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1Institute of Physics, École Polytechnique Fédérale de Lausanne (EPFL), Lausanne, Switzerland
2School of Electrical and Computer Engineering,
Cornell University, Ithaca, New York 14850, USA
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Pauli propagation is a powerful framework for simulating quantum systems by tracking the evo-
lution of Pauli operators, yet its scope has so far been limited to estimating expectation values. We
extend it to sampling from quantum states, introducing an algorithm that draws bitstrings directly
from truncated Pauli expansions. While the very truncation that makes Pauli propagation efficient
renders the represented operator non-positive-semidefinite – so that its Born “probabilities” can
be negative and standard sampling is ill-defined – we resolve this with a locally normalized condi-
tional sampling procedure that builds a valid distribution on the fly, bypassing the intractable global
renormalization over all 2n bitstrings. We prove that the total variation distance to the true Born
distribution scales linearly with the truncation error, and that the cost per sample is linear in the
number of retained Pauli terms. We deploy the sampler on thermal states prepared by imaginary-
time Pauli propagation – a natural setting, since the evolution starts from the identity, the sparsest
Pauli operator. Because quantum Boltzmann machines (QBMs) are parameterized thermal states,
this combination further enables their training for generative learning tasks; numerically, we demon-
strate both accurate sampling from truncated thermal states and successful training of these models.
More broadly, our method offers a new pathway for simulating, sampling from, and training models
of complex quantum systems on classical hardware.

Introduction — Simulating the measurement of a quantum state ρ in the computational basis is a central task in
quantum information: the goal is to produce bitstrings x = x1 · · ·xn ∈ {0, 1}n distributed according to the Born rule,
p(x) = Tr[Πx ρ ] with Πx = |x⟩⟨x|. This task also underlies many proposed routes to quantum advantage, notably
in quantum generative modeling, which rest precisely on the hardness of producing such samples classically [1, 2].
Essentially all classical sampling algorithms perform this task by drawing the bits sequentially, a strategy known as
ancestral sampling [3, 4]: the j-th bit is drawn from the conditional distribution

p(xj |x<j) =
p(x≤j)

p(x<j)
, p(x<j) = Tr[Πx<j

ρ ], (1)

where x<j := x1 · · ·xj−1 is the already-sampled prefix, x≤j is that prefix extended by the candidate bit xj , and
Πx<j

= |x<j⟩⟨x<j | ⊗ I projects onto outcomes consistent with the prefix. Sampling is thereby assembled from
marginal-probability evaluations [5–8], so the practical question is which classical representations of the state ρ
allow these marginals to be evaluated efficiently and reliably. Beyond restricted circuit families [9–11], the leading
classical representations used for sampling have been tensor networks [12, 13], which struggle for highly entangled
two-dimensional systems [14], and neural quantum states [15, 16], which sample natively but lack error guarantees [17].

Pauli propagation is a well-established alternative for classical simulation [18–20]: it tracks the coefficients of an
operator expanded in the Pauli basis. While originally proposed for simulating in the Heisenberg picture [18, 19],
recently it has been shown that high-temperature thermal states can be simulated via Pauli propagation in the
Schrödinger picture [21, 22][23]. In this case, one ends up with a Pauli sum representation of the state of the
form ρ = 2−n

∑
P cPP . This representation is kept efficient by truncating the expansion during the propagation

– discarding strings with small coefficients or large Pauli weight (the number of qubits on which a string acts
nontrivially) – so that only a retained set S of M := |S| terms is kept, ρ̃ = 2−n

∑
P∈S cPP .

Sampling from truncated Pauli sums — So far Pauli propagation’s scope has been confined to estimating
expectation values; here we establish it as a sampler. The obstacle is that the truncated operator ρ̃ is generally
no longer a valid quantum state: it fails to be positive semidefinite, so the quantities entering the chain rule (1) become
quasi -probabilities q(x) := Tr[Πxρ̃ ], which can be negative and can also exceed unity. Ratios of quasi-marginals then
no longer define valid conditional distributions, and ancestral sampling breaks down. This loss of a valid probability
model under an otherwise accurate approximation is a sign problem, akin to those in quantum Monte Carlo [24] and
negative quasi-probability representations [25]; the present submission overcomes this obstruction.

