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e Quantum computing
e Quantum machine learning

 Open quantum systems
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Motivations.

Open quantum systems - Markov approximation.
Markovianity in classical stochastic processes.

Quantum non-Markovianity - divisibility, distinguishability.
Example: Spontaneous emission of two-level system.

Collision models.
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Open quantum systems - a quantum system that interacts with a surrounding
environment.

Environment

OO

Quantum system

Oy O

Theory of open quantum systems - framework to describe the time-dependent
behavior of the system.
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Open quantum systems - a quantum system that interacts with a surrounding
environment.

ps(t)

Environment
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Quantum system
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Theory of open quantum systems - framework to describe the time-dependent
behavior of the system.
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Non-Markovian open quantum systems - time-dependent behavior influenced by
memory effects.

ps(t)

Environment

OO

Quantum system

Q)
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Motivation

Non-Markovian open quantum systems - time-dependent behavior influenced by
memory effects.

e Superconducting qubits:

(Samach et. al., PR App 18, 064056, 2022)
(Zhang et. al., PR App 17, 054018, 2022)

e Quantum biological systems:

(Chin et. al., Nat Phys 9, 113, 2013)
(Ishizaki and Fleming, Proc Nat. Acad Sci, 106,
17255, 2009)

» Cavity quantum electrodynamics:

(Cernotik, et. al., PRL, 122, 243601, 2020)
(Denning, lles-Smith, Mork, PRB, 100, 214306
2019)

Transmission

L

Frequency
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System-environment composite 1) € H.:

H=Hes R Hr (S+B,HS®HB,,0)
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System-environment composite 1) € H.:

H=Hes R Hr (S+B,HS®HB,,0)

Pure states: W> = P = |¢><W
Mixed states: {pj, wj)} — P = Zpg|¢y><¢g|

]
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System-environment composite 1) € H.:

W e o He (S+B,Hs @ Hp,p)

Pure states: W> = P = |¢><W
Mixed states: {pj, wj)} — P = Zpg|¢y><¢g|

]

Partial trace:

ps = Trglp
Contains all statistical information on system S

10



Open quantum systems

Time evolution: [;(t)) = e~ ***|1);(0))

Hamiltonian:

H=Hqs®

E T+

s Hp + Hj

11
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(S+B,HS®HB,,0)




Open quantum systems
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Time evolution: [;(t)) = e~ ***|1);(0)) o
Hamiltonian: (S4+ B, Hs ® Hp, p)

HZHS@ E—|— S@HE+H]

Interaction picture:

p(t) = Ur(t)p(0)UL(t)  Us(t) = Te i Jo ds Hi(s)

~

H] (t) _ ei(Hs—FHE)tHIG—i(Hs—FHE)t

12



Open quantum systems
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Time evolution: [;(t)) = e~ ***|1);(0)) o
(S_I_BvHS ®HB7IO)

Hamiltonian:

H=Hqs®

Interaction picture:

p(t) = Ur(t)p(0)U} (t)

ﬁ] (t) _ ei(Hs—FHE)tHIG—i(Hs—FHE)t

Von Neumann equation:

E T+

U[(t) __ 7—6—71 fot ds Hr(s)

s Hp + Hj

13



Open quantum systems
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Second-order master equation: UNIVERSITEIT
d . . N N N L N
0 = <ilE(0).50) () = p(0) =i [ dslfli(s). (o)
\/
d -

where Trg|H(t), p(0)] =0

14



Markovian master equation
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Second-order master equation: UNIVERSITEIT

00 = il (0,50 50 = p(0) i [ dsli(s),7(s)

L 5st) = - /O drTeg [ Hy (1), [Hy (t — 7), j(t - 7)]

where Trg[H;(t), p(0)] = 0

Born (factorization) approximation:| p(t) =~ ps(t) ® pg

%p’s(t) — —/O dTTrE[ﬁ](t), [[:]I(t —7),ps(t — 7) ® pEl|

15
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Second-order master equation: UNIVERSITEIT

sty = - /O AT g [H (t), [Hi (t = 7), ps(t — 7) & pis]

Markov approximation(s): 7Tr > TE where Tr = System relaxation time

. Tr = Environment correlation time
() ps(t—1)= pslt

(ii) / dr . j/ dr .

