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1 Overview

A fundamental bottleneck holds back quantum machine learning: heuristic quantum methods
cannot yet be meaningfully tested, since current hardware cannot run them at interesting scales.
What one would ideally want is a method that can be meaningfully benchmarked without being
run on a quantum device. This seems impossible, yet the train-classically, deploy-quantumly
paradigm [1] achieves it: the training objective is evaluated efficiently on a classical computer,
while sampling from the trained model may remain classically intractable. In this work we
show that truly universal quantum generative models can be achieved in this paradigm, us-
ing two very different restricted models of computation with sampling-advantage guarantees:
the instantaneous quantum polynomial (IQP) circuit Born machine (QCBM) and the Boson
Sampling Born Machine (BSBM). This extended abstract is based on two manuscripts1, where
technical details and proofs can be found.

For IQP-QCBM models, previous work had already shown that while such models do not
allow classical sampling under standard assumptions [2], certain loss functions remain classically
computable, and the model can be classically trained with respect to them [1, 3]. Nonetheless,
two critical issues are identified: the model is known to be not universal i.e., not capable
of representing arbitrary distributions; and the fixed Gaussian kernel for which this efficient
training was established [1] can restrict the discriminative power of the MMD loss and cause
training issues. For the former, we give the first universality result for IQP-QCBM: adding n
hidden qubits to an n-qubit IQP generator makes the model universal in the worst case. This
result plays the role that universal-approximation theorems play in classical machine learning:
without it, one cannot tell whether the architecture is merely a useful heuristic sampler or a
principled model class capable of representing any target distribution. For the latter, we propose
a kernel-adaptive training method in which the kernel is adversarially trained. We prove that
such adaptive kernels have greater discriminative power than Gaussian fixed kernel, and that
the kernel-adaptive MMD is consistent with convergence in distribution of the generator. We
validate the method empirically on a parity-check benchmark and binarized MNIST.

We then ask whether the same paradigm can be realized with a very different model of
computation. Motivated by sampling-hardness results for linear optics [4], and building on prior
explorations of photonic generative modeling [5], we focus on Boson Sampling as the basis for a
generative model, which we make rigorous and call the Boson Sampling Born Machine (BSBM):
a boson sampler with trainable optical parameters whose Fock-basis measurement defines the
model distribution. Mirroring the IQP-QCBM results, we show that BSBMs are classically
trainable for broad families of MMD losses. As with IQP, the bare BSBM is not universal,
though the structural obstructions are different. Nonetheless, we resolve non-universality by
extending the model with a fixed postprocessing map on the measurement outcomes. Finally, we
prove the existence of a sequence of models with increasing expressivity that achieves universality
in the limit while retaining hardness in the intermediate regime.

1arxiv.org/abs/2510.08476, arxiv.org/abs/2603.11014
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2 IQP-QCBM

IQP-QCBM is a generative model, which consists of a parameterized IQP circuit acting on n
qubits and preparing the state |ψ(θ)⟩, followed by measurement in the computational basis.
The measurement produces bitstrings x ∈ {0, 1}n according to the probability distribution
qθ(x) = |⟨x | ψ(θ)⟩|2. To address the non-universality of this model, we extend the original
IQP-QCBM architecture by incorporating hidden qubits.

Definition 1 (IQP-QCBM with hidden qubits). Let the full system have m+n qubits, where the
final n qubits are designated as visible and the first m as hidden. An IQP-QCBM with hidden
qubits is an IQP-QCBM on m+ n qubits in which the hidden subsystem is traced out prior to
measurement. The output distribution on the visible subsystem is qθ(x) = Tr(Trhidden(ρ) |x⟩ ⟨x|),
where ρ is the state produced by the parametrized IQP circuit.

Theorem 1 (Exact universality for IQP-QCBM). For any target probability distribution p over
{0, 1}n, there exists an IQP-QCBM acting on n visible qubits and m = n hidden qubits whose
output distribution qθ equals p exactly.

Remark 1. While n ancillas suffice, their worst-case optimality is open: an explicit Sidon-
set construction suggests a lower bound of ⌊n/2⌋, so the worst-case optimum lies in [⌊n/2⌋, n].
For specific targets, far fewer ancillary qubits suffice, especially if extremely high accuracy is
not required. As an example, we exhibit distributions unreachable by the visible-only model yet
reproduced exactly with a single hidden qubit.

Although the Gaussian-kernel MMD enables classical training of IQP-QCBMs, the fixed
Gaussian choice has limited discriminative power: there exist pairs of distributions that are far
apart in TV distance but on which the Gaussian-kernel MMD is exponentially small in n, while
an alternative characteristic kernel keeps it bounded below.

