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 a b s t r a c t

We present a hybrid quantum-classical electrostatic Particle-in-Cell (PIC) method, where the electrostatic field 
Poisson solver is implemented on a quantum computer simulator using a hybrid classical-quantum Neural Net-
work (HNN) using data-driven and physics-informed learning approaches. The HNN is trained on classical PIC 
simulation results and executed via a PennyLane quantum simulator. The remaining computational steps, in-
cluding particle motion and field interpolation, are performed on a classical system. To evaluate the accuracy 
and computational cost of this hybrid approach, we test the hybrid quantum-classical electrostatic PIC against 
the two-stream instability, a standard benchmark in plasma physics. Our results show that the quantum Pois-
son solver achieves comparable accuracy to classical methods. It also provides insights into the feasibility of 
using quantum computing and HNNs for plasma simulations. We also discuss the computational overhead asso-
ciated with current quantum computer simulators, showing the challenges and potential advantages of hybrid 
quantum-classical numerical methods.

1.  Introduction

Plasma, often referred to as the fourth state of matter, consists of ion-
ized gas and composes the majority of visible matter in the universe. The 
study of plasma is therefore crucial in astrophysics and space science. 
Additionally, the study of plasma is critical for fusion energy research, 
accelerator physics, and industrial applications. Several techniques to 
simulate plasma have been developed, among them the Particle-in-Cell 
(PIC) method [1], due to its versatility and robustness, is one of the most 
employed. In PIC simulations, following a kinetic approach, the distribu-
tion function of the plasma particles is modeled by means of macropar-
ticles (or computational particles), which evolve in the phase-space and 
time according to self-consistent electromagnetic fields. Despite being a 
powerful tool, the PIC method demands huge computational resources, 
with the update of particle position and the calculation of fields being 
the most computationally expensive steps.

Plasma PIC simulations are currently performed on High-
Performance Computers (HPCs) using powerful codes such as VPIC [2], 
iPIC3D [3], Warp-X [4], PIConGPU [5], and BIT1 [6]. There are 
ongoing efforts to utilize emerging technologies such as quantum 
computing to accelerate the simulations or a part of the plasma 
simulations [7]. Quantum computing is a post-Moore technology that 
has been theoretically shown to provide exponential speed-ups in 
tasks such as finding prime factors of an integer. It is also speculated 
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to provide advantages in optimization problems, quantum chemistry 
simulations, and machine learning [8]. These advantages are attributed 
to the utilization of quantum mechanical properties such as quantum 
superposition, entanglement, and interference within the quantum 
algorithms [9]. Developing quantum algorithms for solving PDEs can 
revolutionize various fields such as plasma physics and fluid dynamics 
simulations. In this work, we primarily focus on Quantum Neural 
Networks (QNNs) to solve PDEs. QNNs mainly utilize parametrized 
quantum circuits similar to classical neural networks [10], and 
have shown to exhibit high expressivity when compared to classical 
networks [11].

In this work, we propose a hybrid quantum-classical electrostatic PIC 
method that integrates a quantum Poisson solver within the classical PIC 
framework. Our main contributions are as follows:

• We implement a hybrid classical-Quantum Neural Network (HNN) to 
solve the electrostatic Poisson equation, replacing traditional classi-
cal solvers. The HNN is trained on classical PIC simulation results 
and executed using the PennyLane quantum computing framework.

• We use a physics-informed neural network approach with a Poisson 
PDE loss to improve the accuracy of predictions, which works par-
ticularly well in regimes with sparse data availability.

• We integrate the quantum Poisson solver into a classical PIC work-
flow. The field interpolation and particle motion computations
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remain on a classical system. The electrostatic field is obtained using 
a HNN method.

• We verify our hybrid approach by applying it to the two-stream in-
stability problem, a benchmark test in plasma physics. We compare 
accuracy against classical solvers and analyze the behavior of the 
plasma dynamics.

• We evaluate the computational cost of quantum circuit simulations, 
analyzing execution times and scalability challenges associated with 
near-term quantum hardware.
Our findings suggest that HNN can serve as efficient surrogates for 

classical Poisson solvers, making it a viable approach for quantum-
accelerated plasma simulations.

