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1 Motivation

Recent years have witnessed growing interest in quantum machine learning [1, 2, 3], motivated by the
ability of quantum systems to process information in high-dimensional Hilbert spaces. This has led to
the development of various QML paradigms, including quantum kernel methods [4, 5] and variational
quantum neural networks [6, 7], often inspired by successful classical machine learning architectures [8,
9, 10]. However, these approaches face significant challenges related to trainability and scalability [11,
7]. Moreover, comparatively little attention has been paid to data-centric techniques such as data
augmentation [12, 13], which play a crucial role in classical ML.

In this work, we draw inspiration from the field of Quantum Harmonic Analysis (QHA) [14, 15, 16]
to propose Harmoniq : a novel quantum data augmentation protocol, which is non-variational, efficiently
implementable on a quantum computer, and modular. It relies on the stochastic implementation of the
Weyl-Heisenberg channel, which smooths the covariance operator of the dataset, thus allowing for better
learning from the data. We demonstrate the approach in the context of signal denoising and show that
it is particularly effective in the small-sample regime.

2 Background

Quantum harmonic analysis. Classical harmonic analysis studies continuous signals in L2(R) using
time- and frequency-shift operators. Their composition yields the time-frequency (TF) shift operator
W (x, z) for (x, z) ∈ R2: W (x, z)g(t) = e2πiztg(t− x).

Quantum Harmonic Analysis (QHA) [14] lifts these concepts to the operator level. TF shifts act on
a trace-class operator O via conjugation, allowing us to define its convolution with an integrable weight
function λ:

λ ⋆ O =

∫
R2

λ(x, z)W(x,z)OW
†
(x,z)dxdz. (1)

Crucially, this convolution acts as a smoothing operation that suppresses unstructured noise. When
O represents a dataset’s covariance matrix, λ ⋆ O yields the covariance of an augmented dataset [16].
This induced regularity forces a faster eigenvalue decay, producing a sharper spectral cutoff for Principal
Component Analysis.

Weyl–Heisenberg matrices. On n qubits (d = 2n), the finite-dimensional counterparts of the TF
shifts are the Weyl–Heisenberg (generalized Pauli) [17, 18, 19] matrices given by

W(x,z) = e−iπxz/d Z z
dX

x
d , (x, z) ∈ {0, . . . , d− 1}×2, (2)

with clock and shift operators given by Zd =
∑d−1

k=0 ω
k
d |k⟩⟨k| and Xd =

∑d−1
k=0 |k + 1⟩⟨k| where ωd =

exp (2πi/d) is the d-th root of unity. With this, the operator convolution in discrete dimensions becomes
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Figure 1: Concept and Implementation of Harmoniq. (a) Classical data signals are normalized into pure
quantum states, allowing the covariance matrix to be treated as a density matrix. The augmentation via
the localised Weyl-Heisenberg quantum channel results in an eigenvalue spectrum with a sharper cutoff.
(b) The augmentation can be implemented stochastically by drawing pure quantum states and Weyl-
Heisenberg matrices. While applied here together with qPCA for denoising, our modular framework
supports diverse methods and applications.

a quantum channel on a density matrix ρ,

PΛ(ρ) =
∑

(x,z)∈Ω

λ(x,z)W(x,z) ρW
†
(x,z), λ(x,z) ≥ 0 and

∑
(x,z)∈Ω

λ(x,z) = 1, (3)

Operationally, this channel corresponds to a probabilistic mixture of d2 unitary evolutions, where each
unitary is a Weyl-Heisenberg matrix W(x,z) and the associated probability weight is λ(x,z).

3 The framework

We introduce an efficient quantum data augmentation protocol. Inspired by quantum harmonic analysis,
we frame augmentation as a localized quantum channel acting on the data’s covariance matrix.

