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Introduction Photonic quantum systems are a promising platform for near-term quantum technolo-
gies, combining low noise, high-fidelity linear-optical operations, and scalability to large numbers of opti-
cal modes. In particular, passive linear optics provides an experimentally mature model of bosonic quan-
tum computation that has emerged as a candidate for demonstrating quantum advantage through sampling
tasks, while increasingly being explored as a hardware-efficient architecture for quantum machine learning
and variational quantum algorithms [3-9]. Despite this progress, a general characterization of the statistical
properties of passive linear-optical circuits remains elusive. In particular, no general framework currently
exists for evaluating second moments of bosonic observables under random interferometers, beyond specific
observables or asymptotic regimes.

Second moments play a central role in several aspects of quantum machine learning. They characterize
the fluctuations of output probabilities that underpin anti-concentration, a key ingredient in hardness-of-
sampling arguments that has remained conjectural beyond the dilute regime. For variational quantum algo-
rithms, they quantify the concentration of expectation values and gradients responsible for barren plateaus.
While second-moment analyses have become standard for qubit and fermionic architectures, no comparable
theory has been available for passive linear optics in experimentally relevant regimes [10-14].

In this work, we develop the first general framework for computing second moments of particle-number-
preserving bosonic observables under Haar-random passive linear-optical transformations. Exploiting
representation-theoretic tools for the unitary group, we derive closed-form expressions valid for arbitrary
number of photons and modes, thereby avoiding the regime-specific approximations underlying previous
analyses [15, 16].

We first show that the our formalism provides a unified approach to analysing concentration phenomena
in variational photonic algorithms. By classifying observables according to their representation-theoretic
structure, we identify broad families of trainable observables that also admit efficient classical simulation.
Conversely, for Fock-state inputs, we identify a class of observables, which we call generalised parity operators,
that can evade concentration while seemingly remaining beyond the reach of currently known simulation
techniques, suggesting a regime in which trainability and classical hardness may coexist. Moreover, we
further establish anti-concentration of Boson Sampling output probabilities in the experimentally relevant
regime, resolving an open conjecture and taking a step closer to a rigorous proof of the hardness of boson
sampling [15, 17].

Framework The bosonic creation and annihilation operators act on the m-mode (infinite-dimensional)
Fock-Hilbert space ¥ = @@0 Fn, with 7, the subspace of n photons spread across m modes, satisfying

dim(F,) = ("+’:_1) asitis spanned by the set of m-tuples of nonnegative integers summing to n, which we de-
note by @, ,. The group of m-mode passive linear optical transformations can be identified with the unitary
group U(m) and its action on the n-photon subspace is given by the totally symmetricirrep ¢, (U) := U*"|,.
Our analysis focuses on the space W = (D), ., Wy, of particle-number-preserving bosonic observables, where
each fixed photon-number subspace corresponds to W,, = F,®F,’. We consider expectation values of such ob-
servables under random interferometers, i.e. U ~ Haar(U(m)), of the form fi;(p, O) = Tr [p P.()TO @, (U)] ,
where O € W and either p or O is supported on the n-photon subspace W,,. Although the dynamics within
each fixed-particle-number sector are described by the representation ¢, (U) of the low dimensional Lie group
U(m), evaluating expectation values can nevertheless be computationally hard.

A canonical example is provided by Boson Sampling output probabilities, where both the input state and
the measurement are projectors onto Fock states [15]. In particular, for an output configuration S € @}, of a
boson sampler, we define py;(S) as the probability of observing outcome |S) after evolving the reference input
state [S¢r) =|1,...,1,0,...,0) under the action of the interferometer U. These probabilities are #P°—hard to



compute exactly in general, which underpins the computational complexity of Boson Sampling and motivates
the study of the more general class of bosonic observables for variational photonic models.

Main results We have three main results. First, we develop a representation-theoretic framework that
yields closed-form expressions for second moments of arbitrary particle-number-preserving observables Haar under
random interferometers. Second, we evaluate these expressions for relevant classes of bosonic observables,
providing a unified representation-theoretic interpretation of generalized entanglement and locality in the
bosonic setting. This allows us to study concentration in photonic quantum machine learning models. We
further relate these concentration properties to classical simulation techniques, identifying broad classes of
trainable observables that admit efficient classical simulation algorithms. Finally, applying this framework to
Fock-state Boson Sampling, we derive a closed-form expression for the normalized average collision probability and
thereby prove anti-concentration in the saturated regime, a conjecture previously only supported by numerical
evidence [15, 17] and that is closely associated with hardness claims for sampling.

a. Second moment expression. Our first result gives a general formula for second moments of expecta-
tion values of particle-number-preserving observables of the form under Haar-random passive linear-optical
transformations. Specifically, by averaging over random interferometers, the second moment expression re-
duces to computing Hilbert-Schmidt norms of projections into irreducible representation, i.e.

n

Bt [fulp, OF] = Y~ 1PV (IO, M)
A=0 d/\

where A ranges over all i 1rreps of W, (under the adjoint action of ¢,) and P( )( -) projects onto the subspace
carrier of A of dimension d . This is stated formally in Proposition 2 of [1] Next, we derive a closed-form
expression of Eq.(1). To ach1eve this, we derive intermediary results for irrep projections and their norms,
which may be of independent interest. Specifically, we exploit the Howe-duality structure of the operator
space to derive expressions for these norms avoiding the computatlon of Clebsch—Gordan coefficients. We
derive a recursive formula for computing the projections P (n) (O) given in Proposition 3 of [1]. This recursive
projection method yields a compact expression of pr0]ect10n norms given in Corollary 1 of [1], that can be
efficiently computed for a wide class of bosonic observables of interest.