The most natural fix is to take absolute values and renormalize once, globally: define the induced distribution
p̃(x) := |q(x)|/N with N =

∑
y|q(y)|. This candidate is statistically sound: we prove that TV(p, p̃ ) ≤ ∥ρ − ρ̃∥1,

where TV denotes the total variation distance (TVD). Yet it is computationally intractable. The absolute value
breaks the linearity by which a marginal is the trace of a reduced operator: a marginal of p̃ can only be obtained
by explicitly summing |q| over all the completions of the prefix, and the normalization N itself is a sum over all 2n
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FIG. 1. Sampling from truncated thermal states. Left: distributions sampled from a 4-qubit, β = 10 thermal state of a random two-body
Hamiltonian, in the Z, Y , and X bases: exact state (256 Pauli terms) versus truncated operators with 177 and 60 terms, obtained
by discarding all coefficients below the thresholds α = 2−10 and 2−8, respectively. Right: TVD between sampled and exact thermal
distributions for a 14-qubit Heisenberg chain, versus retained Pauli strings and truncation threshold α, across inverse temperatures β.

bitstrings. The sequential structure of Eq. (1), however, suggests where to intervene: ancestral sampling explores a
binary tree whose depth-j nodes are the prefixes x<j , and instead of normalizing once at the root, as the global law
does, we normalize at every node. For each step j we define the locally normalized conditional probability

p̂(xj |x<j) :=
|q(x<j , xj)|

|q(x<j , 0)|+ |q(x<j , 1)|
, p̂(x) :=

n∏
j=1

p̂(xj |x<j), (2)

where the two terms in the denominator are the quasi-marginals of the two candidate values, 0 and 1, of the next
bit, each computed as q(x≤j) = Tr[Πx≤j

ρ̃ ] directly from the retained coefficients {cP }P∈S . Each step requires two
quasi-marginal evaluations instead of exponentially many, the sign problem is eliminated locally, and if ρ̃ ⪰ 0, p̂
reduces exactly to the Born distribution.

The cost per sample is set by the quasi-marginal evaluations. Only retained strings acting as I or Z on every
measured qubit contribute to q(x≤j): X and Y have zero diagonal, so any string acting off-diagonally on a measured
qubit traces to zero. Scanning at most M retained strings at each of the n steps gives a worst-case cost O(nM) per
sample; for generic expansions, whose strings carry roughly random Pauli letters, a string survives the measurement
of a new qubit only if its letter there is I or Z – which happens with probability about one half – so the number
of contributing strings roughly halves at every step and the expected total cost drops to O(M); thus sampling is as
efficient as the propagation that produced the expansion. Moreover, the same representation also serves as an exact
likelihood evaluator: the model probability p̂(x) of any given bitstring can be computed pointwise exactly in O(nM)
time by multiplying the n conditionals in Eq. (2) – a combination rare among generative samplers, which we exploit
below for likelihood-based training.

Error guarantees — The accuracy of the sampler is inherited from the quality of the truncation, quantified by the
trace-norm error ε := ∥ρ̃− ρ∥1.
Theorem (TVD bound for locally normalized sampling). Let ρ be an n-qubit state with Born distribution p, let ρ̃
be its truncated approximation with truncation error ε = ∥ρ̃ − ρ∥1, and let p̂ be the sampled distribution defined in
Eq. (2). Then TV(p, p̂ ) ≤ 2 ε.

We further isolate the role of the non-physicality of the truncated operator: writing {λi}i for the eigenvalues
of ρ̃, the spectral negativity N(ρ̃) :=

∑
λi<0|λi| measures the weight of the negative eigenvalues created by the

truncation, and we prove that, whenever the smallest prefix marginal smin encountered during sampling exceeds
4N(ρ̃), TV(p, p̂ ) ≤ ε+2nN(ρ̃)/(smin−4N(ρ̃)): the first term is the intrinsic approximation error, the second quantifies
how negativity destabilizes the n local normalizations. Finally, the coefficient bound ∥ρ − ρ̃∥1 ≤ (

∑
P /∈S c2P )

1/2

connects these guarantees to the truncation rule used in practice: the sampling error is controlled by the squared
weight of the discarded coefficients, so discarding the smallest coefficients is precisely the choice that minimizes the
error.