16
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Second-order master equation: UNIVERSITEIT

sty = - /O AT g [H (t), [Hi (t = 7), ps(t — 7) & pis]

Markov approximation(s): 7Tr > TE where Tr = System relaxation time

. Tr = Environment correlation time
() ps(t—1)= pslt

(ii) / dr ... — / dT . Removal of memory effects
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Markovian master equation
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Second-order master equation: UNIVERSITEIT

sty = - /O AT g [H (t), [Hi (t = 7), ps(t — 7) & pis]

Markov approximation(s): Tr > TE where Tr = System relaxation time
. Tr = Environment correlation time
() pst—17)= ps(t
Markovian master
(i1) / dr ... — / dT . Removal of memory effects equation

time-local

18



Markovian master equation

IIIIIIII

d ~ 0O N N ) |Yl.:N|VESSI_|rT|;||
ps(t) = _/ drTrp[H(t), [H(t — 7), ps(t) @ pr]]

0
Interaction Hamiltonian: H(t) = Z Ap(t) @ By(t) Ar € B(Hg)

~

~

k

Ak(t) _ eiHStAke—iHst

Bk(t) _ eiHEtBke—iHEt

19



Markovian master equation
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d ) O _ _ .. UNIVERSITEIT
ps(t) = _/ drTrp(H(t), [Hi(t —7), ps(t) @ pE]]
0
Interaction Hamiltonian: H(t) = Z Ap(t) ® B(t) Ar € B(Hgs)
. B € B(HEg)
_ . . k E
Ak(t) __ ezHStAke—ZHst
Bk(t) _ eiHEtBke—iHEt
Projection operator:  II(e) = |e)(¢] Hg = Ze\e}(d Hs = span(|e))

[I(e)[y) = le)

20



Markovian master equation
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d ) O _ _ N UNIVERSITEIT
() == [ drTeplH (0, (i~ 7). 5s() © pi]
0
Interaction Hamiltonian: H(t) = Z Ap(t) @ By(t) Ar € B(Hg)
k
- By € B(HE)

Ak(t) _ eiHStAke—iHst

~

Bk(t) _ eiHEtBke—iHEt

w = energy difference’

€3
W39 — £3 — &2 i
E9
A TW
Wyl = €2 — €] M 2121

21



Markovian master equation
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d ) O _ _ N UNIVERSITEIT
—ps(t) = _/ drTrp[Hy(t), [H(t —7), ps(t) @ pE]]
0
Interaction Hamiltonian: H(t) = Z Ap(t) @ By(t) Ar € B(Hg)
k

w = energy difference’

€3
W39 — £3 — &2 i
E9
A TW
Wyl = €2 — €] M 2121
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Markovian master equation
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%ﬁS(t) — —/OOO dTTrE[ﬁ[(t), [ﬁl(t —7),ps(t) ® pE|

Interaction Hamiltonian: H(t) = Z Ak (1) ® By(t) Ar € B(Hg)




Markovian master equation
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%ﬁS(t) — —/OOO dTTrE[ﬁ[(t), [ﬁl(t —7),ps(t) ® pE|

Interaction Hamiltonian: H(t) = Z Ak (1) ® By(t) Ar € B(Hg)
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~ ~

%ﬁS(t) — —/OOO dr'lrg|Hr(t), [ Hri(t —7),ps(t) ® pEg|]

25



Markovian master equation
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~ ~

%ﬁS(t) — —/OOO dr'lrg|Hr(t), [ Hri(t —7),ps(t) ® pEg|]

see Marco’s
lecture..

bath correlation function

20



Markovian master equation
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~ ~

%ﬁS(t) — —/OOO dr'lrg|Hr(t), [ Hri(t —7),ps(t) ® pEg|]
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In the Schroedinger picture: UNIVERSITEIT

hs(t) = 32 3" () (Ai(@)s ()AL () — AL(@) Aiw)ps(D)) + b

kKl w

Cps(t) = —ilHs, ps (0] + 3 3 7m(w) (A@)ps (0 AL(w) — 5 {AL@) Au(w). ps(1)} )

k.l w

Hermitian ~v(w) = 0

28



Markovian master equation
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In the Schroedinger picture: UNIVERSITEIT

hs(t) = 32 3" () (Ai(@)s ()AL () — AL(@) Aiw)ps(D)) + b

kKl w

% ps(t) = —ilHs. ps(0)] + 30 3 yma(e) (Ar@)ps (1) AL ) — 1 {AL) Ai(w), ps(1)})

k.l w

Hermitian ~(w) = 0: Markovian master
B equation

time-local

29



Time locality vs Markovianity
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= —i|Hg, ps(t)] — /0 dTIC(T)ps(t — T) time-nonlocal

l Markov approximation

1
—~i[Hg, ps(t) +Z%( L] = S{LILi,ps(t)})  time-oca

30



Time locality vs Markovianity
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—ps(t) = —i|Hg, ps(t)] — /0 dTIC(T)ps(t — T) time-nonlocal

l Markov approximation

d 1
—ps(t) = —ilHs, ps(t) +Z%( L] = S{LILi,ps(t)})  time-oca

Tempting to make association of hon-Markovianity with time-non locality..

