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1 Introduction

Instantaneous Quantum Polynomial Quantum Circuit Born Machines (IQP-QCBM) [11, 16] are emerging quantum
generative models that have attracted increasing attention. IQP-QCBMs represent probability distributions over
bitstrings through Born-rule measurements of parameterized IQP circuits. IQP-QCBMs are distinguished from
many other quantum machine learning (QML) models in two ways: First, the models are conjectured to inherit the
classical sampling hardness from IQP circuits under standard complexity-theoretic assumptions [1, 2]. Second, as
Recio-Armengol et al. [14] showed, by exploiting the special circuit architectures of IQP circuits, the models can
be trained on a classical computer using the maximum mean discrepancy (MMD) loss [8], while deployment on a
quantum computer is required for sample generation.

Despite the growing body of exciting application-oriented work on IQP-QCBMs, their scalability depends on a
central unresolved question: their trainability. A major obstruction to trainability in QML is the barren plateau
(BP) phenomenon, in which the variance of the loss gradient with respect to the parameter distribution decays
exponentially with the number of qubits n [4, 9, 10, 12]. To our knowledge, the occurrence of BPs in IQP-QCBMs
has not been formally studied. The fact that the MMD loss and its gradients for IQP-QCBMs can be evaluated
classically does not imply trainability; it only addresses the cost of computing the loss signal, rather than this
signal being significant enough for effective training.

Another important criterion for QML architectures is that they possess representational or computational
power beyond efficient classical simulation, thereby providing the possibility of quantum advantage. Accordingly,
promising IQP-QCBM architectures must be assessed not only for trainability, but also for whether their output
distribution families remain classically hard to simulate. Existing classical sampling-hardness results for IQP
circuits have been established only under specific architectural assumptions [1–3]. Indeed, certain restricted
IQP architectures are provably classically simulable; for example, planar IQP circuits are connected to exactly
solvable Ising models and can be efficiently simulated in relevant regimes [7]. This issue is further highlighted
by recent work on supervised QML, which argues that many architectures with provable absence of barren
plateaus are also efficiently classically simulable, because the mechanisms that avoid gradient concentration often
restrict the computation to polynomially sized subspaces [5]. It is therefore natural to ask whether an analogous
trainability–simulability tradeoff arises in quantum generative modeling.

In this work, we show that whether an IQP-QCBM exhibits a BP depends on two practical design choices: the
IQP circuit architecture and the kernel used in the MMD loss. We derived the closed-form expression of variance of
the MMD loss gradient, and we identified the ”critical rank” of the IQP-QCBM model, the dimension of the space
spanned by the anti-commuting generators w.r.t. the observable, as the deciding factor for the presence or absence
of BP. We summarize the main results of the critical rank in Table 1. Our analytical work provides guidance for
avoiding architectures that are provably susceptible to BPs and narrows the design space of trainable IQP-QCBMs.

Specifically, we show that IQP-QCBMs whose architecture connectivity is generated by a sparse Erdős–Rényi
graph with O(n log n) edges are trainable, while their output distribution family remains hard to approximate
classically, applying theoretical arguments from Bremner et al. [3].

The full presentation will also include the characterization of IQP-QCBM’s expressivity and experiment
results for material science applications.

2 Background

Definition 2.1 (IQP-QCBM). An n-qubit IQP-QCBM is a variational quantum generative model defined by a
commuting diagonal circuit Uθ =

∏D
j=1 exp

(
iθjZ

sj
)
, θj ∈ [0, 2π), sj ∈ Fn

2 , where D ∈ O(poly(n)). The

model prepares Uθ |+⟩⊗n and measures all qubits in the Pauli-X basis. By the Born rule, sampling from the model
follows the distribution: For each x ∈ Fn

2 , qθ(x) = Tr
[
|x⟩⟨x|H⊗nUθρU

†
θH

⊗n
]
, where ρ = |+⟩⟨+|⊗n. We refer

to S = {sj}j the generator set, which determines the model architecture.
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Proposition 2.2 (MMD loss in IQP-QCBM). Consider an IQP model and its output distribution qθ defined
in Theorem 2.1. Given a target distribution p over Fn

2 and a kernel k, the MMD loss between p and qθ admits the

following form [14, 15]: L(θ) := MMD2
k(p, qθ) = Ea∼Λ

[
(Cp(a)− Cθ(a))

2
]
, where Cp(a) = Ex∼p[(−1)x·a]

and Cθ(a) = Tr
(
XaUθρU

†
θ

)
and Λ is the Fourier transform of k.

In QML, loss functions expressed in terms of expectation values often suffer from the barren plateau (BP)
phenomenon, whereby gradients vanish exponentially with the number of qubits n [12]. Ragone et al. [13] proposed
a general algebraic framework for bounding gradient variance using the dynamical Lie algebra (DLA) generated by
the circuit, and Fontana et al. [6] obtained related results using Lie group representation theory.

We note, however, that the DLA-based approach of Ragone et al. [13] does not directly apply to the BP analysis
of the MMD loss in IQP-QCBMs. In IQP-QCBMs, the gate generators are Pauli-Z strings, whereas the observables
appearing in the MMD loss are Pauli-X strings. These operators are orthogonal under the Hilbert–Schmidt inner
product. Consequently, the required nonzero projection of either the input state or the observable onto the circuit’s
DLA is absent. We therefore develop our analytical results from first principles.

