of circuit layers. The box plots summarize
10 independently generated output states, with the center line indicating the median and the box indicating the interquartile
range. In Subfig. b, the reconstruction fidelity is shown as a function of the Wigner negativity of the corresponding output
states. In Subfig. c, examples of Wigner function reconstructions are shown for states with circuit depths L ranging from one
to six using the Gabor-frame regression model. Each pair of images shows the reconstructed Wigner function alongside the
ground truth. The measurement data grid is also overlaid on the ground truth plots. The green circles on the left panels
correspond to the centers of the Gaussians in the Gabor frame.
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2. Learning simulated states with DNN models

We first test the DNN model on the same family of
simulated even cat states described above. For each
value of the coherent amplitude α, we train the implicit
neural representation from sparse phase-space data and
record the minimum number of training points required
to achieve F ≥ 0.99. As shown in Fig. 13, the required
number of data points follows an empirical scaling close
to quadratic in the truncation dimension d. This be-
havior contrasts with the regression model designed for
CV states sparse in coherent-state support, and reflects
that the DNN model does not explicitly use the two-
component coherent-state structure of cat states.

FIG. 13. Required number of phase-space training points for
the DNN model to reconstruct simulated cat states with fi-
delity F ≥ 0.99. The conventional Wigner tomography scal-
ing d2 − 1 is shown for comparison.

For the remaining simulated benchmarks, the neural
network experiments reuse the simulated GKP prepa-
ration, the same F evaluation on the fixed 128 × 128
grid of ideal Wigner values from QuTiP introduced in
Appendix IXF1, and the finite shot protocol described
there, but replace the regression surrogate with the self-
supervised implicit network training of Sec. IVB.

For |0̄⟩ states in Eq. (??), we generate low- and mid-
resolution training maps by resampling a prescribed sim-
ulated measurement grid, train the decoder described in
Sec. IVB, and binary search the training resolution for
the smallest grid that achieves F ≥ 0.99. The fidelity is
evaluated on the same 128×128 grid of ideal Wigner val-
ues used in Appendix IXF1. Note that the 128×128 grid
serves only as a dense evaluation mesh, and the trained
implicit map can still be queried at arbitrary coordinates
in phase space. We report sample complexity versus d
relative to d2 − 1 for noiseless data and for data with
photon loss, where the lossy state is obtained by solving
the Lindblad master equation in QuTiP with zero Hamil-
tonian and a single photon-loss collapse operator. In this
simulation, the loss rate is set to 0.001, and the state is
evolved until time 20.0. We also include a representative
MLE runtime for comparison. Figure 6 shows the results
obtained in these numerical settings.

To probe states without a fixed algebraic description,
we use the same layered displacement–SNAP circuit en-
semble and parameter choices as in Appendix IXF1. For
each L we draw ten random instances. The Wigner func-
tion of each instance is evaluated on an 18× 18 grid over
[−5, 5]2; this resolution is both the measurement foot-
print used for self-supervised training and the scale at
which coarse inputs are formed. After training, we query
the model on an 81×81 grid and report the state fidelity
F and the Wigner negativity

∫
R2 dxdp |Wρ(x, p)| [62],

which is approximated by the corresponding sum over
the 81 × 81 predicted Wigner grid. Figure 7 shows how
deeper circuits, which produce more complex phase-space
patterns, affect these metrics.

3. Learning experimental states with DNN model

Having explored the DNN model on simulated Wigner
functions in the preceding subsection, we now test it on
experimental states. We use the same pipeline as in the
main text: the implicit architecture and self-supervised
super-resolution training of Sec. IVB, with a sparse mea-
sured grid as input and the full experimental data used
only as a dense reference for evaluation. The discussion
below follows the same order as Sec. IVB: reconstruc-
tion of an experimental GKP state, analysis of the noisy
GKP states after multiple rounds of quantum error cor-
rection, and reconstruction of a non-Gaussian state pre-
pared with a SNAP gate on a coherent state. In the
test of GKP states, the experimental data come from the
circuit-QED implementation of Ref. [4]. In every experi-
mental test below, we use the same rule to construct the
training data: although the recorded measurements are
available on a dense 81 × 81 grid, we retain only every
third sample along each axis to obtain a 27 × 27 sparse
measurement grid for training. The remaining 81 × 81
data are kept hidden from the model and used only as
the dense experimental reference for evaluation.
Reconstruction of an experimental GKP state. Fig-