2.  Background

In the PIC method, each macroparticle represents millions or even 
billions of real particles, such as electrons or ions. While particle ve-
locities and position are treated continuously, the actual spatial domain 
and time are discretized. The space discretization is done by means of 
a grid, and it is required in order to compute the self-consistent fields 
generated by the particles. At each PIC cycle, the simulation advances 
by one time step. Each computational cycle consists of four main steps: 
firstly, particle quantities such as charge densities and current densi-
ties are deposited on the grid with an interpolation process (particle-
to-grid interpolation), then, using the interpolated quantities, fields are 
computed. After that, field values are interpolated back to particle po-
sitions (grid-to-particle interpolation), and eventually, the particles are 
advanced in the phase-space using the interpolated field values with the 
Newton equations of motion (particle mover). In the limit of the elec-
trostatic case, only particle charge densities (𝜌) are interpolated to the 
grid, and the self-consistent field is calculated by solving the Poisson 
equation for the potential Φ:
∇2Φ = −𝜌, (1)

further, the electric field (𝐸) is computed by taking the gradient of the 
potential:

𝐸 = −∇Φ. (2)

The PDE in Eq.  (1) is traditionally solved using finite-difference meth-
ods. In this work, we use a hybrid quantum-classical neural network 
to solve Poisson’s equation by training it with the data of some of the 
instances of the baseline PIC iterations. We propose a methodology to 
offload the task of solving the Poisson equation (Eq.  (1)) to a classical-
quantum hybrid neural networks that essentially utilize quantum
computers.

Solving PDEs is an important part of physics simulations and re-
quires huge computational resources in most cases. Developing quan-
tum algorithms that exclusively take advantage of quantum mechanical 
properties to solve PDEs is one of the rigorously researched topics in 
recent times [12]. Moreover, the current quantum hardware has sev-
eral limitations when it comes to error correction, qubit scaling, and 
coherence times, which makes it difficult to implement theoretically 
successful algorithms such as HHL algorithm [13], which was proposed 
to solve the system of linear equations. The current quantum comput-
ers, also known as Noisy-Intermediate Scale Quantum (NISQ) comput-
ers, can run variational quantum algorithms that treat quantum circuits 
as an ansatz whose parameters are optimized to minimize a cost func-
tion. There are several quantum algorithms designed in this framework, 
such as Quantum Physics Informed Neural Networks (QPINNs) [14–16], 
Quantum Reservoir computing models [17], and Quantum optimization 
algorithms that can be used to solve PDEs [18].

3.  Related work

Several quantum computing methods have been proposed to solve 
the governing equations of plasma. Refs. [7,19,20] presents an overview 

of the different strategies plasma simulation in the context of fusion en-
ergy and plasma physics, including Hamiltonian simulation approaches 
and quantum lattice algorithms (QLA) [21].

Quantum algorithms, in particular linear solvers, have also been
proposed to solve discretized PDEs, such as the Poisson equation [22,
23]. Most of these approaches fall within the category of fault-tolerant 
quantum algorithms. Our work is based on the variational approaches 
using quantum neural networks (QNNs). The properties of QNNs have 
been studied in a number of different works, focusing on expressivity, 
trainability, and power of generalization [11,24,25].They have been em-
ployed to solve problems within varying fields, ranging from computa-
tional fluid dynamics [14,17,26] to condensed matter physics [27].

QNNs have also been used for solving PDEs, for example, through 
physics-informed neural networks [14,15,28]. Previous works, such as 
Refs. [15,16,29], focus on using QNNs for solving the Poisson equation. 
In these works, quantum neural networks were trained to solve the given 
instance of the Poisson equation. Integrating such unsupervised meth-
ods within the PIC loop can be computationally expensive, as they re-
quire a long time to train. In this paper, we use a supervised learning 
approach, where we train HNNs to solve the Poisson equation that can 
also generalize to unseen instances. A similar strategy was also adopted 
in Ref. [30], where the authors introduced supervised deep neural net-
works and deep convolutional networks to solve the Poisson equation 
within PIC codes. Moreover, in several of the recent works [26,31,32], 
classical-quantum hybrid neural networks have been utilized to per-
form machine learning tasks, which have shown advantages over their
classical counterparts when it comes to accuracy, most likely due to the 
high expressive power of the quantum circuits [11]. Motivated by these 
recent works, we integrate the HNNs within traditional PIC codes as the 
Poisson equation solvers.

