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1 Introduction

Barren-plateau theorems concern gradients of expectation-value objectives [1-3], where the loss has
the form
L(0) = Te(Hp(0))

for a fixed observable H. This form is load-bearing: each gradient component can then be written as
the expectation of a fixed operator, and it is such expectations that concentrate under sufficiently
random circuits. Many standard concentration-based proofs rely largely on three ingredients: i)
fixed-observable reducibility, ii) sufficient circuit expressivity, and iii) a sufficiently global cost. Most
mitigation strategies alter the circuit, cost, or initialization distribution while retaining the first.
Such modifications can restore gradients, but tighten a familiar double bind: the same modifications
tend to render the model classically tractable [4]—or, at best, relocate the problem to selecting
among exponentially many trainable regions [12].

The first ingredient is less often isolated as a structural assumption, in part because Tr(Hp) is
inherited from the origins of the variational paradigm in ground-state preparation [5] and appears
almost intrinsic to what a quantum computer measures. Yet many learning objectives are not of
this canonical form: divergences |6], likelihoods |7, 8|, and risk functionals such as CVaR [9] are
non-affine in the measured statistics. Existing results are conditional or downstream: bounded-
sensitivity transfer theorems show that broad classes of non-affine losses inherit barren-plateau
scaling [10]; particular unbounded objectives can exhibit distinct gradient behavior [6]; and finite-
shot analyses reveal separate operational barriers [11|. These results determine whether particular
constructions succeed or fail, but they do not isolate the structural reason that their behavior may
differ from expectation-value costs. The upstream question is therefore: for which objectives is the
fixed-observable reduction available at all, and what governs gradients when it is not? An exact
answer to the first turns the second from a case-by-case question into a three-factor analysis.

2 The structural boundary

Given a set of fixed Hermitian observables {O1, ..., Oy}, we denote their expectations by F(p) =
(Tr(pO1),...,Tr(pOy)) € R™. We call this chosen family the measurement interface, fixed by
which expectation values enter the loss rather than by how they are estimated, so the boundary
below is independent of the measurement protocol. For an objective L(6) = f(F(p(0))), where
the classical function f — the head — scores the exposed statistics, our main result characterizes
exactly when a fixed-observable representation exists.

Theorem 1. Let U C R™ be a non-empty open set explored by the ansatz, i.e. U C {F(p(0)) : 0 €
RP}. Then there exist H € span{O1,...,0y,} and ¢ € R such that

L(0)=Tr(Hp#))+c  forall @ with F(p(#)) € U
if and only if f is affine on U.

The proof is elementary (see [13]); its content lies in the premise it makes explicit. Existing
transfer results establish, for some families, that particular non-affine losses inherit barren-plateau
scaling; the boundary identifies the structural fact upstream of them—exact fixed-observable re-
ducibility holds precisely for affine heads.

Thus non-affineness is not a guarantee of trainability. It marks the point at which the objective
is no longer reducible to a single fixed observable, and whether gradients vanish must be analyzed
through the interaction between the measurement interface and the classical head.
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3 Gradients in the nonlinear regime

With no fixed observable to absorb it, the gradient is separated by the chain rule,
VoL =Jpgr,  gr=Vrf(F(9)),

where the feature Jacobian Jp carries the model’s responsivity and gr the loss-side signal. With
Umax a leading left singular vector of Jp, the transmittance 7 = [(gr, Umax)|/||gF7|| € [0, 1] measures
their alignment, and a singular-value bound gives

IVoL|| = omax(Jr) T llgr -

Exponential decay thus requires at least one of the three factors to vanish exponentially; concentration-
based arguments constrain only the first. The decomposition connects to the standard diagnostic in
one direction: the second moment of oyax(Jr)|lgr|| upper-bounds the aggregate gradient variance,
hence each per-parameter variance [13|, so exponential suppression of the factors implies suppres-
sion of the variance diagnostic. The converse does not follow: variance suppression does not identify
which of the three factors has collapsed.

This separates two loss classes. Bounded-gradient losses—smooth or Lipschitz, including the
divergences of adversarial training—cannot compensate a contracting Jacobian and inherit suppres-
sion. Losses whose feature-space gradients are unbounded need not: for the negative log-likelihood,
|lgr|| grows as the inverse of small probabilities, of order 2"/2 near the uniform regime. Amplifica-
tion is real on the loss side, but only transmitted if T survives—and at the full probability-vector
interface (m = 2") an isotropic baseline gives 7 = ©(27"/2), neutralizing the growth. This is the
gradient-level face of a distribution-level fact: generative models whose outputs anticoncentrate
are untrainable on average [15]. Both classes fail at exponential width: the obstruction is not the
circuit alone but its interaction with the interface, whose width is a design choice. Compressing to
polynomial width, m = poly(n), removes the dimensional source of vanishing transmittance and
returns the three factors to play. Whether they can be jointly controlled is no longer a question
about the loss, but about the representation through which the model meets it.