l
memory effects time-nonlocal master equation

31



Example: Markovian master equation

. . 1
p=—ilH,p|+ Z%‘ (Lz‘ﬂLI - 5{[’1[4737/0})

Spontaneous emission from qubit:

m W N gy
- .~
\ IS

N L
------

32



Example: Markovian master equation

. . 1
p=—ilH,p|+ Z%‘ (Lile'L - §{LZL7L,P})

Spontaneous emission from qubit:

—_
-)

(@»)
@ 0)
v
N
~~
N——"

-- -y
‘ .
- N

<
>

fq-_z -~ R
o =
~— ~— ¢
ﬂ"
|
S
S
ek
~~—"
T
=
Populations
=

)
S
N

o L 2
------

)

)
-
p—
(\)
w-
S
O‘(‘“

Probability of emission event in interval [t;,t; + 1]
Op = Yot (1 —0p)™ = (1 — ~6t)t/% — =7t 5t =t/n

33



Semigroup structure
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1
:L :—.H7 Z(LZ LT—— LTLZ, ) UNIVERSITEIT
p=Lp=—i p]+§iﬁ’7 pL; — 51LiLi, p}

) (1) = e“p(0) = B;p(0) B, : S(Hs) — S(Hs)

34



Semigroup structure
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(IDt : S(Hs) — 5(7‘[5)

—1Ht th]

p X pPEeE
spectral decomposition

of pE

see Marco’s
lecture 3

35



Semigroup structure
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1
. L _ H, Z(LZ L"' - LTLZ, ) UNIVERSITEIT
p=Lp=—i p]+§iﬁ’7 pL; — 51LiLi, p}

) (1) = e“p(0) = B;p(0) B, : S(Hs) — S(Hs)

Markov semigroup:

36



Semigroup structure
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1
. L _ H, Z(LZ L"' - LTLZ, ) UNIVERSITEIT
p=Lp=—i p]+§iﬁ’7 pL; — 51LiLi, p}

) (1) = e“p(0) = B;p(0) B, : S(Hs) — S(Hs)

Markov semigroup:

Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) theorem:
For a CPTP map ®; obeying the semigroup relation ®;, 3 = P;PD:

)

d?—1

1
Lo=—i[H pl+ Y (LipL;f SALIL; p}) d = dim s
1=1

37



Semigroup structure
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1
. L _ H, Z(Lz L"' - LTLZ, ) UNIVERSITEIT
p=Lp=—i p]+§iﬁv pL; — 51LiLi, p}

) (1) = e“p(0) = B;p(0) B, : S(Hs) — S(Hs)

Markov semigroup:

memoryless

q)t — (I)t—tl (I)tl

38



Summary - Markovian master equation
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. . 1

Born approximation: weak system-reservoir coupling p(t) ~ ps(t) ® pg

Markov approximation: fast reservoir timescale 7T < Tr

Secular approximation: fast (bare) system timescale 7s > Tr

39



Summary - Markovian master equation
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. 1
p=—i[H,p| + ) 7 (Lz-le-L - 5{[’2[’@'7 p}>

Born approximation: weak system-reservoir coupling p(t) =~ ps(t) ® pg

Markov approximation: fast reservoir timescale 7T < Tr

Secular approximation: fast (bare) system timescale 7s > Tr

time-local

Large separation of

time scales between
Needed for complete system and reservolr
positivity

40
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Motivations.

Open quantum systems - Markov approximation.
Markovianity in classical stochastic processes.

Quantum non-Markovianity - divisibility, distinguishability.
Example: Spontaneous emission of two-level system.

Collision models.

41



Classical stochastic processes
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One-parameter family of random variables {Xt 1€ T} X:OxT =R

Discrete time: 7 = NT 0.50-

0.257

Trajectory: t+— X(w,t), teT

A/~
o

T 0.00-

—0.25-

—0.00 1 . . . .
0.00 0.25 0.50 0.75 1.00

t

42



Classical stochastic processes

One-parameter family of random variables {Xt 1€ T} X:OxT =R

Discrete time: 7 = N

0.25-
Trajectory: t+— X(w,t), teT

= 0.00

P(Zl?tn s Lt, 1y eeey Ltgy .CIZ'tl) —0.25+

—0.50

gives probability of trajectory x;, — ¢, — ... > Ty, _, — Tt

Normalization: Z P(xi,,.xy,) =1

43

0.50-

0.00

050  0.75 1.00

t

0.25

P(xy ,...;z¢,) >0
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by, > tp—1 > ... > 11



Classical Markov processes
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Conditional probability: probability of event X = x+_given that

P(xy ,x¢ 5oy xq)

P($tn_1, cees $t1)