Let F ∈ Cm×d denote the data matrix whose (conjugated) rows are the centered data vectors f̄i ∈ Cd.
Studying the eigenspectrum of the data covariance matrix Σ = 1

m−1F
†F reveals the underlying structure

of the data. The normalized data covariance matrix Σ/tr(Σ) can be encoded as a mixed d-dimensional
quantum state [20] ρ =

∑m
i=1 pi|ψi⟩⟨ψi| where |ψi⟩ is the quantum state corresponding to an amplitude

encoding of the normalized f̄i, |ψi⟩ = f̄i/||f̄i||2 and every vector enters with a probability proportional
to its norm, pi = ∥f̄i∥22/

∑m
j=1 ∥f̄j∥22. Operationally, the density matrix admits a stochastic realization:

it can be viewed as the ensemble average over pure states obtained by randomly sampling data points

according to their energy and encoding them as quantum states, |ψ̂⟩ = f̄î/∥f̄î∥2 with Pr
[̂
i = i

]
= pi.

To augment the data, we pass this mixed state through the Weyl-Heisenberg channel, Eq. (3), which
applies phase-space displacements sampled from a specified distribution. In the language of QHA, this
is an operator-function convolution, Eq. (1). In machine learning terms, it acts as a covariance-level
data augmentation. If we sampled these displacements uniformly across all possible unitaries, we would
destroy the data structure by twirling ρ into the fully mixed state. Instead, we restrict the shifts to a
tightly bounded augmentation window Ω ⊆ Z2

d (|Ω| ≪ d2), directly applying the principle of localized
augmentation [15, 16].

Since constructing this entire channel deterministically on quantum hardware is impractical, we
propose importance sampling to implement it stochastically. Given a pure state |ψ̂⟩, we apply:

|ψ̂⟩ →W(x̂,ẑ)|ψ̂⟩ with Pr[(x̂, ẑ) = (x, z)] = λ(x,z). (4)
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Averaging over these individual unitary evolutions recovers the intended channel PΛ(ρ) in expectation.
The second major contribution is demonstrating that any Weyl-Heisenberg matrix in dimension

d = 2n can be efficiently implemented on a quantum computer with an O(n2) deep circuit. This is due
to the Zz

d component reducing entirely to only one layer of single-qubit phase rotations. The shiftXx
d can

be implemented by changing to the Fourier basis via the Quantum Fourier Transform (QFT), applying
the equivalent Zx

d rotations, and transforming back to the computational basis with the inverse QFT.
Consequently, the overall circuit depth is dominated by the implementation of the QFT and inverse
QFT.

4 Application

We demonstrateHarmoniq for signal denoising via (Quantum) Principal Component Analysis (PCA) [21,
22, 23] on synthetic, time-frequency localized signals corrupted by Gaussian noise. Simulations up to 12
qubits reveal that augmenting the data consistently improves denoising over standard PCA projection
alone. This advantage is highly pronounced in the low-sample regime across diverse noise levels, proving
effectively reinforces latent structures when data is scarce, see Fig. 2.

(a) Normalized Mean Squared Error (MSE) vs. sample
size. Harmoniq significantly reduces MSE compared
to standard projection, particularly in the scarce-data
regime. Inset: Absolute MSE improvement over the
noisy baseline scales favorably with system size, n.

(b) MSE vs. noise level at a fixed sample size (m =
100). Harmoniq consistently outperforms standard
projection across all noise regimes, eventually saturat-
ing near the theoretical limit at high noise.

Figure 2: Performance and Scalability of Harmoniq for denoising applications. In both panels, our
work is denoted by purple dotted lines, color gradients indicate system size, and all data points are
averaged over 100 independent instances.

5 Conclusion and outlook

We introduced Harmoniq : a parameter-free quantum data augmentation protocol inspired by Quantum
Harmonic Analysis that can be implemented as a stochastic channel with only quadratic circuit depth,
assuming access to state preparation oracles. We demonstrated its effectiveness in a signal denoising
task in the data scarcity regime. Natural next steps include task-adaptive choices of the augmentation
window Ω, robustness analyses under realistic noise models, and extensions to broader classes of har-
monic transforms and non-commutative signal representations. Ultimately, we see this work as paving
the way to a richer theoretical foundation for data processing on quantum devices, departing from
variational circuits.
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