3.1.  Hybrid quantum-classical PIC implementation

The Hybrid classical-quantum PIC iterations are implemented as 
shown in Fig. 2, where the traditional electric field solvers are replaced 
by a supervised hybrid quantum neural network model. The electric field 
interpolation and particle mover steps are done on a classical computer. 
For the training part, we resort to two techniques: The first one is the 
purely data-driven approach, where we train the HNN with the electric 
potential Φ(𝑥, 𝑡) values on every point on the grid for the input source 
function 𝜌(𝑥, 𝑡) for different time steps of 𝑡. The second approach is where 
we train the hybrid network to minimize a physics-informed loss that 
corresponds to the residual of the Poisson equation for the given input 
source function 𝜌.

3.2.  Experimental setup

The two-stream instability problem that we use to train the model 
and validate the results has the following parameters. The simulation is 
initialized with two counter-streaming beams of electrons at velocities 
𝑣0 (red points in phase-space) and −𝑣0 (blue points in phase-space). We 
consider the maximum value of 𝑣0 = 0.1 for experimentation. This initial 
velocity is sufficient to result in the instability within the plasma system. 
The thermal velocity 𝑣𝑡ℎ is set to 0. The particles move within a domain 
of length 𝐿 = 1. The PIC simulation set-up has 64 grid points, and each 
point represents 200 particles. The total simulation time is 50, which is 
split into 1000 steps (step size = 0.05), and in each step, the PIC cycle is 
performed to update the particle movement. All the physical quantities 
discussed in the paper are dimensionless, with the electron charge to 
mass ratio equal to 1.

4.  Methodology

4.0.1.  Hybrid neural network structure
We train a classical-quantum hybrid neural network to be the Pois-

son solver that predicts the electric potentials given the charge densities 
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Fig. 1. The CQC (classical- quantum -classical) model that is trained to solve the Poisson equation with the charge density 𝜌𝑡 at the time step 𝑡 as the input and the 
electric potential Φ𝑡 as the output.

Fig. 2. A quantum-classical hybrid PIC method.

as the inputs. We consider two models of neural networks for our experi-
ments. The first one is the hybrid model with classical-quantum-classical 
layers (CQC model), and the second is the classical neural network with 
3 classical layers (CCC model). The quantum layers are implemented us-
ing Pennylane quantum simulator [33], where we have used the feature 
of turning quantum nodes into a torch layer to integrate classical layers 
available in Pytorch.

The classical layer that we use is always a linear layer (implemented 
with torch.nn.Linear) with input and output features set to 64, as 
we need to encode data at 64 grid points. The classical layer is always 
followed by an ReLU activation function layer (except for the last layer, 
where we use Tanh activation function).

The quantum layer is implemented using a quantum circuit. This 
layer essentially has three major components as shown in Fig. 1: a data 
encoding part (sometimes also referred to as a quantum feature map), a 
variational ansatz block and measurements of the quantum circuit out-
puts. Here we briefly explain the implementation of each of these crucial 
parts.

Quantum embedding. We use amplitude encoding scheme to embed the 
incoming data from the classical layer into the quantum circuit. In this 
encoding scheme, 2𝑛 features are encoded in the probability amplitude 
of 𝑛 qubit state (As 𝑛 qubits are described by a vector of dimension 2𝑛
in the Hilbert space). Therefore, in our model, the real number outputs 
from the first classical layer (of dimensionality 64) are encoded using 6 

qubits. The quantum circuit is initialized in the state,
𝜓𝑖𝑛 = 𝑤0|0⟩ +𝑤1|1⟩ +⋯ +𝑤63|63⟩, (3)

where the probability amplitudes are normalized, ∑
𝑖
|𝑤𝑖|2 = 1. We im-

plement this encoding using Pennylane’s qml.AmplitudeEmebdding 
tool. Here, the quantum circuit is prepared in the desired initial state 
using a sequence of uniformly controlled rotations as proposed by Möt-
tönen et al. [34]. This scheme requires 2𝑛+2 − 4𝑛 − 4 CNOT gates and 
2𝑛+2 − 5 single qubit rotation gates for the state preparation.