ure 8 benchmarks the performance of our DNN model
on reconstructing experimental GKP states by compar-
ing it against bilinear interpolation, and two regression
models in Sec. IVA. The overlap with the full exper-
imental data is 0.9993 for the DNN model, indicating
that the DNN model preserves the fine lattice structure
most faithfully. The density matrix reconstructed from
the DNN-predicted 81 × 81 Wigner function via MLE
achieves a fidelity of 0.9011 with the density matrix re-
constructed from the full experimental dataset. Training
follows the multi-scale recipe: from the measured 27×27
map, we form low- and mid-resolution pairs, with input
sizes ranging from 20 × 20 to 25 × 25 and target sizes
26×26 or 27×27; after training, the DNN model predicts
the 81× 81 Wigner function used in the comparison. All
subsequent experiments on real measurement data are
trained using the same procedure, and we do not repeat
these details below.
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FIG. 14. The first four rows display the Wigner functions in phase space at QEC cycles t = 0, 100, 200, 400, and 800. Rows
1 and 3 show the DNN reconstructions for the ρ0̄ and ρ1̄ states, respectively, while Rows 2 and 4 display the corresponding
experimental (Exp) data. The overlap between the DNN predictions and the experimental data is annotated above each
column. Marginals of the Wigner functions along the momentum (position) quadrature, which yield the probability densities
of the oscillator position (momentum), are shown in the fifth (sixth) row. Blue curves correspond to the ρ0̄ state, and orange
curves represent the ρ1̄ state. Solid lines denote the DNN output, whereas dashed lines represent the experimental data. The
probability densities are not normalized.

Analysis of noisy GKP states after multiple rounds
of QEC. We first analyze the experimental GKP
states ρ0̄(t) and ρ1̄(t) after QEC cycle counts t ∈
{0, 100, 200, 400, 800}. Figure 14 compares the DNN-
predicted 81 × 81 Wigner functions with the full ex-

perimental data at each cycle count. We also plot the
marginal distributions of our reconstructed Wigner func-
tion in both position and momentum bases, namely the
position and momentum probability distributions, to-
gether with those obtained from complete experimental
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FIG. 15. Wigner functions of the logical and most probable error subspaces at QEC rounds t = 0, 100, 200, 400, 800. In Subfig. a,
the projected states are computed from ρmix using experimental data on a 27×27 grid. The left side shows the Wigner function
of the normalized projection onto the experimental logical subspace, (|0̃⟩ ⟨0̃|+ |1̃⟩ ⟨1̃|)/2, and the right side shows the normalized
projection onto the most probable error subspace, (|E0̃⟩ ⟨E0̃| + |E1̃⟩ ⟨E1̃|)/2, obtained using Eq. (38). In Subfig. b, the same
analysis is shown using experimental data on an 81 × 81 grid. In Subfig. c, the same analysis is shown using DNN-predicted
81×81 Wigner functions reconstructed from the corresponding experimental 27×27 measurements. In Subfig. d, the extracted
most probable error subspace from Subfigs. a–c is validated at t = 0. The first three panels show the Wigner functions of
(|E0̃⟩ ⟨E0̃| + |E1̃⟩ ⟨E1̃|)/2 obtained from experimental 27 × 27 data, experimental 81 × 81 data, and DNN-predicted 81 × 81
Wigner functions, respectively. The rightmost panel shows the corresponding theoretical single-photon-addition error subspace
â†(|0̄⟩+ |1̄⟩)(⟨0̄|+ ⟨1̄|)â (up to normalization).
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data in Fig. 14. The corresponding MLE-reconstructed
density matrices achieve fidelities of 0.8887, 0.8860,
0.8403, 0.8795, and 0.8779 for ρ0̄(t), and 0.8935, 0.8687,
0.8682, 0.8531, and 0.8770 for ρ1̄(t) at t = 0, 100, 200,
400, and 800, respectively, relative to the density matri-
ces reconstructed from the full experimental datasets.

We then combine the |0̄⟩ and |1̄⟩ branches to analyze
the logical and most probable error subspaces. This mix-
ture removes the dependence on a particular logical state
and allows the leading eigenspaces of the density matrix
to identify the experimentally realized logical subspace
and the dominant error subspace. For each QEC cycle
count, we form

ρmix(t) =
ρ0̄(t) + ρ1̄(t)

2
. (204)

Following the spectral decomposition in Eq. (38), the two
leading eigenvectors define the experimental logical sub-
space, while the next two define the most probable error
subspace.

To examine these inferred subspaces directly, Fig. 15a–
c visualize their Wigner functions in phase space. For
each QEC cycle, it plots the Wigner functions of the
normalized projection onto the experimental logical sub-
space and the normalized projection onto the most prob-
able error subspace, computed from three inputs: the
sparse 27× 27 experimental grid, the full 81× 81 experi-
mental data, and the DNN-predicted 81×81Wigner func-
tion. This comparison shows how the DNN prediction
propagates into the inferred logical and error subspaces,
not merely into pointwise Wigner-function overlap.

