
UncoupledQuantum Dynamics and Nash Equilibria

1 MOTIVATION
Uncoupled learning asks whether equilibrium behavior can emerge when each agent uses only her
own payoff information. This restriction is natural in decentralized multi-agent systems: a player
may observe or evaluate her own payoff stream, but need not know the payoff functions of the other
players. In classical games, this restriction leads to a sharp divide. Hart and Mas-Colell showed
that uncoupled dynamics cannot be universally Nash-convergent [HMC03], and in later work
they extended this impossibility to stochastic uncoupled dynamics [HMC06]. Subsequent work
showed, however, that richer, higher-order rules, whose state includes auxiliary payoff-dependent
variables, can locally stabilize certain mixed Nash equilibria [TS23]. All of these works assume that
the strategy space is Euclidean (i.e. R𝑑 ). This leads to the following question:

How does the classical boundary between convergence and non-convergence for
uncoupled learning change when strategies admit a different geometric structure?

This paper studies this question for quantum games, where strategies are density operators rather
than probability vectors. The feasible set of density matrices is organized by the subspaces on
which those matrices have support: an equilibrium may be full-rank, lying in the interior of the
state space, or it may be supported on a proper subspace and hence lie on the boundary—possibly
at a degenerate boundary point where unused directions are payoff-tied with the support. Our
aim is to determine which classical impossibility results for uncoupled learning still hold in the
quantum setting, and which convergence results continue to apply once this matrix geometry is
taken into account.

2 PRELIMINARIES
Let player 𝑖 have finite-dimensional Hilbert spaceH𝑖 . Its quantum strategy set is

𝐷𝑖 = 𝐷 (H𝑖 ) = {𝜌 ∈ Herm(H𝑖 ) : 𝜌 ⪰ 0, Tr(𝜌) = 1},
the set of density matrices; we call this set the spectraplex. A finite quantum game is specified by
Hermitian payoff observables Ξ𝑖 ∈ Herm(H1 ⊗ · · · ⊗ H𝑛). For a product profile 𝜌 = (𝜌1, . . . , 𝜌𝑛),
𝑢𝑖 (𝜌) = Tr

[
Ξ𝑖 (𝜌1⊗· · ·⊗𝜌𝑛)

]
. A profile 𝜌∗ is a quantumNash equilibrium if𝑢𝑖 (𝜌∗𝑖 , 𝜌∗−𝑖 ) ≥ 𝑢𝑖 (𝜌𝑖 , 𝜌∗−𝑖 )

for every 𝜌𝑖 ∈ 𝐷𝑖 and player 𝑖 . Let 𝜌≠𝑖 =
⊗

𝑗≠𝑖 𝜌 𝑗 . Define the payoff-gradient operator as Γ𝑖 (𝜌−𝑖 ) =
Tr−𝑖 [Ξ𝑖 (𝐼𝑖 ⊗ 𝜌≠𝑖 )] , so that the utility function can be written as 𝑢𝑖 (𝜌𝑖 , 𝜌−𝑖 ) = Tr[𝜌𝑖 Γ𝑖 (𝜌−𝑖 )], where
Tr−𝑖 traces out all systems except player 𝑖 and 𝐼𝑖 is the identity onH𝑖 .

Our two obstructions use two feedback models: a deterministic, continuous-time model and a
stochastic, repeated-game model with bounded recall. In the first model, a continuous-time learning
rule is written as ¤𝜌𝑖 = 𝐹𝑖 (𝜌 ;Ξ𝑖 ). It is uncoupled if 𝐹𝑖 may use player 𝑖’s own observable Ξ𝑖 and
current state information, but not the observables Ξ𝑗 of other players.

