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Quantum reservoirs (QRs) are among the most hardware-friendly approaches to quantum machine learning on
near-term devices. Inherited from classical reservoir computing [1–4], their core idea is to use the dynamics of
a fixed, typically random quantum system to process input data. Each data point is embedded into the reservoir
state, evolved through the quantum dynamics, and represented by a set of measured observables. These
observables form a feature vector that is passed to a classical readout, usually a simple linear regression, under
the premise that the reservoir dynamics have extracted sufficiently informative features for the target task.

The same mechanism appears in two related settings. In quantum reservoir computing (QRC), the reservoir
processes temporal signals and retains a fading memory of past inputs, making it suitable for time-series
tasks [5–7]. In the quantum extreme learning machine (QELM) setting, inputs are processed independently,
with no memory across samples, which is suitable for static regression and classification [8]. Since the quan-
tum system itself contains no trainable parameters, the QR performance depends strongly on the choice of its
fixed random dynamics. At scale, QR diagnostics become design tools, identifying which dynamics are worth
implementing and likely to yield usable predictive power. Several diagnostics have therefore been proposed to
characterize good reservoirs. Dynamical and spectral criteria relate performance to quantum chaos and to the
transition between integrable and chaotic regimes, for instance through level-spacing statistics in transverse-
field Ising models [9]. The majorization principle [10, 11] ranks random circuits by the statistical disorder of
their output distributions and has been shown to correlate with QR performance [12]. Other approaches, such
as the entanglement spectrum [13] and Krylov complexity [14], quantify the dynamical complexity of the QR
through the spreading of quantum states.

These indicators, however, do not provide a fully general and scalable diagnostic for QRs. Some are tied
to specific physical models and do not naturally apply to arbitrary analog or gate-based reservoirs. Others
are more general but require resources that grow prohibitively with system size: they require access to the
full state, the full unitary, or the full output distribution. What is missing is a diagnostic that is general
across reservoir families, scalable beyond small Hilbert spaces, and robust to finite sampling and hardware
noise. In this work, we propose two complementary diagnostics that address this gap. The first is a scalable
measure of expressivity based on the order-statistics (ORS) score, recently introduced for simulation-free
fidelity estimation of individual circuits [15]. We adapt ORS to quantify how close a reservoir ensemble
is to Haar-random behavior through its measurement statistics. Instead of reconstructing a full distribution,
ORS uses only the few most likely measurement outcomes, giving a cost that is independent of Hilbert-space
dimension. Crucially, we show that both diagnostics are strongly predictive of learning performance across
QELM and QRC tasks, so they can guide reservoir design rather than only characterize it after training.

Let a reservoir instance produce probabilities {pj}Dj=1 over the D = 2n computational-basis states. We sort
them as

p(1) ≥ p(2) ≥ · · · ≥ p(D). (1)

For a Haar-random state, the distribution Pk(x) of the k-th largest probability is known analytically [15].
Given an ensemble of M reservoir instances, we evaluate the Haar log-likelihood of the observed top-K
ranks,
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where p(k)|m is the k-th largest output probability of the m-th reservoir instance. The Haar reference value,
denoted ΛHaar,K , is obtained by evaluating the same quantity analytically under the Haar order-statistics dis-
tribution. We then define the ORS expressivity diagnostic as the signed gap

GORS,K = ΛK − ΛHaar,K . (3)
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Reservoir ensembles whose top-ranked output probabilities follow Haar order statistics have GORS,K ≃ 0,
while deviations from zero indicate departures from Haar-random behavior. This provides a scalable diagnos-
tic of reservoir expressivity that is defined for arbitrary reservoir families and depends only on K measured
bitstrings per reservoir instance, with K ≪ D. The ORS diagnostic has a natural extension to depolarizing
noise [15]. If f denotes an effective circuit fidelity, the noisy probability and noisy ORS are defined as
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For f > 0, this affine transformation preserves the ordering of the probabilities. The Haar reference shifts
by Λ

(f)
Haar,K = ΛHaar,K −

∑K
k=1

1
k log f, so under exact global depolarizing the corrected gap G(f)

ORS,K is
invariant in f : gaps at different fidelities are directly comparable, and ORS is usable in noisy simulation and
on hardware. We also introduce a multi-basis extension. A truly Haar-random ensemble is basis invariant,
so its statistics should follow Haar order statistics not only in the computational basis but after fixed basis
changes. For a set B of random local Pauli measurement bases, we compute the ORS log-likelihood in each
basis and average the signed gap of Eq. 3, giving a stricter, more basis-robust expressivity test.