Variational ansatz. This is the trainable part of the quantum circuit 
that generally consists of the rotation gates and controlled-Unitary 
gates. In this work, we use Pennylane’s Strongly entangling layers 
(qml.StronglyEntanglingLayer) template as the variational ansatz. It 
consists of general rotation (Rot) gate that takes 3 arguments, which are 
trainable. This is followed by several Controlled NOT (CNOT) gates. The 
role of CNOT gate is to entangle different qubits. This particular varia-
tional ansatz has been used extensively in the literature [24,31,35,36] 
and has shown to yield accurate results. We have used the number of 
trainable layers NL = 6 to present our main results. Further, we have 
tested the usage of other two ansatz layers that are defined in Penny-
lane. One is qml.BasicEntanglerLayer which consists of single pa-
rameter rotation gates (RX gates) and CNOT gates [24]. The other 
ansatz is the simplified two-design layers proposed in Cerezo et al. [37] 
(qml.SimplifiedTwoDesign) which consists of RY gates (a single pa-
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Fig. 3. The left figure shows the electric fields E = −∇Φ prediction for some of the time-steps of the PIC simulation for 𝑣0 = 0.07. The predictions by the CQC, and 
CCC PIC codes are compared with the traditional baseline PIC code. The midddle figure shows the mean relative absolute error (MRAE) in predicting the electric 
fields for 1000 time steps. The right figure shows the median of MRAEs of predicting the electric fields by the HNN models with varying number of quantum trainable 
parameters (Q params in the figure). The performance is compared with the CCC models with a similar number of trainable parameters.

rameter rotation gate) and entangling CZ gates. We discuss the perfor-
mance of each variational ansatz in detail in Section 5.1.

Measurements. The qubits undergo a unitary transformation deter-
mined by the variational ansatz described previously and the final state 
of the qubits is subsequently measured. We have experimented with dif-
ferent read-outs of the quantum circuit, which are passed to the follow-
ing classical neural network layers. The measurement outcome of the 
quantum circuit can be the quantum state itself. Although the statevec-
tor simulators can return quantum state description, on a real quantum 
computer, advanced quantum state tomography techniques have to be 
used [38]. Alternatively, one can compute the Born rule probability dis-
tribution of measurements in the computational basis and in practice 
this requires reinitializing and measuring the same quantum circuit in 
multiple shots. One can also compute the expectation value of an observ-
able from such probability distributions, which turns out to be the most 
commonly used quantum output in variational quantum algorithms. Af-
ter comparing the different strategies discussed above, we found that us-
ing computational basis measurement probability distributions, which 
is also easier to implement in practice, resulted in better accuracy.

4.0.2.  Training
We simulate the 1D 2-stream instability problem with the traditional 

linear equation solvers to compute electric potentials for 1000 time 
steps. We use 500 instances from this dataset as the training data. The 

Fig. 4. Comparison of the performance of different numbers of layers for the 
three variational ansatz in HNNs: Basic Entangling layer, Simplified Two-design 
and Strongly entangling layers. The number of trainable Quantum parameters 
in each model considered is mentioned on top of the bars.

HNN receives the charge density at 64 grid-cell points as the input, and 
there are 64 features in the output. The output should approximate the 
electric potential at the 64 grid points when the parameters of the model 
are optimized using an appropriate loss function.

We use Mean Absolute Error (MAE) between the predicted potential 
Φ𝑝𝑟𝑒𝑑 and the true potential Φ𝑡𝑟𝑢𝑒 at 𝑁𝑔 grid points as the loss function 
to train our model in the data-driven approach,

data =

𝑁𝑔
∑

𝑖
|

|

Φ(𝑥𝑖, 𝑡)𝑡𝑟𝑢𝑒 − Φ(𝑥𝑖, 𝑡)𝑝𝑟𝑒𝑑 ||

𝑁𝑔
, (4)

which is also subsequently averaged over different time steps consid-
ered in the training dataset. Given that the goal is to solve the Poisson 
equation, we have also investigated the usage of a Physics-informed Hy-
brid neural network that is trained with the loss function composed of a 
PDE loss (residual of the Poisson equation) and a data loss. The physics-
informed loss function used for training is,

PINN =

𝑁𝑔
∑

𝑖

|

|

|

|

𝜕Φ2(𝑥𝑖 ,𝑡)
𝜕𝑥2

+ 𝜌(𝑥𝑖, 𝑡)
|

|

|

|

𝑁𝑔

+ 𝜆

𝑁𝑑
∑

𝑖
|Φ(𝑥𝑖, 𝑡)𝑡𝑟𝑢𝑒 − Φ(𝑥𝑖, 𝑡)𝑝𝑟𝑒𝑑 |

𝑁𝑑
,

(5)

where 𝜆 is the relative weight between data loss and physics loss. 𝑁𝑑 is 
the number of data points used to compute the data-loss in the PINN ap-
proach. The gradients are computed using torch.gradient() module.