Lemma 1 (Adaptive vs. Gaussian discriminative power). For every n ∈ N, there exist a tar-
get distribution p on {0, 1}n, an IQP circuit on n qubits with a parameter setting θ, and the
corresponding distribution qθ, such that: (1) TV(p, qθ) ∈ Ω(1); (2) for any Gaussian kernel
kσ, MMD2

kσ(p, qθ) ∈ O(2−n); (3) there exists a constant C > 0 such that for every n some
characteristic kernel κ achieves MMD2

κ(p, qθ) ≥ C.

Theorem 2 (Generalized kernel MMD). For any stationary and bounded kernel k over {0, 1}n,
with Fourier transform G, it holds that: MMD2

G(p, qθ) = Eα∼G (⟨Zα⟩p − ⟨Zα⟩qθ)
2

This theorem recovers the Gaussian-kernel result of [1] and the expression admits efficient
estimation.
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Figure 1: Adaptive kernel vs. fixed Gaussian.

We use this result to introduce kernel-adaptive training, which allows the kernel to be chosen
during training. We parametrize the spectral measure Gγ with a classical critic network and
train adversarially, defining L(p, qθ) := maxγ MMD2

Gγ
(p, qθ) subject to

∑
αGγ(α) = 1 and
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Gγ(α) > 0. The critic concentrates spectral mass where ⟨Zα⟩p and ⟨Zα⟩qθ differ most, and
an unbiased estimator of L and its gradients is available classically. We empirically validate
the kernel-adaptive method on two datasets; results are presented in Figure 1. For the parity-
check dataset, the adaptive kernel achieves lower total variation error. For binarized MNIST
(n = 784), both methods minimize their respective MMD training losses, which converge in each
case. Yet only the adaptive kernel keeps the data-informed second-moment error decreasing,
ending well below the fixed Gaussian, which briefly lowers it early on before rising and saturating
an order of magnitude higher.

3 Boson Sampling Born Machine

Definition 2 (Boson Sampling Born Machine). A BSBM is a generative model specified by the
number of optical modes m, the linear-optical network described by the unitary U ∈ U(m), and a
fixed initial state of k photons. By a photon-number measurement of all output modes, postselect-
ing on the no-collision case, it represents a family of distributions Q(m, k) := {qm,k,U}U∈U(m)

with sample space Ωk
m := {s ∈ {0, 1}m : ∥s∥1 = k}, where qm,k,U is the probability distribu-

tion on Ωk
m given by qm,k,U (s) =

∣∣Per(US(s),[k]

)∣∣2 and S(s) indexes the occupied modes. The
interferometer U is parametrized, and its parameters are the trainable parameters of the model.

First, we show that a BSBM can be trained w.r.t. the MMD loss efficiently on a classical com-
puter. We apply Theorem 2, with the only difference that instead of Zα we use the parity word
Πα =

⊗
j(−1)αj n̂j supported on α. On the model side, ⟨Πα⟩qθ = ⟨ψin| Û †(θ)Πα Û(θ) |ψin⟩ equals

the permanent of a k× k submatrix of U †(θ) diag(1− 2α)U(θ), which Gurvits’ algorithm [6, 4]
approximates to additive error efficiently. Efficient estimation extends to its gradients, so the
kernel-adaptive training procedure, introduced above for IQP-QCBM, applies here as well.

Second, the bare BSBM is not universal over {0, 1}m. There are two restrictions: (1)
the generated strings have fixed Hamming weight k; (2) the interferometer has only O(m2)
parameters against the 2m − 1 degrees of freedom of an arbitrary distribution. We restore
universality by introducing the extended BSBM (EBSBM), which augments the bare model
with a fixed postprocessing map f : Ωk

m → {0, 1}n, producing the pushforward distribution
q⋆m,k,U,f (x) =

∑
s: f(s)=xqm,k,U (s). This already yields a simple universal construction: fix n ∈ N

and take the EBSBM with a single photon (k = 1), m = 2n modes, and a postprocessing
map f : Ω1

2n → {0, 1}n returning the position of the measured photon in binary. In practice,
however, we seek intermediate regimes that use fewer parameters yet still cover rich classes of
distributions while retaining sampling-hardness potential; we establish this possibility below.

Theorem 3 (Expressivity sequence). For each target output size n, there exists a sequence of
EBSBM models indexed by a single capacity-increasing hyperparameter j with properties: (1)
expressivity increases monotonically in j; (2) universality over {0, 1}n in the large-capacity limit;
and (3) inheritance of worst-case boson-sampling hardness for poly(n)-sized model descriptions.

4 Outlook

We advanced the train-classically, deploy-quantumly paradigm on two models of computation:
IQP-QCBM and BSBM. We resolve universality in both, and introduce kernel-adaptive training
with empirical validation up to 784 qubits. Several questions remain open: the gap between
MMD-based training and total-variation hardness at inference, genuine trainability beyond ef-
ficient loss estimation, and the compatibility of trainability with sampling hardness, for which
initial progress exists in the case of IQP-QCBMs [7]. Realizing the paradigm’s promise ul-
timately calls for an end-to-end deployment of these classically trained models on quantum
hardware at scale.
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