In the secondmodel, ifQ𝑖 is the set of pure quantum actions available to player 𝑖 , andQ =
∏𝑛

𝑖=1 Q𝑖

is the set of realized pure quantum action profiles, then a quantum strategy for player 𝑖 is a sequence
𝐹 𝑖𝑡 : Q𝑡−1 → 𝐷 (H𝑖 ) such that 𝐹 𝑖 = (𝐹 𝑖𝑡 )𝑡≥1, so that, after a historyℎ𝑡−1 = (𝑞(1), . . . , 𝑞(𝑡−1)) ∈ Q𝑡−1,
player 𝑖 chooses the mixed quantum action 𝐹 𝑖𝑡 (ℎ𝑡−1) ∈ 𝐷 (H𝑖 ). A quantum strategy mapping is
a rule F assigning to each quantum payoff game Ξ = (Ξ1, . . . ,Ξ𝑛) a quantum strategy profile
F (Ξ) = (𝐹 1 (Ξ), . . . , 𝐹𝑛 (Ξ)). The strategy mapping can be regarded as a stochastic, discrete-time
generalization of continuous-time learning dynamics. The mapping is uncoupled if each player’s
induced strategy depends only on that player’s own payoff observable, namely 𝐹 𝑖 (Ξ1, . . . ,Ξ𝑛) =
𝐹 𝑖 (Ξ𝑖 ), or equivalently, for every 𝑡 and every history ℎ𝑡−1, 𝐹 𝑖𝑡 (ℎ𝑡−1;Ξ1, . . . ,Ξ𝑛) = 𝐹 𝑖𝑡 (ℎ𝑡−1;Ξ𝑖 ).
Finally, a quantum strategy has 𝑅-recall if, for every 𝑡 > 𝑅, the current choice depends only on the
last 𝑅 realized pure action profiles:

𝐹 𝑖𝑡 (ℎ𝑡−1;Ξ𝑖 ) = 𝐹 𝑖𝑡 (𝑞(𝑡 − 𝑅), . . . , 𝑞(𝑡 − 1);Ξ𝑖 ).
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If this rule is independent of 𝑡 , the strategy is stationary, and we write 𝐹 𝑖 (𝑞(𝑡 −𝑅), . . . , 𝑞(𝑡 − 1);Ξ𝑖 ).
Thus, an uncoupled, stationary, 𝑅-recall quantum strategy mapping is a game-to-strategy-profile
rule in which each player responds only to their own payoff observable and the most recent 𝑅
realized pure quantum action profiles.

3 PRIORWORKS
The equilibrium concept follows Nash’s finite-game fixed-point theorem [Nas50]. Learning-in-
games asks whether repeated strategic adjustment can reach this equilibrium without centralized
information; broad background is given in [FL98, San10]. As discussed above, Hart and Mas-Colell
proved that uncoupled dynamics do not universally lead to Nash equilibrium [HMC03]. Foster and
Young obtained positive payoff-based convergence-in-behavior results via regret testing [FY06],
while Hofbauer and Sandholm established global convergence of stochastic fictitious play for
important special classes of games [HS02]. Marden, Young, Arslan, and Shamma developed payoff-
based dynamics for multiplayer weakly acyclic games, a setting motivated by distributed control
[MYAS09]. Most directly, Toonsi and Shamma introduced higher-order uncoupled gradient-play
dynamics and showed that isolated completely mixed equilibria can be locally stabilized under a
nonsingularity condition, even though universal guarantees remain impossible [TS23].

Quantum game theory was initiated, in part, by Meyer and by Eisert, Wilkens, and Lewenstein,
who showed how allowing quantum strategies can change classical strategic conclusions [Mey99,
EWL99]. Our formulation differs from protocol-specific quantizations by taking density matrices
as strategies and Hermitian observables as payoffs. Methodologically, the paper also uses projected
dynamical systems and variational-inequality ideas [DN93], as well as differentiability properties
of metric projections onto convex sets [Sha16]. The main novelty is to combine these strands:
uncoupled learning, higher-order stabilization, and the face geometry of quantum state spaces.
A recent literature develops no-regret and matrix-multiplicative-weights dynamics for quantum
games, establishing regret bounds, recurrence, and time-average convergence [LMB23a, JPS22,
LMB23b, LMBB23, LPSV24, LPSV25, VVGM+25]; our focus is instead on uncoupled local Nash
stabilization at boundary density-matrix equilibria.