We have used the Adam optimizer with a learning rate of 0.001 for 
all our experiments. We have also preprocessed the inputs (𝜌) and out-
put dataset (Φ), by simply dividing by the maximum of absolute values 
(maximum taken over 𝑥) at each time step,

𝜌(𝑥, 𝑡) =
𝜌′(𝑥, 𝑡)

max
{𝑥}

|𝜌′(𝑥, 𝑡)|
, Φ(𝑥, 𝑡) =

Φ′(𝑥, 𝑡)
max
{𝑥}

|Φ′(𝑥, 𝑡)|
. (6)

When the hybrid neural networks are called within the PIC loop, the 
charge density is scaled and used as input. The output of the neural net-
work is scaled back using the scaling of the true solutions. The maximum 
values of 𝜌 can also be used to scale the Φ values, as they are related by 
the Poisson equation and the scaling follow a similar behavior.

5.  Results

This section outlines the results of using classical-quantum hybrid 
models as Poisson solvers in the PIC simulation of the 2-stream instabil-
ity test. In particular, we make a comparative analysis of using classical 
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Fig. 5. Phase-space of the particles at the final time of simulation using traditional methods, hybrid neural network (CQC), and classical neural network (CCC). The 
histogram shows the velocity distribution of the particles at the end of the simulation for the three PIC codes considered.

neural networks and classical-quantum hybrid neural networks (CCC 
and CQC models) as the Poisson solvers within the traditional baseline 
PIC method.

5.1.  Data-driven supervised learning approach

Here we present the results of using the supervised data-driven ap-
proach, i.e, we use the loss function in Eq.  (4) evaluated at the 𝑁𝑔 = 64
grid points. The training data is generated from a baseline PIC code with 
initial stream velocities 𝑣0 = [0.03, 0.05, 0.1]. Here, the CQC model used 
has 8428 trainable parameters, and the CCC model has 12,480 param-
eters. Both models are trained for 2000 epochs. The tests are made on 
the PIC simulation with a new unseen stream velocity 𝑣0 = 0.07, which 
should reveal the generalizing capacity of the neural networks under 
consideration.

In Fig. 3, we present the electric field prediction results for different 
PIC iterations. The left figure shows the electric fields 𝐸(𝑥) predictions 
for some of the time steps when compared with the ones obtained using 
traditional methods (Φ𝑒𝑥𝑎𝑐𝑡). We observe that the hybrid CQC model can 
fit the data well, while the CCC prediction deviates from the correct so-
lutions in some of the instances. The plots also demonstrate the highly 
non-linear nature of the electric fields in question and the diversity in 
their shapes, which the HNN is able to capture efficiently. We compare 
the overall predictions for the 1000 time steps of the simulations in the 
boxplot shown on the right in Fig. 3. The plot shows the distribution of 
the mean relative absolute errors, MRAE (the relative metric is chosen 
because the electric field amplitudes lie within a large range of val-
ues), where the error values by a CQC model has a lower median value 
(≈ 0.168) and the smaller outliers than the classical CCC model (me-
dian ≈ 0.265). Furthermore, in Fig. 3 we evaluate the HNN model using
different numbers of variational layers (Strongly entangling layers), 

each corresponding to a different count of trainable parameters, and 
report the median of MRAEs for electric field predictions. Our results 
show a decreasing trend in prediction error as the number of quantum 
parameters increases. We also compare the HNN’s performance to that 
of the CCC model with a similar number of trainable parameters and 
observe that, within this range, the HNN consistently outperforms the 
classical model.

