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Introduction. Reinforcement learning (RL) studies sequential decision making, where actions
have consequences over time. Besides learning values directly from experience, a central route to
this problem is to learn a model that can be queried before acting, from classical model-based
RL to modern learned world models [19, 27, 28]. In this setting, a world model serves as an
internal simulator: conditioned on the agent’s realized history and a candidate action, it predicts
future observations and rewards for planning [13| 14, 24]. The promise is compelling: simulated
experience can improve decision-making without relying solely on trial-and-error interaction with
the real environment [14, 24].

For control, the relevant object is not only an unconditional sample from the environment. A
planner asks conditional questions: after this history, what would happen if we take this action?
World models can generate future trajectories, but their utility for control depends on accurate
predictions conditioned on both the realised history and the candidate action [11, 22, 26]. This
distinction becomes important in rare but critical safety situations, such as a pedestrian suddenly
entering the road. Although such histories may have negligible probability under the natural traffic
distribution, inaccurate conditional predictions can still lead to catastrophic decisions once they
occur. Accordingly, safety evaluation increasingly considers targeted rare-event scenarios alongside
average-case performance [I8| 23]. We focus on exact conditional simulation for planning: given
a history relevant to a control decision, the model predicts the outcomes, rewards, and updated
memory associated with each candidate action.

In partially observable environments, optimal decisions depend on the action-observation his-
tory. A compact world model therefore compress the past without discarding information relevant
for control [16, 17, 20]. Classical finite-memory models encode histories as probability distributions
over finitely many distinguishable latent states. Quantum stochastic models suggest a different
possibility: predictive information can be stored in nonorthogonal quantum states, reducing the
required memory to simulate classical stochastic processes, including rare-event regimes [11 [6] [7]
10, 12, 21]. In this work, we ask whether this quantum memory advantage in stochastic simulation
can extend to sequential decision making. We show that: finite quantum memory can preserve
decision-relevant information that no finite classical memory can retain, enabling exact conditional
planning where finite classical world models necessarily misestimate the consequences of actions.
Contributions. The main result is an unbounded separation for conditional planning between
classical and quantum world models. We construct a fully classical controlled world with an
infinite family of histories H = {h:}+>0 such that every finite-state classical world model eventually
loses decision-relevant information across this infinite family of histories. As a result, any planner
using such a model persistently misestimates the future return of at least one candidate action,
independently of the number of classical memory states. The same world admits an exact finite-
dimensional quantum model, which predicts the correct conditional future after every history and
action, enabling exact planning and optimal control.

First, we formulate world models as planning interfaces: after a realised history, the model
must answer conditional queries of the form “what would happen if action a were taken now?”
and support rollouts from the corresponding updated memory. Second, we use the Fox—Rubin—
Dharmadhikari-Nadkarni (FRDN) renewal process [4, [5, 9] as a benchmark for a decision-relevant
memory effect that finite classical positive models cannot retain [29] [30]. By adding actions that
continue, reset, or probe the process, this predictive limitation becomes a persistent error in the



expected returns used for planning. A finite-dimensional quantum model, in contrast, stores the
relevant information in nonorthogonal memories and predicts the benchmark exactly. Third, we
complement this exact separation with a quantum bisimulation distance, which quantifies how
approximate quantum memories affect the values and action-values obtained by planning.
World models and quantum realizations for RL. Consider a realised history hy = (ag, y1,. .., a—1,Yt),
where each outcome ys; = (05, 75) contains a classical observation ogs and reward rs. A world model
M compresses h; into a memory state z = Ejr(hy). When queried with a candidate action a, it
samples Y = (O, R) ~ Py (- | z,a) and updates its memory to Ty (z), so that subsequent simulated
queries represent the extended history hsy1. Repeated queries therefore generate simulated rollouts
from the updated memory. The quantity optimized in RL is the return, namely the discounted
cumulative reward G' = Y, <, v Ri+1, with y € [0,1). A policy 7p(- | z) maps each model memory
state z to a distribution over actions and describes the agent interacting with the world model. Let
Ef\’;ﬂ denote expectation over model-generated trajectories initialized at memory z, taking action
a first and following mys thereafter; 3 » denotes the analogous expectation when myy is followed
from z immediately. The action-value Q7,(z,a) = E};'_[G] is therefore the model-predicted return
of choosing a as the first action. The value function Vip(z) = E3;[G] is the predicted return
when the policy is followed from the start. Optimal planning compares candidate actions through
Qs (z,a) = sup, QF,(z,a), with Vi, (2) = max, Q},(z,a). Thus, planning uses the world model to
compare candidate actions through their predicted returns; the model is judged by the values its
conditional predictions and memory updates induce.

The classical baseline is the usual finite-state POMDP or hidden-state generative model [3, 16],
written in controlled positive-realization form [I5l 29]. An N-state model stores a belief z €

(

An_1, and each action-outcome branch (a,y) is a non-negative matrix Dya) with 17 >y Dg(/a) =17
(1 is the all-ones vector). It predicts and updates by Po(y | z,a) = (1,D?(Ja)z> and T¢  (z) =

Dz(,a)z /(1, Dz(,a)z>. We note that the belief simplex is continuous and includes the Bayesian belief-
state representation used for planning under partial observability.