Sampling thermal states prepared by imaginary-time propagation — Since the cost per sample is linear in M , the
method calls for states whose Pauli representation is naturally sparse. Thermal states ρβ = e−βH/Tr[e−βH ] are a

direct such case: writing them as the two-sided imaginary-time evolution (ITE) of the identity, ρβ ∝ e−βH/2 I e−βH/2,
they are reached starting from a single Pauli string, with the operator growing as β increases – so the approach scales
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FIG. 2. End-to-end QBM training:
a 20-qubit QBM learns a transverse-
field Ising thermal target (J = 1,
h = 1.2, β = 0.5). Left: relative-
entropy loss versus epoch for thresh-
olds α ∈ [5 × 10−8, 10−3]; inset:
gradient norm. Right: accuracy of
the learned transverse magnetiza-
tion versus α.

best in the high-temperature regime, while small systems remain accessible at any temperature. For H =
∑

k hkGk

with Pauli strings Gk, Trotterization [26, 27] splits e−βH/2 into r steps of the elementary factors e−θGk , θ = hkβ/(2r),
each updating a Pauli string P by the two-sided rule

e−θG P e−θG =

{
P if P and G anticommute,

cosh(2θ)P − sinh(2θ)PG if P and G commute.
(3)

Figure 1 demonstrates the combined preparation-and-sampling procedure: for a 4-qubit low-temperature (β = 10)
thermal state of a random two-body Hamiltonian, compressing the exact 256-term expansion down to 177 and even 60
terms yields non-physical operators whose sampled distributions still capture the physical features of the exact state,
in the computational as well as the rotated X and Y measurement bases (left panel). At larger scale the convergence
is systematic: for a 14-qubit Heisenberg chain, the TVD to the exact thermal distribution decreases monotonically
with the number of retained strings and with the truncation threshold, across temperatures (right panel).

Training QBMs — A direct application of preparing and sampling thermal states in this way is generative modeling
with quantum Boltzmann machines (QBMs) [28, 29]. The model distribution is the computational-basis diagonal
pθ(x) = ⟨x|ρθ|x⟩ of a parameterized Gibbs state ρθ ∝ e−βHθ , with Hθ =

∑
k θkHk. When Hθ is diagonal, the

model reduces to the classical Boltzmann machine [30, 31]; non-commuting terms generate coherences, and hence
correlations, inaccessible to the classical model with the same parameter budget [28]. The training loss depends on
the target: for a quantum target η, one minimizes the quantum relative entropy S(η∥ρθ), whose gradient ∂θkS =
Tr[Hkη] − Tr[Hkρθ] [29] requires expectation values on the current Gibbs model [32]; for classical data, one instead
minimizes the Kullback–Leibler divergence between the empirical data distribution and pθ. Our framework supplies
all the required primitives from one truncated Pauli representation: expectation values (read off the coefficients),
exact pointwise likelihoods p̂θ(x) (entering the classical loss and its gradients), and samples (generation).

FIG. 3. Eight down-sampled
MNIST images and eight gener-
ated images by a 6 × 5 Pauli
propagation Boltzmann machine.
Take a guess.

Figure 2 shows end-to-end training of a 20-qubit QBM on a transverse-field Ising
thermal target. The relative-entropy loss converges smoothly for all ten truncation
thresholds (left panel), and the trained model’s transverse magnetization tracks the
exact value, degrading from ∼99.9% accuracy at the smallest α to ∼93% at the
largest (right panel). Furthermore, Figure 3 shows images generated by a (heavily
truncated) Pauli propagation Boltzmann machine with 30 qubits. It was trained with
the Kullback-Leibler divergence, which we can exactly evaluate between the quantum-
inspired model and the data set. Preliminary results show that the learned models
capture the dominant structure of the data and generate faithful low-resolution digits
at scales beyond typical QBM studies. Scaling to many more qubits while keeping
images sharp remains challenging, leaving room for algorithmic innovation and co-
development with quantum hardware.

Outlook — We have introduced a sampling algorithm for truncated Pauli expan-
sions (a locally normalized chain-rule construction valid for non-positive operators)
with cost linear in the retained terms and TVD guarantees linear in the truncation
error. This can be viewed as a generative-modeling engine with exact likelihoods,
certified sampling error, and a classical baseline for quantum-advantage claims. Al-
though the cost of the method is linear in the number of terms, this number will typically grow polynomially
with system size, potentially with a large polynomial prefactor. By contrast, sampling from the quantum device
is comparatively inexpensive and essentially size-independent. Thus, while our algorithm is efficient in the usual
polynomial-time sense, one should still expect polynomial speedups from direct quantum sampling.

Here we have illustrated the method for thermal states. However, it applies to any approximation of a state with
a sparse Pauli representation, including operators that are not strictly quantum states (only a non-zero trace is
required), and, beyond the Pauli basis, to any quasi-probability representation that develops negativity [25]. Thus
we believe this method has much broader applicability than shown here and we leave exploring these for future work.
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