The most probable error subspace is examined more
closely in Fig. 15d. There we focus on the projection
(|E0̃⟩ ⟨E0̃| + |E1̃⟩ ⟨E1̃|)/2 and compare the Wigner func-
tions obtained from the sparse 27 × 27 data, the full
81 × 81 data, and the DNN prediction. The rightmost
panel shows the ideal photon-addition error pattern, pro-
portional to â†(|0̄⟩ + |1̄⟩)(⟨0̄| + ⟨1̄|)â, as a reference for
heating noise in the cavity mode. Consistent with the
discussion in the main text, the DNN prediction recovers
an error-subspace Wigner pattern closer to this photon-
addition reference than the direct reconstructions from
the sparse or full experimental grids.

Figure 10 presents the analysis of the reconstructed
logical state ρ0̄(t) and compares results obtained from the
DNN-predicted Wigner functions with those extracted
from the full 81 × 81 experimental measurements. Fig-
ure 10a evaluates how well the reconstructed state re-
mains within the GKP logical space. For each recon-
structed density matrix, maximum-likelihood estimation
is first performed to obtain a physical density operator,
after which the squeezing parameter σ of the theoreti-
cal GKP codewords is optimized to maximize the total
overlap with the logical basis states. Rather than consid-
ering only the target logical state |0̄⟩, we maximize the
sum of the fidelities with the logical basis states |0̄⟩ and
|1̄⟩, thereby quantifying the total code-space population
irrespective of logical bit flips. The optimal squeezing pa-

rameters extracted from the DNN reconstructions closely
match those obtained from the full-data reconstructions
at all measured times. Moreover, the resulting maxi-
mal fidelities show excellent agreement, demonstrating
that the DNN prediction preserves the physically rele-
vant code-space structure despite using only one-ninth of
the original phase-space samples. To further characterize
the reconstructed states, figure 10b shows the two dom-
inant eigenvalues obtained from the spectral decomposi-
tion of ρ0̄(t). These leading eigencomponents correspond
to the logical GKP basis states |0̄⟩ and |1̄⟩, while their
sum provides an estimate of the total probability that the
state remains within the logical code space. Although
the relative populations of the two logical components
evolve throughout the QEC sequence, their combined
weight remains above 0.95 throughout the experiment
and exhibits nearly identical trends for the DNN-based
and full-data reconstructions. This agreement indicates
that the dominant logical subspace is faithfully recov-
ered even from substantially reduced measurement data.
Figure 10c compares the full purity Tr[ρ0̄(t)

2] with the
projected purity of the normalized code-space component

ρσ =
Πσρ0̄(t)Πσ
Tr[Πσρ0̄(t)]

, (205)

where Πσ denotes the projector onto the GKP code space
spanned by |0̄⟩ and |1̄⟩. As the number of QEC cycles
increases, the full purity decreases steadily, reflecting the
accumulation of logical mixing and experimental imper-
fections. In contrast, the projected purity remains sub-
stantially higher, indicating that the dominant compo-
nent of the state remains confined to a nearly pure logical
subspace. This behavior further reveals the overall evo-
lution of the encoded states: the experimental GKP code
states are initially close to a pure state at t = 0, while
gradually approaching a maximally mixed state within
the logical subspace, with a limiting purity of approxi-
mately one half.
Reconstruction of a state prepared with a SNAP gate

on a coherent state. Finally, we consider an experimen-
tal CV state prepared by applying a SNAP gate to a
coherent state. Here, a coherent state |α⟩ is obtained
by applying a displacement operation D(α) to a vacuum
state |0⟩, i.e. |α⟩ = D(α) |0⟩. Specifically, the experimen-
tal state under consideration is prepared by applying a π
phase shift to both the Fock components |0⟩ and |1⟩ of a
coherent state |α⟩ with amplitude α = 1. Note that this
state is a special case of states considered in Fig. 7.
As Fig. 16 shows, using only 27 × 27 measurement

points, the reconstruction overlap of our DNN model
is above 0.98. This overlap is much higher than that
reconstructed by our regression model, demonstrating
the stronger robustness of the DNN model against ex-
perimental noise beyond GKP states. Remarkably, our
method requires only approximately 500 measurement
points (27×27), which is significantly fewer than the ad-
versarial generative model [27]. Furthermore, the train-
ing of this DNN model is much more stable.
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FIG. 16. Reconstruction of the measured Wigner function of an experimental state prepared by SNAP gate. From left to right:
the training dataset downsampled to a 27× 27 grid from the original experimental dataset; the full experimental data collected
on a 81 × 81 grid; the Wigner function predicted by the regression models using Laguerre feature map, the Wigner function
predicted by Gabor frame feature maps; and the Wigner function predicted by our DNN model.
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