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Introduction: Prediction is a primitive task with numerous applications in machine learning, statistics,

information theory, physics, finance, and engineering. This problem has been studied from multiple per-

spectives, e.g., machine learning [2] and information theory [3]. In the classical theory, the performance

of the predictor degrades with the dimension of the parameter vector used to determine the predictor.

Specifically, under the common log loss (cross-entropy), the expected regret in predicting that a sample

from a probability distribution P follows a probability distribution Q is given by the Kullback–Leibler

(KL) divergence, DKL (P∥Q). In the minimax framework, the regret scale linearly with this dimension

of the model class of Q (e.g., [4–7], [8, Sec. 13.4]). However, in modern applications, the parameter

dimensionality could be large, e.g., (i) the number of parameters in the architecture of a deep neural

network, or any of the various refinements of their effective dimension (e.g. [9]), or (ii) the cardinality

of the vocabulary of token sequences in large language models (LLMs). Despite this seemingly large

effective dimension, modern prediction algorithms work remarkably well in practice, suggesting that

training and prediction must rely on some inductive bias, whether explicit or implicit.

Here, we assume that the inductive bias is captured by embedding the letters x of the alphabet X
(discrete or a subset of Rm) into vectors in a Hilbert space H of dimension d. Let φ : X → H be a given

embedding such that it is Borel-measurable and ∥φ(x)∥H = 1 for all x ∈ X . For a probability measure

P with density p with respect to a dominating positive σ-finite measure µ (say counting measure in the

discrete case and Lebesgue measure in the continuous case), set ρp =
∫
X p(x) |φ(x)⟩ ⟨φ(x)| dµ(x). The

covariance embedding [10] is the linear map ϕ induced by P 7→ ρp, which maps a probability distribution

to a covariance operator, or to a density operator in quantum parlance [11,12]. Given a set Σ of density

operators and samples xn ∈ X n generated according to an unknown distribution P⊗n with empirical

distribution P̂n, the quantum maximum likelihood predictor (QMLP) is defined as any minimizer of

inf
σ∈Σ

D (ρ̂n(x
n)∥σ) , with ρ̂n(x

n) = ϕ(P̂n), (1)

whenever the infimum is attained, where D (ρ∥σ) := Tr [ρ(log ρ− log σ)] is the quantum relative entropy

between quantum states ρ and σ. A classical predictor over X can be obtained by processing the

QMLP to an output probability distribution (in the case of a quantum system, this involves applying

a measurement, i.e., a positive operator-valued measure (POVM), according to the Born rule). This

induces the bias that closeness in quantum relative entropy correlates with predictive accuracy on the

output alphabet.

Intuitively, since the embedding is to a finite-dimensional Hilbert space of dimension much smaller

than the vocabulary, the curse of large vocabulary is alleviated, and the discrete geometry between

words in the vocabulary (Hamming distance or “zero-one” similarity) is replaced by the inner product

in the embedded space. A prominent representative of this idea are LLMs, in the sense that during

inference they induce a probability distribution over the next token (symbol, word, sentence, etc.) based

on previous ones. Such a viewpoint provides a geometry in which token similarity is quantified by inner

products and hence provides a natural setting where optimization algorithms such as stochastic gradient

descent can be performed efficiently and analyzed.

Main Contributions: As our main contribution, we establish performance guarantees for QMLP

summarized as follows. We obtain non-asymptotic upper bounds (Theorem 1) quantifying the expected

rate of convergence of QMLP (and MLP) to the target state both in trace norm and quantum relative

entropy. We also show the corresponding concentration inequalities. These bounds depend on the

dimension d of the Hilbert space, the sample size n, and the minimal positive eigenvalue of the embedded

quantum state corresponding to the true data distribution. For instance, our bounds show that the rate

of convergence in trace norm is Õ(d/
√
n) (up to an additive approximation slack factor) in general and
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Õ(d3/n) when the class of quantum models is sufficiently expressive, where Õ(·) hides logarithmic factors

and dependence on minimal eigenvalue. Under additional conditions on the expressivity of quantum

models measured in terms of quantum relative entropy, the corresponding rates of convergence under

quantum relative entropy are Õ(d/
√
n) and Õ(d2/n), respectively. We also derive upper bounds on the

covering number of quantum states under relative entropy.