3 Main results

Theorem 3.1 (Critical rank determines the variance of the characteristic function’s partial derivative). Consider
an n-qubit IQP-QCBM in Theorem 2.1 with the generator set S = {sj}Dj=1, and let the reference measure on the
parameter space be uniform, namely µn = U([0, 2π)D). For a frequency a ∈ Fn

2 \ {0}, define Sa := {sj ∈ S |
a · sj = 1} and define the critical rank ra := dim spanF2

(Sa). Then

Var
θ∼µn

[Cθ(a)] = 2−ra . (1)

For ℓ ∈ [D], if sℓ /∈ Sa, then ∂Cθ(a)
∂θℓ

= 0. If sℓ ∈ Sa, then

Var
θ∼µn

[
∂Cθ(a)

∂θℓ

]
= 2 2−ra . (2)

The critical rank ra depends on the frequency a, as well as on the type and number of generators in the model.
In contrast to other QML models, where gradient variances are often bounded only asymptotically as functions of
circuit depth, IQP-QCBMs allow an exact characterization: once the generator set is specified, the critical ranks and
therefore the variances, can be computed exactly. We apply Theorem 3.1 to IQP-QCBMs of different architectures.

Table 1: We consider four architectures for the IQP circuit (Figure 1), and report the scaling of the critical rank ra

(Theorem 3.1) – the key property of the circuit determining the scaling of MMD’s derivative. “no B.P.” indicates
the absence of barren plateau in the MMD loss. “A.C.” means L2 anti-concentration of the IQP-QCBM’s output
distribution, needed to claim classical non-simulability.

Architecture ra (|a| = O(log n)) no B.P. A.C.

Product O(logn) ✓ ×
2D lattice O(logn) ✓ ×
Sparse ER O(polylog(n)) ✓ ✓
Complete n × ✓

Example 3.2 (Sparse Erdős-Rényi graph). Consider a generator set containing all single-qubit generators, and
a random subset of two-qubit generators. Specifically include each two-qubit generator eu + ev independently
with probability p = c ln(n)/n for some constant c = Θ(1). Equivalently, let G = (V,E) be an Erdős-Rényi
graph with edge probability c ln(n)/n, and include eu + ev iff (u, v) ∈ E. We can compute that EG[r

a] ∈ Θ(n) if
|a| ∈ Θ(n). By Chernoff’s bound, with high probability, for a single Erdős-Rényi graph, low Hamming-weight
Fourier frequencies with |a| ∈ Θ(1) will have polynomial decay, (|a| ∈ O(log(n)) gives subexponential but not
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polynomial), while high Hamming-weight frequencies with |a| ∈ Θ(n) will have exponential decay variances.
Therefore, by choosing a kernel with sufficienty large weights on the low Hamming-weight part of the spectrum,
one can avoid barren plateaus.

We identified IQP-QCBMs of sparse-ER architecture as potentially relevant, in the sense that they are trainable
in the low-weight moments while remaining non-dequantizable as a sampling family. Nevertheless, whether the
learning task remains classically hard, when given access to data, remains as an open question.

Theorem 3.3 (Trainable but not classically-simulable, for low moments). Under the average-case hardness
assumption for discrete-parameter sparse IQP circuits [3] and noncollapse of polynomial hierarchy, for every fixed
body order k0, there exists a high-probability sparse-IQP family T = {Tn}n such that:

1. every C ∈ Tn has inverse-polynomial gradient variance for all Fourier moments of Hamming weight at most
k0, and hence a kernel focusing on low-weight frequencies grants trainability (no BP).

2. no single uniform polynomial-time classical sampler can approximately sample all circuits in Tn.

We provide two experimental validations of our theoretical predictions. First, we verify the scaling of MMD’s
partial derivative w.r.t. the qubit number on synthetic datasets of size n = 20, 40, . . . , 200, whose marginals and
correlations approximately match the Fourier spectrum of binarized MNIST. We test the five IQP architectures
considered in the paper: Product States, 2D Lattice, Sparse ER with c = 0.5, Sparse ER with c = 2, and (complete)
all-to-all-connected 2D graph. We consider three kernels supported respectively on frequencies of Hamming-weight
2, log(n), and n/4. The results are shown in Figure 1 (top row). Across all kernels and architectures, under uniform
distribution of parameters, the observed gradient scaling is either polynomial or exponential in n, in agreement with
the predictions from Theorem 3.1. Second, we study MMD loss trajectories to test whether the predicted presence
or absence of barren plateaus matches practical trainability. We show the training MMD trajectories in Figure 1
(bottom row). The 2D Lattice and Sparse ER architectures exhibit improved training stability and convergence as
the sample size for gradient estimation increases. Moreover, the 2D Lattice architecture consistently shows a faster
convergence than Sparse ER, matching its smaller critical rank. In contrast, the (complete) all-to-all-connected
graph architecture remains untrainable even at the largest sample size, consistent with the predicted barren plateau.
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Figure 1: Top: Scaling of MMD’s derivative w.r.t. the qubit number, measured on MNIST-inspired datasets with
the mean and standard deviation reported over 50 repetitions. Bottom: Trajectories of the training MMD loss for
learning the 784-qubit binarized MNIST dataset, with increasing sample sizes for estimating the MMD loss.
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