P($tn ‘Cli'tn_l, cees CIZ‘tl) —

Markov process:
Pz, |Te,_ 1y Tyy) = Py, |24, )

“Stochastic process with no memory’

) P, T ) = P2, ) P |o,) Pl

44



Classical Markov processes
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P(xtw'xtmxtl) — P(xt3|xt27ajt1)P(xt27ajt1) ts > 1o > 1

= P(21,|20,) P(21,,%1,)  (Markov)

q P(xtgvxh) — ZP(mt3|xt2)P<$t27CEtl) P(xt ,xt)

Ltg P(xt3,2|xt1) P(QEtl)

45



Classical Markov processes
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P(mthtmxtl) — P(xt3|xt27ajt1)P(ajt27ajt1) ts > 1o > 1

= P(21,|20,) P(21,,%1,)  (Markov)

T(xt|ys) — P($t|y8)

" r space
transition probability

46



Classical Markov processes
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Classical Markov processes fully chararacterized by initial distribution P(x¢,) and
(conditional) transition probability T'(z¢|ys) = P(xt|ys), which obeys the Chapman-
Kolmogorov equation

47



Quantum Markov processes
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Can we naturally extend the classical definition of a Markov
process to the quantum domain?

48



Quantum Markov processes
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Can we naturally extend the classical definition of a Markov
process to the quantum domain?

Measurements on a
guantum system
generally changes its
behavior

49



Quantum Markov processes
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Can we naturally extend the classical definition of a Markov
process to the quantum domain?

Measurements on a
guantum system
generally changes its
behavior

There is no quantum analogue of the n—point probability distribution P(z¢, , ..., ¢, )

50



Approaches to quantum Markovianity
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Global (extrinsic) picture: Markovianity is property of both the
system and environment (e.g. past-future independence)

Reduced (intrinsic) picture: Markovianity property of the
quantum dynamical map (e.g. divisibility)

F. Buscemi, 684th WE-Heraeus-Seminar, Bad Honnef, : | Past-Future

04-12-18 -
‘ d

| N ;

........ @ s

= — ) Ln~g

L. Li, M. J.W. Hall, & H. M. Wiseman, Phys. Rep. 759, " | Lo o :

0370 (2018) ! SUPTT :

Sys. Disting.

51
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Global (extrinsic) picture: Markovianity is property of both the

system and environment (e.g. past-future independence)

Reduced (intrinsic) picture: Markovianity property of the
quantum dynamical map (e.g. divisibility)

F. Buscemi, 684th WE-Heraeus-Seminar, Bad Honnef, ; | . gECr—
04-12-18 g l Independence

finite H , 2 >

: Composability .
N EEEEEEEER T ‘ v :
‘ constant H ots Pe - °

4.: — NIB — [ | ™ ] -

—
( ‘

Li Li, Michael J.W. Hall, & Howard M. Wiseman, Phys.
Rep. 759, 0370 (2018)

52
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Ay s = ;01 t>s>0 p(0) p(s) p(t)
—>

q O, = A, P, 0 i b
’ At s two-parameter map

53
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Ay s = ;01 t>s>0 p(0) p(s) p(t)
—>

) | &, = A @, . i t
’ At s two-parameter map

e P-divisible if A¢ sis a positive map p = 0, A;4p = 0.

» CP-divisible if A sis a completely positive map o = 0, (® ® IXC))O >~ 0.

54
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Ay s = ;01 t>s>0 p(0) p(s) p(t)
—>

q b, = A, D, U i !
| At s two-parameter map

e P-divisible if A¢ sis a positive map p = 0, A;4p = 0.

» CP-divisible if A sis a completely positive map o = 0, (® ® IXC))O >~ 0.

Non-Markovian quantum process = CP - indivisible

55
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Ay s = ;01 t>s>0 p(0) p(s) p(t)
—>

q d, = A, D, 0 ’ !
| At s two-parameter map

e P-divisible if A¢ sis a positive map p = 0, A;4p = 0.

» CP-divisible if A sis a completely positive map o = 0, (® ® IXC))O >~ 0.
Non-Markovian quantum process = CP - indivisible

Markov semigroup: At,S — Fl=9) — b, CP-divisible

56
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Existence of time-local master equation:

% ps(t) = Lips(t)
= —i[Hg(t), ps(t)] time-local

e—0 €

+D () (Lz-(t)ps(t)L;f (t) — —{LI(t)Li(1), ps(m) R IS

o57
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Existence of time-local master equation:

% ps(t) = Lips(t)
= —i[Hg(t), ps(t)] time-local

e—0 €

+D () (Li(t)ﬂs(t)L,}L (t) — —{LI(t)Li(1), ps(m) R IS

58
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Existence of time-local master equation:

d
—ps(t) =L t
dtﬂS( ) tps(t)
= —ilHs (), ps(t)] time-local
d*—1 | A .
+ 3 0(0(Li®psOLI) = SHLIOLD.ps®}) Lo = lim 25