Background and Related Work: Embedding probability distributions via mean embedding into

Hilbert space has been explored in a variety of other contexts [13–18]. The covariance embedding [10] of

probability distributions into density operators has also found several applications in terms of defining

new divergence measures [19], proposing kernel-based likelihood test [20] and unsupervised learning [21].

The covariance embedding of probability distributions and the associated QMLP also captures at a high-

level the problem of prediction in quantum LLMs [22], where the expressivity of quantum architecture

used for prediction is reflected in the class of models over which QMLP is optimized. Another related

topic corresponds to quantum generative modeling and simulation of probability distributions, in which

the hope is to use quantum models to efficiently simulate probability distributions which are difficult

to model classically. Two popular frameworks used in this regard pertains to quantum circuit Born

machines [23,24] and quantum Boltzmann machines [25–27], which uses quantum circuits and thermal

(or Gibbs) states, respectively, to achieve the modeling objective.

Key Technical Contributions: For technical reasons, we will consider a slightly perturbed version

of ρ̂n(x
n) obtained using the maximally mixed state πd (:= I/d where I denotes the identity operator)

in H such that the perturbation vanishes asymptotically with n. Accordingly, define

ρn(x
n) :=

(
1− 1

n

)
ρ̂n(x

n) +
1

n
πd, (2)

and set

σ̂⋆
n(x

n) :=

(
1− 1

n

)
σ⋆
n(x

n) +
1

n
πd with σ⋆

n(x
n) := argmin

σ∈Σ
D(ρn(x

n)∥σ). (3)

The next theorem establishes consistency and convergence properties of QMLP.

Theorem 1 Let ρp > 0 and ρn(x
n) > 0 be density operators on H as defined above. Suppose Σ is a

compact set with supp(Σ) = H such that σ⋆
p := argminσ∈ΣD(ρp∥σ) satisfies D

(
ρp
∥∥σ⋆

p

)
≤ ϵ. Set

bn := log
∥∥σ⋆−1

p

∥∥ ∨ log(dn) ∨ T (ρp, σ
⋆
p) and b̄n := log(dn) ∨ log

∥∥ρ−1
p

∥∥ . (4)

Then, with σ⋆
n(x

n) and σ̂⋆
n(x

n) as defined in (3), the following hold for Xn ∼ P⊗n:

(i) Performance guarantees under (squared) trace norm:

E
[
∥σ⋆

n(X
n)− ρp∥21

]
≤


16d(bn + 4)

(√
2 log(2d) +

√
π/2

)
n− 1

2

+16bnn
−1 + 64n−2 + 28ϵ, if ϵ > 0,

(32d
∥∥ρ−1

p

∥∥+ 8d2)
(

8
n2 + 28d

n

)
, if ϵ = 0.

(5)

Moreover, for all t ≥ 0, we have

P
(
∥σ⋆

n(X
n)− ρp∥21 ≥

16bn
n

+
64

n2
+ 28ϵ+ 8d(bn + 4)t

)
≤ 4de

−
(

nt2

4
∧ 3nt

4

)
, if ϵ > 0, (6a)

P
(
∥σ⋆

n(X
n)− ρp∥21 ≥ (32d

∥∥ρ−1
p

∥∥+ 8d2)

(
8

n2
+ 2t

))
≤ 2de

−
(

nt
4
∧ 3n

√
t

4

)
, if ϵ = 0. (6b)
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(ii) Performance guarantees under quantum relative entropy: If Σ is such that

