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While quantum algorithms promise significant speedups for combinatorial optimization, the true compilation
overhead is often hidden behind abstract black-box oracles. This abstraction threatens to negate theoretical quan-
tum advantages when algorithms are compiled down to fault-tolerant hardware. Drawing on our recent publications
[1, 2], this work bridges the gap between algorithmic theory and physical implementation by presenting a fully
explicit, gate-level synthesis framework for exact integer optimization—specifically targeting Integer Linear Pro-
gramming (ILP) [1] and bounded non-linear Diophantine equations [2]. Unlike standard hybrid approaches, our
architecture relies on purely quantum arithmetic. By coherently encoding integer variables in superposition and
evaluating arithmetic constraints on-the-fly via two’s complement logic, we achieve a fully quantum workflow that
strictly avoids both quantum-RAM assumptions and classical pre/post-processing.

For Integer Linear Programming, an NP-complete problem central to industrial optimization, we introduce a
fully quantum Metropolis—Hastings algorithm that implements a coherent random walk over the discrete feasible
region. Each step is a unitary update that prepares candidate moves and reversibly evaluates the objective alongside
a dedicated constraint-satisfaction counter to ensure feasibility. At the logical level, the complete algorithmic
construction requires only &'(nlogN) qubits to represent n variables over the interval [—-N,N — 1], establishing a
resource-characterized baseline that thermalizes toward optimal feasible solutions.

To tackle non-linear Diophantine systems, which lie at the core of cryptography and remain classically in-
tractable in the worst case, we deploy a tailored reversible framework based on amplitude amplification. Unlike
linear problems, evaluating arbitrary polynomials coherently requires complex arithmetic management. We solve
this by introducing an explicit, garbage-free evaluation oracle. By computing polynomial constraints via in-place
arithmetic and intelligently routing operations into a single recycled accumulator, this strategy successfully avoids
the massive spatial overhead typically associated with uncomputing intermediate polynomial products. Analyt-
ically, we formally prove that the spatial complexity is bounded by ¢ = &((n+ d?)logN) logical qubits for a
maximum degree d, with a non-Clifford Toffoli depth upper-bounded by &'(¢?).
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The primary strength of this work lies in its explicit construction validated by numerical circuit simulations,
allowing for exact resource counts rather than mere asymptotic bounds. As illustrated in the plots above, both
frameworks exhibit highly optimized and predictable overheads. Specifically, the left panel demonstrates that the
Toffoli cost for the ILP architecture scales strictly linearly with the logical qubit count. Conversely, the right
panel shows that synthesizing non-linear Diophantine polynomials achieves a highly efficient subquadratic Toffoli
scaling. By replacing abstract black boxes with rigorous architectural synthesis, we guarantee that the necessary
quantum arithmetic acts as a strictly bounded polynomial overhead. This ensures that the theoretical algorithmic
advantage—whether thermalizing towards an optimal ILP solution or achieving a definitive quadratic speedup in
Diophantine search—is successfully preserved at the fault-tolerant circuit level.
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