1=1 e—0 €
Time-independent: v = 0  Hg(t) . = eLt=s)
Time-dependent: diag(~1 (), ... — CP-divisible

Z% — P-divisible

59



Divisibility
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Check complete positivity of intermediate map: UNIVERSITEIT
Cr,. = (At s® Ij(éld>)|\11><\lf| Choi matrix
|
) = ﬁ Z n)s|n)a  maximally entangled state of system .S and ancilla A.

n=1

60



D iVi S i b i I ity Stellenbosch

UNIVERSITY
IYUNIVESITHI

Check complete positivity of intermediate map: UNIVERSITEIT
Cr,. = (At s® Iz(éld>)|\11><\lf\ Choi matrix
|
) = 7 Z )s|n)a4  maximally entangled state of system S and ancilla A.
q A; s is completely positive iff C’At = 0
|Ch, . |[h = 1 iff Ay is completely positive I X[, = TrvVXTX

g(t) ~ () non-Markovian

g(t) — () Markovian
A. Rivas et al, PRL 105 050403 (2010) 61
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Trace distance: UNIVERSITEIT

D(p.0) = 5llp— ol = 5 Trl(p— o) (o — o)

p=o0 0<D(p,0) <1

62



DiStinQUiShability Stellenbosch
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Trace distance: UNIVERSITEIT

D(p.0) = 5llp— ol = 5 Trl(p— o) (o — o)

D(p,0)=0 = p=o0 0< D(p,o) <1

maximum likelihood of distinguishing
states p and o with single shot
measurement

03
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Trace distance: UNIVERSITEIT
1

|
D(p,0) = gllp = oll = 5Trl(p = 0)'(p — o)
D(p,o)=0 = p=o0 0<D(p,0) <1
D(p,o)=1 = pLa

' N maximum likelihood of distinguishing
Pmax = 5|1+ D ('0 ’ )] states p and o with single shot

measurement

Monotonicity under CPTP maps:

D(p,0) = D(®:p, P10)

H.-P. Breuer et al RMP 88, 21002 (2016)
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Quantum process P; non-Markovian if there is some pair of
initial states {p&(0), p%(0)} such that

D(pg(ta), p(t2)) > D(pg(t1), p3(t1)) ta >t

H.-P. Breuer et al PRL 103, 210401 (2009)
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Quantum process P; non-Markovian if there is some pair of
initial states {p<(0), p5(0)} such that

D(ps(ta), ps(t2)) > D(ps(t1), p5(t1)) t2 >t

H.-P. Breuer et al PRL 103, 210401 (2009)
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Quantum process P; non-Markovian if there is some pair of
initial states {p<(0), p5(0)} such that

D(ps(ta), ps(t2)) > D(ps(t1), p5(t1)) t2 >t

—> Decreasing state
<= distinguishability (DSD)

A. Rivas et al RPP 77, 94001 (2014)

Divisibility

H.-P. Breuer et al PRL 103, 210401 (2009)
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Motivations.

Open quantum systems - Markov approximation.
Markovianity in classical stochastic processes.

Quantum non-Markovianity - divisibility, distinguishability.
Example: Spontaneous emission of two-level system.

Collision models.
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Two-level atom + vacuum reservoilr: UNIVERSITEIT

H = WoO0 40 Zwkalak Z(gk0+ak gZO'_CLL) [ak, Cl};/] — 5kk’
k k
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Two-level atom + vacuum reservoilr: UNIVERSITEIT

H = WoO0 40 Zwkalak Z(gk0+ak g}';(f_ak,) [@k, CL};/] — 5kk’
k

%Ps(t) = Lips(t)

see Marco’s
lectures

S(t) = —2Im (2:%2) v(t) = —2Re (izgg)
Lamb shift Decay rate

70
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Two-level atom + vacuum reservoir: UNIVERSITEIT
c.()]* cree(t) ) - . I
s(t) = x 7 ) =Trgle""E" Be """ E7 B10){(0||e**°"
st (cgceu) L~ leo(t)]? f(7) = Trel 0){01

] ; = /OO dw J(w)e Hw=wo)T
ﬁ Ece(t) = —/O ds f(t — s)ce(s) o0

[a



Example

Stellenbosch
Two-level atom + vacuum reservoir: UNIVERSITEIT
c.()]* cree(t) ) - . I
s(t) = x 7 ) =Trgle""E" Be """ E7 B10){(0||e**°"
st (@%w L~ leo(t)]? f(7) = Trel 0){01