Additionally, we evaluate the performance of various variational 
ansatz described in Section 3.2. Specifically, we consider three circuit 
structures: Strongly Entangling Layers, Basic Entangling Layers, and 
a simplified Two-Design ansatz. For each ansatz, we vary the num-
ber of layers, 𝑁𝐿 = [2, 4, 6, 8, 10], and present the corresponding re-
sults in Fig. 4. Among the three, the Strongly Entangling Layers con-
sistently achieve the best performance. This advantage is likely due 
to the presence of three-parameter single-qubit rotations in the ansatz, 
which introduce more quantum parameters for a given number of lay-
ers. The number of quantum parameters is indicated above each bar 
in the plot. The number of classical trainable parameters is fixed at 
8192 across all configurations. However, it is not evident to what ex-
tent the quantum properties such as entanglement is contributing to the 
high expressive nature of the quantum circuits and requires further 
investigation.

We finally integrate the trained HNN with the PIC code and present 
the HNN-PIC simulation results in Fig. 5, where we show the phase space 
of the particles at the end of the simulation for 𝑣0 = 0.07. The insta-
bility results in a vortex-like structure in the phase space of the par-
ticles, which is characteristic of the 2-stream instability problem. One 
can see that both CQC and CCC models result in a phase space simi-
lar to the baseline PIC simulation. However, the velocity distribution 
𝑓 (𝑣) as shown in the histogram reveals that CQC leads to a phase space 
that is closer to the traditional PIC simulation. We computed the energy 
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Fig. 6. The top plot shows the total energy of the electrons during the PIC 
simulation. The plot below shows the growth of the electric field amplitude 
induced by the electrons.

distance (a statistical test to compare the similarity between two proba-
bility distributions as described in Rizzo and Székely[39], implemented 
using the python module scipy.stats.energy_distance) between the 
predicted velocity distribution and the baseline PIC simulation results. 
The lower the energy distance, the more similar the distributions are to 
each other. The energy distance between CQC PIC and baseline PIC was 
found to be 0.012, and that between CCC and baseline PIC was found 
to be 0.016. This test confirms that the CQC PIC simulated phase space 
is closer to the one simulated by the traditional PIC method in terms of 
the energy distance measure.

We gain further insights into the problem by comparing the total 
energy of the plasma throughout simulations, as shown in Fig. 6. The 
total energy of the particles during the simulation should be conserved, 
and the numerical value should be ≈ 0.0024. While in the initial phase, 
both models conserve energy; at later times, the total energy is not con-
served. We see that the CQC-PIC code shows an energy fluctuation that 
is slightly smaller when compared to the energy fluctuations of the CCC-
PIC code. In addition, we also track the electric field amplitudes during 
the evolution. The electric field amplitudes are similar to the traditional 
PIC simulation, with the exponential growth of the electric field in the 
initial phase and the saturation of amplitudes when the instability is 
fully developed [40].

5.2.  Physics-informed learning approach

In this section, we present the results obtained using physics-
informed neural networks integrated with PIC code for the 2-stream 
instability problem. In this case, the neural networks are trained with 
the loss function PINN in Eq.  (5). All the models considered for the 
experimentation in this section are trained for 3000 epochs.

Physics-informed approaches are known to produce reliable results 
even in the presence of sparse data. Therefore, here we have considered 

Fig. 7. Mean relative errors of electric field prediction for the PIC simulation 
of the test case 𝑣0 = 0.07 using physics-informed approach.

two scenarios when the training data (electric potential Φ) is dense, in 
other words, has a higher spatial resolution, and another case when 
the training data has solutions at sparse points. This test can poten-
tially mimic the situation of low grid resolution data from the exper-
iments or simulations to train the neural networks with. We train the 
CCC and CQC models with both data-driven and physics-informed ap-
proaches. We compare the errors (MRAE) in predicting the electric field 
(E = −∇Φ) for the case of 𝑣0 = 0.07 when the models are trained with 
the data for the cases 𝑣0 = [0.03, 0.05, 0.1].

As the first test, we use 𝑁𝑑 = 64 data points (same as the data-driven 
strategy) to compute the data loss data and the Poisson PDE loss PINN
evaluated at 𝑁𝑔 = 64 points in Eq.  (5). We use a relative weight 𝜆 = 0.3
(for CCC) and 𝜆 = 0.5 (for CQC) between data loss and physics loss. In 
Fig. 7, the first four boxplots show the prediction results with the dense 
data scenario. We observe a marginal improvement in the CCC model 
when using the PINN approach. In the case of CQC, PINN results in neg-
ligible improvements. This is likely due to the fact that the performance 
of the neural networks is saturated due to the good quality of data which 
also obey the correct PDEs. Therefore, the physics-informed approach is 
not further enhancing the prediction accuracy.

