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Abstract

Reinforcement learning is a subfield of machine learning that studies how an agent in-
teracts with an environment in order to extract as large a reward as possible. A standard
approach to study such interaction is through Markov Decision Processes (MDPs) and the
choice for an optimal policy — a function that tells the agent which action to take. In this
work, we study two types of MDPs — finite-horizon and infinite-horizon discounted — and
propose new quantum algorithms for computing approximate optimal policies. Our quantum
algorithms are based on a new combination of standard value iteration and quantum subrou-
tines like quantum mean estimation and quantum minimum finding, overall enhanced with
techniques from the sample-optimal classical algorithms. Our resulting query complexities
improve upon previous works, thus approaching already established quantum lower bounds.

The paradigm of reinforcement learning (RL) [35] has received much attention recently due
to its success in modeling an agent interaction with a dynamical environment [2, 14, 31, 3,
, 4, 8, 34, 27] and due to its applicability to a wide range of problems [35, 36, 5, 6]. Such
agent-environment interaction is usually studied using Markov decision processes (MDPs) [29].
In its most general form, a (discrete-time) MDP is described by a finite set of states S that
the environment can assume and which the agent observes, a finite set of actions A that the agent
can take, a reward function r : § x A — [0, 1] that describes the amount of reward the agent
receives when choosing action a under the environment’s state s, and stochastic kernels p(+|s, a)
that denote the probability of transitioning to a new state given the current environment’s state
s and the agent’s chosen action a after the reward is obtained. Beyond this general formalisation,
there are different subtypes of MDPs depending on the reward criteria the agent must maximise.
Central to this work are finite-horizon MDPs, where the agent interacts with the environment
for a pre-determined number of steps H called horizon, and infinite-horizon discounted MDPs,
where the agent-environment interaction lasts an infinite amount of time but at every time step
the received reward is decreased by a discount factor ~ € [0,1). Finite- and infinite-horizon
discounted MDPs are thus described by tuples (S, A, p,r, H) and (S, A, p,r, ), respectively.
The main agent’s objective when interacting with the environment is maximising some re-
ward criteria, which is done by choosing an appropriate policy m = (), which is a sequence of
probability distributions over A given s, m; : § — A(A). The reward criteria for finite-horizon
MDPs is the expected sum of rewards under policy 7 = (7p,) ne[#] and initial state s,

H-1

Vo (s) =E [ > r(sh,an)

h=0

S0 = 8§, ai ~ Ti(8;), Sit1 ~ p('fsi,ai)] :
A policy 7€ is said to be e-optimal if VJ7 (s) = V{(s) — ¢ for all 7 and s € S, and the optimal

value is V(s) = sup, V7 (s). On the other hand, the reward criteria for infinite-horizon MDPs
is the discounted sum of rewards under policy ™ = (7)en and initial state s,

Vi(s)=E [2 V1 (st, ar)
=0
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Once again, a policy 7° is said to be e-optimal if V{rs (s) = VJ(s) —¢ for all m and s € S, and
the optimal value is V*(s) = sup, V.7(s). Let also I':= (1 —~)~".

One of the fundamental theoretical problems related to MDPs is that of learning an e-optimal
policy. Among the several studied input models, arguably the most important — and the one
considered in this work — is the so-called generative model [18, 17, 16] where one has full
knowledge of state and action spaces and of the reward function, but the transition probabilities
p(:|s,a) can only be accessed through an oracle. In the classical setting, this means access to
an oracle C, that, on input (s,a) € S x A, returns s’ € S with probability p(s|s,a). One is thus
interested in computing an e-optimal policy with the least amount of queries to oracle C,.

In the classical setting, computing e-optimal policies under the generative model has been
mostly solved for finite- and infinite-horizon discounted MDPs. A long list of works slowly
improved the query complexity [19, 17, 13, 38, 33, 32, 23], until Sidford et al. [32] obtained
sample—optlmal algorithms for finite- and infinite-horizon discounted MDPs with query com-
plexity O(H 5 A) and 5(F igA), respectively, thus matching the lower bounds from [13, 32].

Parallel to RL developments, quantum machine learning [7], a subfield of quantum com-
putation [28], has been consolidated as an area of study that can provide quantum speedups
to several traditional machine learning problems [24, 30, 21, 20, 10], including RL [9, 1]. The
equivalent version of generative access to p in the quantum setting is through an oracle Q, (and
its inverse) called quantum accessible-environment [37, 39, 15, 410] which is a unitary operator

Qp : [9|a)]0) = D Vp(s'[s,a)l)la)]sy V(s a) € S x A (1)
s'eS

The same fundamental problem of learning an e-optimal policy can thus be proposed in a
quantum setting where one has access to the oracle Q,. The first work to consider quantum
algorithms for e-optimal policies in the infinite-horizon discounted setting was due to Wang

et al. [37], who obtained the query upper bound 5(min{rl'5%, %})

bound Q(%) The finite-horizon setting, on the other hand, has been more recently ad-
dressed by Luo et al. [25] and Ambainis et al. [1], both works proposing query upper bounds of
(mm{ H* QSA H3S\F}) Luo et al. [25] further proved a query lower bound of Q(Hldfm)
The quantum algorithms of [37, 25, 1] are the combination of two different algorithms. The
first one is a quantised version of the standard value iteration [29], where for finite-horizon MDPs
one solves the equations

and the query lower

Vi(s) = max {T(S,CL) + Zp(s’|s,a)‘/}+1(s') VseS and t=HH-1,...,0 (2)
a€ s'eS

with initial condition uz = 0, while for infinite-horizon discounted MDPs one solves