O

] ; :/ dw J(w)e Hw=wo)T
ﬁ %Ce(t) = —/O ds f(t — s)ce(s) o0

y
| orenztian spectral density: % @_)
9

0= V(3/2P — i

(2



Example: divisibility

Two-level atom + vacuum reservoilr:

S(t)

,ps ()]

Lips(t) = —1 ; [Ny

() (- ps(®)

04 — %{U+U—aps(t)}

73
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Example: divisibility

Two-level atom + vacuum reservoilr:

2
g(t) = lim IZ+ (L0 0 Ty el =1

e—0T E

Dynamics non-Markovian for ~(t) < 0

4
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Decay rate:

Example: divisibility

Non-Markovianity (divisibility)'

lgs

(t)] >0

D
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Example: divisibility Ste,§osch
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Decay rate: Non-Markovianity (divisibility)' UNIVERSITEIT
G(t)]
~ tan(gt)
4
NTT]
s 2
K O B S S
Sl e e
A | = ([ g =27
Y > 49 Markovian ol i g9y
49 > v non-Markovian ~(t) = — 49,,2 0 3 10 15
2€) cot (§2t) + 2 vt
=~ 4g°
g>v  v(t) = 2gtan(gt) Q) = i) = 5\/492 — (v/2)2 vy = ~

/0



Example: DSD

Two-level atom + vacuum reservoilr:

p}g,Q(t) _ (‘G(t)PP%éj G(t)ﬂé’gz 1 2)
G*(t)p* . 1—|G(1)]"p.:

’r’
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1 1 1
“IA — |\ -
SI1Ars(@)]l = SA-[+ SIA+]

_ eigenvalues of Ap}g’Q = po — P




Example: DSD

Stellenbosch
Two-level atom + vacuum reservoir: UNIVERSITEIT
0= (G i 1otz 1875l =5 AT+ 51A+

A+ eigenvalues of Ap}g’Q = pg — P5

1
1805 = G/ IGOPARE, — [Apey

d o o LIGO(GH)PAPZ, — [Apeg)?)
m=) — D(p5(1), p3(t)) = GO AP

/3



Example: DSD

Stellenbosch
Two-level atom + vacuum reservoir: UNIVERSITEIT
0= (G i 1otz 1875l =5 AT+ 51A+

A+ eigenvalues of Ap}g’Q = pg — P5

1
1805 = G/ IGOPARE, — [Apey

d o o LIGO(GH)PAPZ, — [Apeg)?)
m=) — D(p5(1), p3(t)) = GO AP

. . d
Dynamics non-Markovian for £|G(t)\ > 0 H v(t) <0

79



Example: DSD
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Trace distance: UNIVERSITEIT
1
S18ps ()] = G/ IGOPAR — [Apey
N 6—70?5
1.
d — 0.8}
£D(P}97P?9) > 0 H (1) <0 S 06
IV — g = 0.2y
2 04| 4=
~ .2 g = 0.2y
0.

0 2 4 6 8 10

1 — Initially excited  Apee =1 Apeg =0

2 — Ground state
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Example: DSD

Stellenbosch
Trace distance: UNIVERSITEIT
1
S18ps ()] = G/ IGOPAR — [Apey
~ e—Wot
1.
d — 0.8}
aD(P}s*,P%) > 0 H y(t) <0 S 06
IV — g = 0.2y
0.4 g =2
~ .2 g = 0.2y
Divisibility <=> DSD 0 \/ A\ =—
0 2 4 0 3 10
Yt

1 — Initially excited  Apee =1 Apeg =0

2 — Ground state

81
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Motivations.

Open quantum systems - Markov approximation.
Markovianity in classical stochastic processes.

Quantum non-Markovianity - divisibility, distinguishability.
Example: Spontaneous emission of two-level system.

Collision models.

82
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e Same system+environment partition, but environment now made up of
discrete ancillas.

* (Collisions occur in sequence.

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
L 3

e New ancillas added after each collision:

----------------------------------------------------------------

PESHsRHA, R ... QHAa, ) environment

F. Ciccarello et al., PR 954, 1 (2022)
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 Basic CM assumptions:

« Components initially uncorrelated:

p(0) = ps(0) ® pa, ® ... ® pa,

4 Us Usj
« System collides with each
ancilla once:

p(n) =U, o...olUip(0)
= U, (Up_1...(p(OYUT)...U ) US

 No ancilla-ancilla collisions.