4 OUR CONTRIBUTIONS AND METHODOLOGY
1. A local deterministic obstruction. For the first obstruction, we follow the construction of the
three-player game in Section 3 of [HMC03], in which each player controls one qubit. Write a qubit
as 𝜌 (𝑟𝑖 ) = 1

2 (𝐼 + 𝑟𝑖 · 𝜎), where 𝑟𝑖 ∈ R3, ∥𝑟𝑖 ∥ ≤ 1, and 𝜎 = (𝜎𝑥 , 𝜎𝑦, 𝜎𝑧) is the vector of Pauli matrices.
For players 𝑖 ∈ Z3 and parameters 𝜃𝑖 ∈ R3, define the utility as 𝑢𝑖,𝜃 (𝑟1, 𝑟2, 𝑟3) = 𝑟𝑖 · (𝜃𝑖 − 𝑟𝑖+1). The
corresponding payoff observables Ξ𝜃

𝑖
for each player 𝑖 are:

Ξ𝜃
1 = (𝜃1 · 𝜎) ⊗ 𝐼 ⊗ 𝐼 −

(
𝜎𝑥 ⊗ 𝜎𝑥 ⊗ 𝐼 + 𝜎𝑦 ⊗ 𝜎𝑦 ⊗ 𝐼 + 𝜎𝑧 ⊗ 𝜎𝑧 ⊗ 𝐼

)
,

Ξ𝜃
2 = 𝐼 ⊗ (𝜃2 · 𝜎) ⊗ 𝐼 −

(
𝐼 ⊗ 𝜎𝑥 ⊗ 𝜎𝑥 + 𝐼 ⊗ 𝜎𝑦 ⊗ 𝜎𝑦 + 𝐼 ⊗ 𝜎𝑧 ⊗ 𝜎𝑧

)
,

Ξ𝜃
3 = 𝐼 ⊗ 𝐼 ⊗ (𝜃3 · 𝜎) −

(
𝜎𝑥 ⊗ 𝐼 ⊗ 𝜎𝑥 + 𝜎𝑦 ⊗ 𝐼 ⊗ 𝜎𝑦 + 𝜎𝑧 ⊗ 𝐼 ⊗ 𝜎𝑧

)
.

Here, 𝜃𝑖 ·𝜎 =
∑

𝑘 (𝜃𝑖 )𝑘 𝜎𝑘 . This game has the unique equilibrium 𝑟 ∗𝑖 = 𝜃𝑖−1. However, no continuously
differentiable uncoupled dynamic can be Nash-convergent on thewhole local family while rendering
every equilibrium locally exponentially stable. At 𝜃 = 0, changing 𝜃𝑖−1 moves player 𝑖’s equilibrium
but does not change player 𝑖’s own observableΞ𝜃

𝑖
. Uncoupledness therefore forces the corresponding

diagonal block of the Jacobian to vanish for each player. The full Jacobian has trace zero, which is
incompatible with all eigenvalues having negative real parts.

2. A stochastic obstruction that is not tied to the computational basis. Let 𝐴 = {𝛼, 𝛽,𝛾} be
the classical action set in the Hart–Mas-Colell three-player example [HMC06]. We encode each
action 𝑎 ∈ 𝐴 as the Fourier-basis state |𝑎⟩ = QFT3 |𝑎⟩. Given a classical payoff𝑢𝑖 : 𝐴3 → R, define the
quantum observable Ξ𝑖 =

∑
𝑎∈𝐴3 𝑢𝑖 (𝑎)

(⊗3
𝑚=1 |𝑎𝑚⟩⟨𝑎𝑚 |

)
. Although Ξ𝑖 is generally non-diagonal



in the computational basis, it assigns the same payoff to every encoded pure profile and therefore
has the same pure best-reply graph as the classical game; hence the classical impossibility argument
of [HMC06] transfers verbatim. This proves that no uncoupled, stationary, one-recall quantum
strategy mapping can guarantee almost-sure convergence to a pure quantum Nash equilibrium
across all finite quantum games that encode a classical game in an orthonormal (not necessarily
computational) product basis.