As the second test, we consider sparse points of the electric poten-
tial 𝑁𝑑 = 20 in the training dataset. The physics loss is computed for 
𝑁𝑔 = 64 collocation points. The prediction results for the case of sparse 
data are shown in the last four boxplots in Fig. 7. Purely data-driven 
approaches using both HNNs and classical networks perform poorly in 
generalising to predict electric fields for the test case. However, we ob-
serve a drastic improvement when using PINN approach for both CCC 
and CQC models in comparison to the respective purely data-driven ap-
proaches. Furthermore, sparse-data PINNs perform with errors on par 
with dense-data models. We have also confirmed that the improvement 
in the performance by the PINN method is statistically significant by 
performing Wilcoxon signed-rank test [41] between different pairs of 
error distributions depicted in Fig. 7, and we have obtained p-values 
< 0.01 in each case.

Moreover, we have used the finite difference method (which is im-
plemented using torch.gradient()) to compute the gradients within 
the physics loss as we are dealing with the discrete set of Φ values 
of the neural network output. Using more efficient methods, such as 
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Fig. 8. Energy conservation and velocity distribution for a beam of electrons 
with thermal velocity 0.05. Simulation results compare the prediction by CCC 
and CQC models using a physics-informed approach.

automatic differentiation techniques to define PINN, can improve the 
physics-informed strategy and make it more effective.

We test the physics-informed HNN approach for another special case 
of 2-streams of electrons, where the two beams are initialized with a 
normal distribution of thermal velocities 𝑣𝑡ℎ with mean equal to 0. In 
this case, theoretically, there should not be any growth in the induced 
electric field, and the plasma should remain stable. The total energy is 
also conserved in such a system. The CCC and CQC models are trained 
with the data of 𝑣𝑡ℎ = [0.01, 0.03, 0.07, 0.1]. We make a test hybrid PIC 
simulation for the case of 𝑣𝑡ℎ = 0.05. In Fig. 8, we show the results of 
total energy and the final velocity distribution. Both CQC and CCC lead 
to small energy fluctuations, with CQC showing lower fluctuation than 
CCC. We further study the velocity distribution at the end of the simu-
lation in each case. The energy distance computed between CQC-PINN 
and traditional 𝑓 (𝑣) is 0.00061, and that between CCC-PINN and tra-
ditional 𝑓 (𝑣) is 0.00059. The energy distance values and the histogram 
shown in Fig. 8 reveal that both the classical and hybrid models result 
in a similar velocity distribution at the end of the simulation and match 
well with that of the traditional PIC simulation.

5.3.  Parallelization, performance and computational cost

When it comes to training times, quantum/hybrid neural networks 
have major drawbacks as they take much longer to simulate. In this 
work, we adapt an MPI-based data parallelism strategy to enhance train-
ing efficiency in the HNN model training process. Specifically, the en-

Fig. 9. Results of MPI-based data-parallelization strategy. The first plot shows 
the training of CQC network using different numbers of processes. The second 
plot shows the trade-off curve between speedup and loss function minimization.

tire dataset is evenly partitioned and distributed across multiple parallel 
processes. Each process independently conducts forward and backward 
propagation on its assigned data subset. Prior to updating the model 
parameters with the optimizer, gradient synchronization is executed 
through MPI reduction across all processes, ensuring consistency in pa-
rameter updates. Finally, the individual loss values computed by each 
process are averaged to determine the overall global loss.