F. Ciccarello et al., PR 954, 1 (2022)
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e Time’ evolution:

p(n) =U(U...(U(ps(0) ® 0)U")...aU")aU’

*(ancillas in same initial state)

 Reduced system state:

ps(n) =Tra, . a,lp(n)
= Try [UTra, [U.. Tra, [U(ps(0) ® o)U'...oUT|oUT]

85



Basic collision models
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e Time’ evolution:

p(n) =U(U...(U(ps(0) ® 0)U")...aU")aU’

*(ancillas in same initial state)

 Reduced system state:

ps(n) =Tra, . a,lp(n)
= Try [UTra, [U.. Tra, [U(ps(0) ® o)U'...oUT|oUT]

* Dynamicalmap ® : S(Hg) — S(Hs)

86
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 Reduced system state after 71 collisions: n=1 n =2

ps(n) = ® 0 ®... o ®[ps(0))
= ®"[ps(0)] v

am m n

AL

¥ Try,
-

87
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 Reduced system state after 71 collisions: n=1

pg(n) — (I)O(I)...O(I)[pg(())] ’
= 3"[ps(0) v

e Setup describes Markovian dynamics:

ps(n+1)®o

ancilla .

reset =

: f correlate

83
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» Consider one-parameter family of CPTP maps {®,, |n € N, &y = I}

O, =Apmo®, Vn,m

89
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» Consider one-parameter family of CPTP maps {®,, |n € N, &y = I}
O, =Apmo®, Vn,m
* Divisibility:

b, =Po...od=P" Ay = Pp—my = Markovian (semigroup)

)

w) [Crrn =1 Vo Ca,. =Ny @TD)(|)(D))

90



Basic collision models
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» Consider one-parameter family of CPTP maps {®,, |n € N, &y = I}

O, =Apmo®, Vn,m
* Divisibility:

b, =Po...od=P" Ay = Pp—my = Markovian (semigroup)

)

w) [Crrn =1 Vo Ca,. =Ny @TD)(|)(D))

» Distinguishability;

(Ayt1., CPTP)

91
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e Ancilla-ancilla collisions: R
/ / / / S o
p(n) =U' (..U (ps(0) @ o)U'T..)aU"
= wo m«»«»
Wio
e |nitial correlations:
p(n) =U(...U(ps(0) @ a(0))UT..)UT
S S
U> U3
U(O)#U@...@U ...................................................
n times T
--------------------------------------------- Ea.r.liélated

F. Ciccarello et al., PR 954, 1 (2022)
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* Partial swap operation: : 3
p(n) = Un(Spn-1(--- U (ps(0) @ [0){0]) - - -)) , U Ug..
Partial SWAP map (CPTP) "’0 o

512 S23

Sit1,5pl = (L —=p)p+pSj+1,;pSi+1,5 S(p®o)S=0®p

p SWAP probability

F. Ciccarello et al, PRA 87, 040103(R) (2013)
93
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* Partial swap operation:
o S S coe
p(n) = Un(Snpn-1(---Ui(ps(0) @]0)(0])---)) Uz U3

Partial SWAP map (CPTP) 00

;o] = Tre (Us[p @ |0)(0]])

F. Ciccarello et al, PRA 87, 040103(R) (2013)
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 Partial swap operation: g
p(n) = Un(Snn—1(---Ur(ps(0) @ 10)(0]) - --)) g UoUs

Partial SWAP map (CPTP) 00
S12 523

p SWAP probability

p = 0 Markovian
ps(n) = ®1{pg(n —1)]

p = 1 non-Markovian

;o] = Tre (Us[p @ |0)(0]])

F. Ciccarello et al, PRA 87, 040103(R) (2013) ps(n) = d&,(ps(0)]
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 Partial swap operation:
- 5
p(n) = Un(Snn-1(---Ur(ps(0) @10)(0])---)) g UoUs
Partial SWAP map (CPTP) "’"’
| . oy S S
q Ujp = e T pet T p=e’ 12 2
Continuous time’ limit: ¢t =ntr 7—=0 n— o 7_1 memory time

F. Ciccarello et al, PRA 87, 040103(R) (2013)

06
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* Partial swap operation:
o S S coe
p(n) = Un(Snpn-1(---Ui(ps(0) @]0)(0])---)) Uz Us

$
DA > oo
Partial SWAP map (CPTP)
| | o S S
q Ujp = e T pet T p=e’ e °3
Two-level atom + vacuum reservolr
Continuous time’ limit: t=n7 7—0 n— s\

8 1N W/A=01 0

EJ 8%K . ‘. Y() /}\'z 5 0.5 YO/}\'= 20

8 o 10 }i(; 30 40 0 \2/4 )‘5’8 10 12 \/2 \/4>~6 8 10
F. Ciccarello et al, PRA 87, 040103(R) (2013) 04 05, A
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» Open system S includes additional memory ancilla M

« S — M interaction responsible for memory effects in reduced system dynamics.