3. Higher-order quantum gradient dynamics for boundary Nash equilibria. In [TS23], the
authors show that for any polymatrix game with an isolated completely mixed Nash equilibrium,
there exist (classical) higher-order gradient-play dynamics that converge to that equilibrium. We
show that this result can be extended to the quantum setting by reducing the stabilization of a
quantum dynamic to a classical linear stabilization problem. The main issue for a boundary Nash
equilibrium is that the spectraplex 𝐷𝑖 is not locally smooth across different support faces. Hence
the stabilization problem depends on whether the equilibrium support is locally fixed or whether
nearby projected-gradient directions may activate additional zero-eigenvalue directions.
In the non-degenerate boundary case, the Nash equilibrium 𝜌∗ = (𝜌∗1, . . . , 𝜌∗𝑛) is such that

each 𝜌∗𝑖 is full-rank on its support subspace 𝑆𝑖 = supp(𝜌∗𝑖 ), and all directions outside 𝑆𝑖 are strictly
suboptimal. Equivalently, the projection locally remains on the fixed face F𝑖 = {𝜌𝑖 ∈ 𝐷𝑖 : supp(𝜌𝑖 ) ⊆
𝑆𝑖 }. Thus the boundary problem reduces to an interior problem on the smaller spectraplex F𝑖 . Let

T (𝑆𝑖 ) = {𝑋 = 𝑋 † : Tr(𝑋 ) = 0, supp(𝑋 ) ⊆ 𝑆𝑖 }
be the Hermitian, trace-zero tangent space on this face, and letN𝑖 be a real orthonormal coordinate
map for T (𝑆𝑖 ). The corresponding higher-order quantum gradient-play dynamics take the form

¤𝜌𝑖 = −𝜌𝑖 + Π𝐷𝑖

(
𝜌𝑖 + Γ𝑖 (𝜌−𝑖 ) + N𝑖

[
𝐺𝑖𝜉𝑖 +𝑀𝑖 (N†

𝑖
Γ𝑖 (𝜌−𝑖 ) − 𝑣𝑖 )

] )
,

¤𝜉𝑖 = 𝐸𝑖𝜉𝑖 + 𝐾𝑖
(
N†

𝑖
Γ𝑖 (𝜌−𝑖 ) − 𝑣𝑖

)
,

¤𝑣𝑖 =N†
𝑖
Γ𝑖 (𝜌−𝑖 ) − 𝑣𝑖 .

The signal N†
𝑖
Γ𝑖 (𝜌−𝑖 ) − 𝑣𝑖 is a support-restricted washout signal. If the support-restricted payoff

Jacobian is nonsingular, then the local closed-loop system reduces to the same real tangent-space sta-
bilization problem as in higher-order classical gradient play. Hence, by choosing suitable uncoupled
controller matrices 𝐸𝑖 , 𝐾𝑖 ,𝐺𝑖 , 𝑀𝑖 , the given boundary Nash equilibrium can be locally exponentially
stabilized.
The degenerate boundary case is more delicate. Here some direction outside the equilibrium

support is payoff-tied with the support directions. In classical notation this corresponds to 𝑆𝑖 ⊊
𝐵𝑖 , where 𝐵𝑖 is the set of best responses at equilibrium; in the quantum setting, the analogous
phenomenon is that an orthogonal direction outside supp(𝜌∗𝑖 ) has the same first-order payoff as
the support. Then the projection is no longer described by a single smooth linearization, but by a
critical-face, piecewise-linear system. A simple way to recover the non-degenerate structure is to
introduce a support-selective tie-breaking perturbation. Let P𝑖 denote the orthogonal projection
onto the target support. One may replace Γ𝑖 (𝜌−𝑖 ) in the projected-gradient input by

Γ̂𝑖 (𝜌−𝑖 ) = Γ𝑖 (𝜌−𝑖 ) − 𝜀𝑖 (𝐼 − P𝑖 ), 𝜀𝑖 > 0.

Since (𝐼 − P𝑖 ) lies entirely in the orthogonal complement of the support, we have N†
𝑖
(𝐼 − P𝑖 ) = 0

and N†
𝑖
Γ̂𝑖 (𝜌−𝑖 ) = N†

𝑖
Γ𝑖 (𝜌−𝑖 ). This leaves the support-restricted payoff unchanged but strictly

penalizes every outside-support direction. Consequently, the degenerate equilibrium becomes
effectively non-degenerate relative to the chosen support face. The higher-order support-restricted
stabilization argument then applies as before, yielding local convergence to the prescribed boundary
Nash equilibrium while avoiding face-switching among tied unused directions.
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