4 A compressed interface

We test one instantiation of a polynomial-width interface. A domain-wall state |0)®™/2|1)®7/2 ig
evolved under local U(1)-conserving dynamics: total charge is preserved, and the initially sharp
density profile relaxes toward a uniform one within the fixed-charge sector. The intermediate regime
between these extremes, set by the local dynamics and the evolution time, defines the task: an
unconstrained hardware-efficient student is trained to match the evolved teacher’s statistics. Rather
than learning the full distribution over 2" outcomes, the interface exposes only the joint charge of b
contiguous blocks—at n = 8, b = 4, the domain wall itself reads |00001111) — (0,0, 2,2). For fixed
b this gives width m(n) = [[;(|B;[ +1) ~ (n/b+ 1)® = poly(n): the same system, read through
coarse conserved-charge statistics rather than over individual bitstrings.

Three classical heads are compared on this task—linear (affine), Jensen—Shannon divergence (in-
heriting), and negative log-likelihood (amplification-capable)—with gradients probed under finite-
shot estimation. The chain-rule hierarchy holds both exactly and at finite shots, ordered NLL >
JSD >> linear, with resolved NLL gradients ~10%x the linear baseline at n = 24 at matched shot
cost (Fig. 1). Classifying the scaling by AICc model selection over equal-complexity models (details
in Sec. VI of [13]), the linear and JSD trends decisively favor the exponentially decaying class; the
NLL trend separates from it over the tested window (n = 8-24), though the data do not identify a
unique sub-exponential trend.

We are deliberate about what this does and does not show. The shot budget required to resolve
these gradients grows exponentially for all three heads (Fig. 1B,D); by the estimation criterion the
task remains within the barren-plateau phenomenon, and a larger resolved gradient need not trans-
late into faster optimization. What the numerics establish is different: the amplification mechanism



Trainability Beyond Linearity in Variational Quantum Objectives 3

(A) Resolved gradient magnitude (B) Absolute shot frontier
100 4 _ jsd
°: 8 linear
10-14 \.ﬁ.\ 108 + T/- o
_ ——— . <X
B e Y I ) v
=102 -.\.\ —" 107 + /
z =
= ® o 5 &
L1034 T, \'\ 105l /
5 —~—— o = @
L 10-4 .\. \.\ = ./
—~——— — . 10° ;/1
®. 104+ E
1076 4 \'\. !/
" + + + + 4 linear n + +
(C) Gradient ratio to linear (D) Shot ratio to linear
S 104 O e @ @ 25T T
°
E 1031 . ./'\./ 52071
2 ® o-— 2
S 102 £1s T
= I R / ! ! .
5100 — — " e =10 d ixi l l\'<|
@ * ]
Z10] ; ; ; ; ; ; ; 057 i 1

i ' ' ' '
8 10 12 14 16 18 20 22 24 8 10 12 14 16 18 20 22 24
n qubits n qubits

Fig. 1. Single-parameter finite-shot probe on the charge-conserving block interface (b = 4). The accepted frontier
M* is the smallest shot budget with median signal-to-noise ratio at least 2. NLL resolves gradients ~10%x larger
than the affine baseline at n = 24 at comparable shot cost, while the observed M™* grows exponential-like for all
three heads.

of Section 3 is real and measurable, and the remaining failure is localized to a single factor—the
responsivity omax(Jr), the sensitivity of the exposed statistics to the circuit parameters. On this
interface it decays because the statistics are still extensive: each block aggregates ©(n/b) qubits,
so the exposed variables grow with system size even though m(n) stays polynomial. The head is
thus a genuine design axis—it demonstrably changes the gradient scaling class—but one axis is
not enough; the polynomial-width condition needs a finer-grained refinement toward statistics that
remain intensive.

5 Outlook

Beyond the affine boundary, exponential suppression is not structurally enforced by the fixed-
observable template alone: gradients are governed by three factors, set jointly by the exposed
statistics and the head that scores them—mnon-affinity is not a loophole in the concentration proofs
but a design space. The contribution here sharpens two programs. For barren-plateau theory, the
non-affine regime is a ripe target: concentration guarantees that do not route through a fixed ob-
servable, in particular for unbounded heads, would be strictly more general than the affine template.
For constructive work, the target is a positive demonstration under realistic resources: polynomial
shots [11] and optimization that survives a rugged landscape [14]. We leave the constructive side
as a hypothesis, Polynomially-Barren & Just-Right (PB&J): some physically natural tasks admit
a polynomial-width interface and an initialization region of inverse-polynomial measure on which
all three chain-rule factors, and hence the gradients, remain inverse-polynomial [13|. The diagnosis
of Section 4 suggests a design principle: exposed statistics should remain intensive as the system
grows—plausibly through transport-adapted or band-limited interfaces exposing slow modes asso-
ciated with conservation laws, complementing recent spectral perspectives on quantum machine
learning [16]. Neither program presumes quantum advantage: the head is classical, so the loss is
classically simulable whenever the interface statistics are, and the double bind relocates to the in-
terface rather than dissolving [4]. The boundary is what these arguments trace; the question that
follows is which representations admit learning, and which do not.
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