A quantum world model realizes the same classical input—output interface with a finite-
dimensional quantum memory. The memory is a density operator p € S(Hg), and each action
is represented by an instrument {Sg}y of completely positive trace-nonincreasing maps, with
Po(y | p,a) = Tr[E)(p)] and T ,(p) = &;(p)/ Tr[€;(p)]. For a history h, products of classical
branch matrices are replaced by compositions of instrument branches &; the encoded memory is
Eq(h) = &n(po)/ Tr[Eh(po)]. The agent, actions, observations, rewards, and planner remain classi-
cal; only the internal memory used to answer conditional planning queries is quantum. Classical
models correspond to the special case where memory states remain diagonal in a fixed basis, so
each instrument branch acts only as a classical update of the associated probability distribution.
FRDN benchmark and separation. Our benchmark is based in the construction of a classical
world using the FRDN process [4, B, 9]. After each reset, a hidden lifetime L is drawn and the
process emits Ticks until the lifetime ends. For parameters 0 < A < 1/2 and a/7 ¢ Q, the
probability of surviving at least ¢ ticks and the conditional one-more-Tick probability are

O(t+1)

O(t) =Pr(L >t) =Y Nsin’(la/2),  S(t)= O f(ta).
l=t

Here f is continuous, nonconstant, and periodic, so the irrational phase ta never collapses to a
finite cycle. This is the feature that finite positive memory cannot reproduce exactly. We turn this
prediction benchmark into a controlled world with three actions. At a history h{ik of ¢ consecutive
tick branches since the last reset, Wait produces another Tick with probability S(¢) which rewards
the agent and otherwise resets after a breakdown and the agent pays a cost; Maintain resets
immediately with a maintenance cost; Probe tests the same Tick event as Wait but resets after



either outcome. The reward and cost constants are chosen so that the cumulative rewards of the
candidate actions depend nontrivially on S(t).

For any finite classical world model, the all-Tick histories are generated by repeated powers
of one non-negative Tick branch matrix Dr: Po(t) = (1, Dkzp) and Sc(t) = Po(t + 1)/Po(t).
Perron—Frobenius theory [2, 25] forces such predictions, along finitely many residue classes, to
converge to finitely many limiting phases. The benchmark prediction S(t) = f(ta) keeps sampling
an irrational orbit. Consequently there is a constant €9 > 0, independent of N, such that every
N-state classical world model satisfies

T
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The same argument also give an optimal-value gap €g-error. This benchmark certifies an unbounded
finite-classical-memory limitation for planning, and states that any classical agent planning in this
classical world model will incur an error of at least £y on its estimated (action)-value functions.
The quantum side uses a qutrit realization of the FRDN process as a memory primitive [7]. On
Ho ~ C3, the Wait-Tick branch is Egg (p) = AT,OATT, with Ap = VA e 792¢i@02/2¢70: ], where X
and Z act on the {|0),|1)} subspace and the reset state py and constant r are fixed by the FRDN
parameters. The remaining branches complete the instruments: breakdown and Maintain reset to
po, while Probe reads the same Tick event and then resets. If p; = (5% Ye(po) and p; = p¢/ Tr py,
then Trp, = ®(t), Po(yr | pt, W) = Trpeqr/ Trpe = S(t), and TgfyT(pt) = pt4+1. Therefore the
updates are exact at every history and achieves zero model-induced error in V' and Q.
Quantum bisimulation distance. Classical bisimulation metrics compare states through the
rewards they produce and the future states they lead to, giving a planning-aware notion of state
similarity [8]. We extend this to quantum world models to quantify robustness: two quantum
memories are close when replacing one by the other has little effect on the values and action-
values induced by planning. We use subnormalized quantum states 7, whose trace is the branch
probability and whose normalized state is the posterior memory. Define the branch-weighted reward
rQ(r,a) =3_, ry Tr[€)(7)]. The quantum bisimulation distance is the fixed point

do(r,w) = max | (1 - 7)lrq(r, a) — ro(w, a)| +7~ > dQ(fﬁ(T),f‘?Z(W))]'
yey

The recursion compares immediate reward consequences and then compares the future branch
memories reached under each possible outcome. This distance has direct planning meaning. For
the optimal value and action-value functions, |17§(7') - 175(0.:)| <dg(t,w)/(1 —~) and \@Z)(T, a) —
@’é(w,a)] < dg(r,w)/(1 —7); if rewards are bounded by Rmax, then do(7,w) < Rmax||T — w]|1.
For the FRDN quantum world model, we analyze different setups where dg(pt, ps) = |S(t) — S(s)].
Thus the metric identifies precisely the distinctions between quantum memories that the available
actions can convert into reward or future planning differences.

Outlook. Our results identify finite quantum memory as a resource for world modeling and show
that memory itself matters: quantum memory can genuinely improve prediction and planning.
This suggests a hybrid role for quantum processors as compact conditional simulators, queried by
classical planners when rare histories make errors most costly. A natural next step is to understand
when approximate quantum world models yield practical advantages.
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