Expressivity alone, however, does not depend on the input distribution, the chosen observables, or the fea-
ture matrix seen by the readout. We therefore complement expressivity with a task-dependent diagnostic of
coverage, defined directly from the feature matrix. Given a training set {xi}Ntrain

i=1 , let h(xi) be the vector of
measured reservoir observables for input xi. We collect these vectors into the feature matrix H and denote its
column-centred version by Hc = H −H . If {σi} are the singular values of Hc, we define the effective rank
as the participation ratio

Reff(Hc) =
(
∑

i σi)
2∑

i σ
2
i

. (5)

This quantity estimates how many independent feature directions are effectively available to the linear readout.
ORS tests whether the reservoir is intrinsically expressive; Reff tests whether this expressivity becomes usable
input-dependent information. We evaluate these diagnostics on reservoir families spanning different levels of
structural complexity. The first set consists of random circuits generated by gates drawn from

G1 = {CNOT, H,X}, G2 = {CNOT, H, S}, G3 = {CNOT, H, T}. (6)

The families G1 and G2 are non-universal and classically simulable, while the non-Clifford T gate makes G3

approximately universal as depth increases [16–20]. The second set consists of diagonal IQP-style ensem-
bles [21–23]. The base family D2 is

U = H⊗n exp

i∑
q

ϕqZq + i
∑

(u,v)∈E

ϕuvZuZv

H⊗n, (7)

with phases sampled uniformly and E sampled from an Erdős–Rényi graph. Although increasing the mean
degree makes D2 more random-looking in output statistics, all generators commute. To test whether breaking
this structure improves coverage, we also consider D2,XZ and D2,XZY , obtained by stacking diagonal blocks
in different Pauli bases.

We validate ORS against KL expressivity, level-spacing statistics, and Krylov complexity in the small-system
regime, where all diagnostics can be computed reliably. All indicators identify the same transition from shal-
low structured circuits to Haar-like, chaotic behavior as the depth of G3 increases. We then show that the
noise-corrected ORS gap preserves the expressivity ranking under simulated depolarizing noise and remains
informative in experiments on IBM quantum hardware. Finally, we relate expressivity and coverage to predic-
tive performance in QELM and QRC benchmarks, including synthetic Fourier regression, LiH excited-energy
prediction, NARMA time-series prediction, and EMSIG residential energy forecasting [24]. For the synthetic
Fourier regression, given a scalar input x ∈ [0, 2π], the target function and input encoding are

y(x) =

JF∑
j=0

[aj cos(jx) + bj sin(jx)] , |ψ(x)⟩ =
kexp−1⊗
q=0

Rz(−3qx)H |0⟩ , (8)
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Figure 1: QELM results on the synthetic Fourier regression task for n = 6. Top: ORS diagnostic, using the single-basis
gap for the G families and the multi-basis diagnostic with B = 50 random local Pauli bases for the diagonal families.
Middle: effective rank Reff . Bottom: test mean squared error (MSE).

with JF = (3na − 1)/2, na = 6 and aj , bj sampled uniformly in [−1, 1]. This makes the target Fourier
bandwidth compatible with the frequencies accessible to the encoding, so that performance differences can
be attributed primarily to the reservoir feature map. We use n = 6 qubits and 5000 samples, with 3500 for
training and 1500 for testing. The readout uses a fixed pool of nobs = 1000 random Pauli observables shared
across all reservoir families.

Across tasks, the expressivity and coverage diagnostics are strongly aligned with performance, as shown in
Fig. 1. For the random-gate families, this behavior is clearest in G3: as the number of gates increases, G3

approaches the Haar reference in ORS, its effective rank rises sharply, and the test error decreases. By contrast,
G1 and G2 remain structurally restricted, do not reach the same Haar-like regime, have lower effective rank,
and perform worse. For the IQP-style families, the purely commuting D2 family is separated from its non-
commuting extensions. It remains further from Haar-like statistics across measurement bases, has the lowest
effective rank, and gives the weakest predictive performance. Adding non-commuting blocks in D2,XZ and
D2,XZY makes the output statistics more basis-robust, increases Reff , and improves test error.

These results support a two-level diagnosis of quantum reservoirs. Multi-basis ORS provides a scalable, task-
independent test of intrinsic expressivity, while Reff determines whether that expressivity becomes usable
task-dependent information for the readout. Good performance arises when both are favorable. Taken together,
these results position ORS and Reff as practical diagnostics for designing QRs rather than merely evaluating
them after training. The framework is general across reservoir families, scalable with Hilbert-space dimension,
and compatible with noisy hardware. It therefore provides a common language for comparing gate-based,
analog, and hardware-native reservoirs, and for selecting reservoirs that are not only expressive but also task-
suitable and resource-efficient.
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