b. Exponential concentration and classical simulability. Variational quantum algorithms, in which a parametrized
quantum circuit is trained by a classical optimizer, have emerged as a popular paradigm for near-term quan-
tum devices [18-20]. Their practical viability, however, is threatened by the Barren Plateau (BP’) phenomenon
[21]: for wide classes of circuits, the loss function concentrates exponentially around its mean as the sys-
tem size grows, so that gradients vanish exponentially fast, precluding the efficiency of training strategies
[22,23]. We study the presence of BP in linear optical models, and study their link to classical simulation. We
show that concentration is governed by the misalignment of the irrep projections of the input state and the
observable, providing a unified representation-theoretic interpretation of generalized entanglement and lo-
cality in the bosonic setting. We further relate these concentration properties to existing classical simulation
techniques, identifying broad classes of trainable observables that admit efficient classical simulation. Con-
versely, we show that for Fock-state inputs, generalized parity operator seem to evade concentration while
remaining beyond the reach of currently known simulation methods, revealing a regime where trainability
and classical hardness may coexist. We summarize our results in the table of Figure 1.

c. Anti-concentration. Our last main result is a proof of anti-concentration of the output distribution
of Fock-states Boson Sampling in the saturated regime, where the number of modes grows linearly with the
number of photons. Anti-concentration is a property of random sampling schemes, related to the flatness of
the distribution. It is a key ingredient in hardness arguments of approximate sampling, but while proved
for many schemes [10-14] remains poorly understood in Boson Sampling. Anti-concentration of Boson Sam-
pling can be formulated as Prs u[pu(S) > a/|®}|] > y for constants @ € [0,1] and y > 0. A natural
quantity capturing anti-concentration is the so-called normalized average outcome-collision probability defined
as Py(m, n) = [D}] Yigeqn Eu~u(mlpu(S)?]. To prove anti-concentration, we use the second moment expres-
sion for boson sampling output probabilities and obtain an analytical expression for P>(1m, 1) in Theorem 1
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FIG. 1: Exponential concentration and classical simulation for observables in passive linear optics. The dif-
ferent regimes are described by p, with p the number of occupied modes for the last case. All observables
considered are normalized by its infinite value in order to make it shot efficient to measure on a quantum
computer. We highlight the regime where there are no barren plateaus but also currently no known provably
efficient classical simulation methods.

of [1], valid for arbitrary numbers of photons and modes including both dilute and saturated regimes. From
this expression we derive its asymptotic scaling and a uniform (in n) upper bound. In the dilute regime,
we recover the known linear growth Py(m, n) = ©(n). By contrast, in the regime corresponding to m = cnf
withc > 1and 1 < B < 2, we obtain a different scaling, i.e., Po(m,n) = m/n + 1 + o(1). Moreover, our
uniform upper bound, namely P>(m, n) < 2(m/n + 1) implies via Paley-Zygmund’s inequality that standard
anti-concentration holds in the linear regime m = cn, i.e.
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The above bound confirms the anti-concentration conjecture of [24] in the experimentally relevant saturated
regime and complements recent hardness results for boson sampling beyond the dilute limit. Beyond hard-
ness, the same quantity P»(m, n) provides (1) the ideal reference value for linear cross-entropy benchmarking
[13], linking our analysis to practical validation protocols for photonic experiments (2) an exponential lower-
bound on the sample complexity of ¢-certification of Boson Sampling [25], showing Boson Sampling does
not admit efficient certification procedures, (3) an improved sample complexity upper bound for bosonic
filtered randomized benchmarking [26] and (4) rules out classical simulation of Boson Sampling based on
the sparsity of the distribution, as this condition is incompatible with anti-concentration [27].

Conclusion and discussion Inthis work, we develop a representation-theoretic framework for computing
second moments of expectation values of bosonic observables under passive linear-optical evolutions. With
these tools, we provide a thorough analysis of the exponential-concentration in quantum machine learning
models, revealing a regime where efficient trainability and absence of efficient classical simulation methods
may coexist. Moreover, by deriving an analytical expression for the normalized average outcome collision
probability, we established anti-concentration in Boson Sampling. This provides analytical evidence sup-
porting hardness conjectures in experimentally relevant settings.

Several natural open directions follow from this work. A first question is whether similar representation-
theoretic techniques can be extended to higher moments, which would provide access to finer statistical
features of boson sampling distributions and further strengthen complexity-theoretic arguments. Another
important direction is to relax the fixed particle-number assumption on both observables and input states,
requiring to handle representations with multiplicities, and extending the framework to incorporate realistic
experimental imperfections, such as photon loss and partial distinguishablity. Regarding quantum machine
models, our findings on the one hand open the door towards designing efficiently trainable models that
escape all known classical simulation methods. This raises the questions of finding broader classes of ob-
servables with these properties, and assessing their usefulness in practical scenarios. On the other hand,
our findings raise the question of whether new classical simulation methods can be cooked up to efficiently
simulate observables in these barren-plateau-free regimes.
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