We show the training results of CQC model using multiple MPI pro-
cesses in Fig. 9. The data parallelization helps in reducing the time re-
quired to complete a single epoch. However, the averaging of loss leads 
to slow convergence of the loss function over the number of epochs. In 
Fig. 9, first, we show the loss reduction for 1000 epochs using the MPI 
processes from 1 to 16. At the end of 1000 epochs, different processes 
have reached different stages of training. In the second plot, we show 
the tradeoff in the number of processes and the loss minimization after 
1000 steps. The plot indicates that using 6 MPI processes works best in 
terms of both (among the number of processes we have experimented 
with). A CQC model takes ≈ 700 s to complete 1000 epochs (the train-
ing data size is 500) of training, while CCC model takes ≈ 37 s. A PIC 
simulation with CCC and CQC as Poisson solvers takes 55 s and 28.5 s 
respectively for 1000 PIC iterations. The CQC model has 8, 428 trainable 
parameters, and the CCC model has 12, 480 parameters. It is to be noted 
that a CQC model has fewer trainable parameters, which leads to reli-
able results, which could be a potential advantage when scaled to large 
models applied to more complicated problems.

6.  Conclusion and discussion

In this work, we have proposed a hybrid quantum-classical PIC 
method for plasma simulations. In particular, we use a supervised 
quantum-classical hybrid neural network (HNN) to compute the elec-
tric potential given the charge densities, in other words, to solve the 
Poisson equation. We have tested our approach for the simulation of 
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the two-stream instability test, a standard benchmark problem for the 
PIC codes. We have demonstrated that HNNs can offer a performance 
advantage in solving Poisson equations – and, by extension, in simu-
lating plasma behavior – with relatively fewer parameters compared to 
classical models, as shown through multiple experiments. However, it 
remains an open question how the inherent “quantumness” of the cir-
cuits systematically contributes to this performance gain [36]. A key 
challenge in applying QNNs to large-scale plasma simulations lies in 
understanding how performance scales with the dimensionality of the 
PDEs being solved. Additionally, it is important to investigate the train-
ability and expressivity of quantum circuits under realistic noise condi-
tions, especially given the lack of efficient error correction protocols on 
current quantum hardware.

The other challenges of employing data-driven methods for simulat-
ing plasma include the availability of the data. The experimental tech-
niques, such as Langmuir probes used to measure the electric potential 
within plasma, can be invasive and can have low spatial resolution [42]. 
We have shown that the usage of a physics-informed training approach 
can help overcome this disadvantage for both the classical models and 
HNNs. Our tests indicate that the physics-informed approach can im-
prove the learning strategies when it comes to predicting electric fields 
for an unseen charge density distribution, and they are particularly ef-
fective in the presence of sparse data.

Additionally, it is also important to investigate the error propagation 
in electric field prediction within the PIC loop and how the HNNs can be 
optimized to mitigate such propagation. Moreover, the proposed hybrid 
PIC method can also be generalized to solve Gauss’ law (∇.E = 𝜌) instead 
of the Poisson equation to obtain the electric field. In the classical elec-
trostatic PIC methods, solving Gauss’ law is avoided as the results can be 
noisy, and it is not straightforward to define boundary conditions. How-
ever, in our proposed methods, such as data-driven or physics-informed 
approaches, we already provide the solutions at several grid points to 
train the neural network, which should be sufficient to obtain unique 
solutions of the equation. Further, Gauss’ law can be used to define a 
physics loss for the physics-informed approach.

We have also analyzed the computational cost of training the 
neural networks. In particular, we have resorted to MPI-based data-
parallelization scheme and explored the training performances with the 
varying number of parallel processes. A CQC model takes about 19x 
times that of the CCC model to complete the training, showing that long 
HNN training time on simulators is the major challenge of testing and 
benchmarking quantum machine learning techniques at present. It could 
also be a possible direction to utilize accelerators such as GPUs to speed 
up quantum circuit simulations for the purpose of quantum machine 
learning, which could also allow us to study the performance scaling in 
the number of qubits and the variational ansatz depth [43].

Finally, we note that classical-quantum hybrid algorithms involve 
rapid exchange of large data between classical and quantum proces-
sors. This requires tightly-integrated classical and quantum computing 
parts, which allow low-latency workflows [44], a capability that is cur-
rently lacking in quantum systems accessible via the cloud. Achieving 
tight integration is a challenging task from both hardware and software 
points of view [45]. Advances in programming models and software 
tools aimed at overcoming these challenges [43,45,46] enhance the fea-
sibility of deploying HNNs on heterogeneous classical– quantum sys-
tems. Such capabilities can, in turn, enable their use in computation-
intensive tasks such as plasma PIC simulations, which is the topic of 
interest in this article.
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