p(n) =WU - - WU(psu(0) ® 0 ®..00))---)  psm(n) =Tra,. a,lpn)

llllllllllllllllll

---------

S. Lorenzo et al., PRA 96, 32107 (2017)
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» Open system S includes additional memory ancilla M
« S — M interaction responsible for memory effects in reduced system dynamics.

psp(n)=® o...od[pgsrr(0)] d'[p] = TrA[W(Z/{(,O % 0))]

CPTP map for enlarged system

llllllllllllllllll

---------

S. Lorenzo et al., PRA 96, 32107 (2017)
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» Open system S includes additional memory ancilla M
« S — M interaction responsible for memory effects in reduced system dynamics.

psp(n)=® o...od[pgsrr(0)] d'[p] = TrA[W(Z/{(,O % 0))]

q ps(n) = TryTrald (psp(n —1) @ 0)] := D, [ps(0)]  system map generally indivisible

---------

S. Lorenzo et al., PRA 96, 32107 (2017)
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Two-level atom + vacuum reservoilr:

[ — ¢~ 7 (Vsm+Hu) W, =e 7ML S, M, R qubits

where Vsy = g(oso™ +o_o)  H; =r(oMe™ + oMoy Hy = Aot oM

S. Lorenzo et al., PRA 96, 32107 (2017)
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Two-level atom + vacuum reservoilr:

[ — ¢~ 7 (Vsm+Hu) W, =e 7ML S, M, R qubits

where Vg =

gloro™ +o_0y')  H; = n(aﬂ‘faf” +oMgl?)y  Hy =Acl o

initially excited atom [¢(?]? =1

*see Marco’s lectures

1.0
0.8}
0.6;
0.4}
0.2¢

0O 20 40 60 80 100 120

n

S. Lorenzo et al., PRA 96, 32107 (2017)
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Composite CM

Two-level atom + vacuum reservoilr:

Continuous time limit: ¢t =nt T =0 n— o0

e ety B = B(1)

S. Lorenzo et al., PRA 96, 32107 (2017)

AN ()

gT < KT K 1 72527

103
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Composite CM

Two-level atom + vacuum reservoilr:

Continuous time limit:

*equivalent to

1.0

0.8}
0.6f \\
e o4

0.2}

e — g(t)

00\ ..

0 1 2 3 4 5 6

L =nT1

B — B(t)

1.0f
0.8}
0.6
0.4}
0.2}
0.0l

T =0 n— o

_COSh(Qt)

4()

S. Lorenzo et al., PRA 96, 32107 (2017)

J Sinh(ﬂt)_
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gT K kT <1~ = KT
AN ()
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Mapping

Ancilla-ancilla collisions <——=> composite collision model
PS (n) — TrAl--An—l—l [Wn—Fl,nZ/{n("‘WQ,lMl (IOS(O) o0 U) ¢ U) 00 O-)]

B m
— TrAn+1(I) [PS(O) o U] (I)’[p] = 1T 4, [W2,1Z/{1 (/0 X 0)]

5,8 -
**

Wio

F. Ciccarello et al., PR 954, 1 (2022) S. Campbell et al., PRA 98, 12142 (2018)
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Mapping

Ancilla-ancilla collisions <——=> composite collision model
PS (n) — TrAl--An—l—l [Wn—Fl,nZ/{n("‘WQ,lMl (/05(0) 00 O-) ¢ O-) 00 0-)]

B m
— TrAan) [PS(O) o U] (I)’[p] = 1T 4, [W2,1Z/[1 (/0 X 0)]

SWAP map:
Sk, Wk = Wik ,1Sk,1 Sii=1

=) (o] = Tea, [(S3)Walhi(p @ o) s| (8] -

= Tra, [(S2,))W5 Ui (p@ 7).

Us
= Try, [Wé,lz/ﬁ(ﬂ R 0)) (-)(-)

Wio

F. Ciccarello et al., PR 954, 1 (2022) S. Campbell et al., PRA 98, 12142 (2018)
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Mapping

Ancilla-ancilla collisions <——=> composite collision model
PS (n) — TrAl--An—l—l [Wn—Fl,nZ/{n("‘WQ,lMl (IOS(O) o0 U) ¢ U) 00 O-)]

/
Wy 1 =3621Wa 1

F. Ciccarello et al., PR 954, 1 (2022) S. Campbell et al., PRA 98, 12142 (2018)
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Markov approximation - separation of time scales.

Definition of Markovianity for classical stochastic processes not immediately
generalisable to quantum domain (inconsistency with Kolmogorov axioms).

Intrinsic definition of quantum Markovianity - divisibility and distinguishabillity.

Collision models - platform to simulate non-Markovian open quantum dynamics
(e.g., spontaneous emission of two-level atom).
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