Vig1(s) = max {r(s a)+ vy Z |s,a)Vt(s')} VseS and teN (3)
s'eS

with initial condition V{y = 0. One can show that the sequence of maximums a € A in the above
equations form an optimal policy, i.e., m¢(s) = argmax,e 4{r(s,a) + X csP(5'|s,a)Viy1(s)} and
similarly for infinite-horizon discounted MDPs. The quantum advantage comes from estimating
Dves P(8'|s,a) Vi1 (s') with error & using quantum mean estimation [26, 22] with O(HTZ) queries
to Q, and nesting it into the quantum minimum finding subroutine of Diirr and Hgyer [11] in
order to find V;(s), which uses O( \F) queries to Q.

The second algorithm of [37, 25, 1] is a quantisation of the more advanced value iteration
of Sidford et al. [32] (which is optimal as mentioned above). The advanced value iteration

of [32] work in epochs': by starting the k-th epoch with functions Vo(k_l), cey Vlgk:ll) such that

1 Here explained for finite-horizon MDPs. The infinite-horizon discounted case is similar.



0 < Vi*(s) — V;(k_l)(s) < 2¢, for all s € S and ¢ € [H], their algorithms produce Vo(k), cee V;Ik_)l

such that 0 < V;*(s) — V;(k)(s) < €} by the end of the k-th epoch, thus halving the initial error.

The algorithm of [32] further uses three crucial techniques: monotonicity, variance reduction,
and total-variance techniques. The monotonicity technique means maintaining the monotonicity
condition Vo(k)(s) < V07r<k)(s) < V{(s), which yields an e-optimal policy. Variance reduction
rewrites the standard value iteration as

V) a0 + X s V) X ol () - VT |
s'eS s'eS

The main idea is that Y} p(s']s, a)Vt(k_l)(s/) for all ¢ € [H] can be computed at the beginning
of the epoch using the same batch of O(i]—;) samples, which saves a factor of H. Regard-
k

ing the quantity Zs,esp(s/\s,a)(nfi(s’) - Vt(fl_l)(s’)), since HVt(ﬂ - Vﬁ;l)ﬂw < €, it can be
approximated up to error 5 using G(H 2) samples for each t € [H], leading to 5(H 3) samples.

Finally, in order to reduce the sample complexity dependence on H down to O(H?), Ref. [32]
show that the true error accumulates as 4/ H3/m given m samples, much less than the naive
sum of estimation errors at each time step. This means that one does not require the update
error to be % at each time step and m = O(f—{) samples suffices for a total error e.

In the quantum algorithms of [25, 1], the quantities } g p(s’|s,a)(u§i)1(s’) - ug:l)(s’))
are estimated using quantum mean estimation [26, 22] with O(H) queries to the oracle Oy,

for a total of O(H?2) queries. Similarly for the quantities Dses p(s’\s,a)uik_l)(s’). However,
unlike the classical case where the same batch of samples can be reused to approximate all these
quantities, in the quantum setting we must start each calculation anew, which incurs an extra
H factor in the query complexity and hinders a full quadratic advantage in H.

In this work, we propose new quantum algorithms that improve upon the query upper bounds
of [37, 25, 1] both for finite- and infinite-horizon discounted MDPs!

Result 1. Let (S, A,p,r, H) be a finite-horizon MDP. There is a quantum algorithm that outputs

an g-optimal policy with high probability and query complexity 5(@)

Result 2. Let (S, A,p,r,7v) be an infinite-horizon discounted MDP. There is a quantum algo-
rithm that outputs an e-optimal policy with high probability and query complexity 5(%)

Our new algorithms are a mixture of both approaches highlighted above. More precisely,
we revisit and improve the standard value iteration of (2) and (3) by using the monotonicity
and total-variance techniques from [32]. This includes using quantum mean estimation with
variance [22] to approximate the mean pu41(s,a) = Y csp(5'|s,a)Vip1(s’) together with its
variance o;41(s,a) on the flight as in

D, als, |0y = Y aals, @)lfies1(s, a))[Fera (s, a))| garbage(a)), (4)

acA acA

which will serve as the base unitary for quantum minimum finding. Therefore, in contrast
to [37, 25, 1] that either (i) use quantum minimum finding but does not include any variance in
the error propagation or (ii) take variance into account but not quantum minimum finding, here
we do both, which ultimately yields a combined dependence on v/A and a better dependence
than T or H3. Our finite-horizon complexity thus subsumes the ones of [25, 1], while our
infinite-horizon complexity improves the part 5(%) from [37], thus leading a new overall
complexity of O (min{ Flﬁ%, % }) .

Our new complexities are therefore a measurable improvement and a new step into the lower

bounds Q(Z25VAY ang o (T28VA),
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