E [D (ρn(X
n)∥σ⋆

n(X
n))] ∧ E [D (ρn(X

n)∥σ̂⋆
n(X

n))] ≤ ϵ, (7)

then

E
[
D (ρp∥σ̂⋆

n(X
n))

]
≤

(2b̄n + log d)n−1+ db̄n

(√
2 log(2d) +

√
π/2

)
n− 1

2 + ϵ, if ϵ > 0,

28d2∥ρ−1
p ∥+2 log d

n if ϵ = 0.
(8)

If Σ also satisfies

D (ρn(X
n)∥σ⋆

n(X
n)) ∧ D (ρn(X

n)∥σ̂⋆
n(X

n)) ≤ ϵ, almost surely, (9)

then for all t ≥ 0,

P
(
D (ρp∥σ̂⋆

n(X
n)) ≥ 2b̄n

n
+

log d

n
+ ϵ+ db̄nt

)
≤ 2de

−
(

nt2

4
∧ 3nt

4

)
, if ϵ > 0, (10a)

P
(
D (ρp∥σ̂⋆

n(X
n)) ≥ 2dt

∥∥ρ−1
p

∥∥+
2 log d

n

)
≤ 2de

−
(

nt
4
∧ 3n

√
t

4

)
, if ϵ = 0. (10b)

The proof of Theorem 1 relies on utilizing the variational form of quantum relative entropy [28, 29] to

control ∥σ⋆
n(X

n)− ρp∥1 and D (ρp∥σ̂⋆
n(X

n)), and then applying matrix Bernstein or Hoeffding bounds.

Observe that (5) implies a parametric rate of convergence with respect to n for the QMLP to the

target distribution (up to the approximation factor ϵ) when ϵ > 0 and Od(1/n) rate of convergence

when ϵ = 0. Hence, there is no curse of dimensionality in the convergence rate. Also, note that (8)

and (10), combined with Pinsker’s inequality, yield the analogues of (5) and (6), respectively, with

∥σ⋆
n(X

n)− ρp∥1 replaced by ∥σ̂⋆
n(X

n)− ρp∥1. Further, by data processing inequality for trace norm and

quantum relative entropy, the claims in Theorem 1 also hold for the output probability distributions

obtained after processing the QMLP and the embedded target distribution ρp.

To obtain a set Σ satisfying the conditions in Theorem 1, it suffices to take any ϵ-covering of the set

S of all density operators in quantum relative entropy, i.e., a set A of quantum states such that for any

ρ ∈ S, there exists a σ ∈ A with D (ρ∥σ) ≤ ϵ. Let N
(
ϵ,S,D (·∥·)

)
denote the minimum cardinality of

such a set A, which is referred to as the covering number of S in quantum relative entropy. The next

proposition provides an upper bound on this quantity.

Proposition 1 There exists 0 < c < 68 such that

N
(
ϵ,S,D (·∥·)

)
≤

(
cdϵ−1

)2d2+d−1
, ∀ 0 < ϵ ≤ 1. (11)

Future Outlook: Our performance guarantees for QMLP indicate that a good embedding should aim

for minimal embedded Hilbert space dimension and maximal smallest eigenvalue for the embedded den-

sity operator. While this provides some insights into the choice of an efficient embedding, often it is

desirable for embeddings to have additional properties such as injectivity or approximate relative dis-

tance preserving property within specific sub-classes of probability distributions. Hence, it is of interest

to characterize embeddings and distribution classes for which such properties hold. Another aspect

pertains to relaxing the assumption of independent and identically distributed samples to incorporate

Markov or other kinds of dependence. Yet another avenue to explore pertains to reverse contraction

coefficients for specific embeddings which quantifies how much the quantum relative entropy in the em-

bedded domain is preserved compared to KL divergence in the distribution space (see the recent study

by [30]). Finally, development of efficient algorithms for solving the QMLP optimization problem along

with associated theoretical guarantees is of considerable interest; see [31] for classical results and [32]

for recent developments in the framework of quantum Boltzmann machines.
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